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n A e PaN ? ~
MOT SO KY HIEU SU DUNG TRONG TAI
LIEU
(@) O : Hoan tat bai todn.

(2 ANABC : Tam gidc ABC.

(3 4XYZ:Géc XYZ.

@ (0) : buong tron tam O.

5) AB : Cung AB.

® NABC «~ AA'B'C: Tam gidc ABC dong dang véi AA'B'C.
(@ Px : Chu vi hinh X.

[X]/Sx : Dién tich hinh X.

(@ dx14p) : Budng thang qua X vudng goc véi AB.

dix|aB) - Puong thdng qua X song song véi AB.
@ (MN) : Buong tron duong kinh MN.

@ (ABC) : Buong tron ngoat tiép AABC.

@ (ABCD) : Budng tron ngoat tiép ti gidc ABCD.

|| - Song song.

@ }: Khéng song song.

1 : Vubdng géc.

@ —: Suy ra/Kéo theo.
& Tuong duong/Kht va cht kht.

P;O;R: 3 diém P; Q; R théng hang.



~—— Bat toan 1.

Cho dudng tron (O; R) duong kinh AB. Lay C thuoc (O) sao cho AC = R. Trén cung nhé BC lay
diém D (D khac B va C). AC c&t BD tai E. Ké EH vubng géc véi AB tai H. Tia DH cét (O) tai
diém thi hai la F.

(@) Chiing minh 4 diém A E, D, H cung thuéc mét duong tron.

(b) Ching minh ZDHE = ZDFC, tlt d6 suy ra ABCF déu.

(c) X4c dinh vi tr{ diém D dé chu vi t gidc ABDC dat gid tri l6n nhéat.

CHUNG MINH.
a. Ta c6 ZADE = ZAHE = 90° nén t gidc AEDH nbi tiép.
b. T4 gidc AEDH va ACDF not tiép nén

LEHD = ZEAD = ZCFD,

ma hat géc nay ¢ dong vi — EH || CF.

Llaicd EH L AB —- CF L AB. Tu day suy ra ABCF can tat B.

VIAC = OA=0C =R — AACO déu — LCAB = 60° — ZCFB = 60°.

Dan dén ABCF déu.

c. Dudng tron ngoai tiép ACOF cdt lai DF tai K. Ké dudng kinh FD’ ctia (O).

U céu b, ta suy ra duogc F la diém cb dinh.

VI ZCBF =60° - ZCOF =120° - ZCKF =120° - ZCKD = 60°.

Lai c6 ZCDF = ZCBF =60° - ACDK déu — CD = DK = KC.

Chti § rang AKCF = ADCB (c.g.c) - KF = DB.

Do dé Pagpc = AC+ CD+ DB+ BA=3R+ DK+ KF =3R+DF <3R4+ FD’=5R. Vay nén
gid tri 8n nhat clia Pagpc bdng 5R. Dang thiic xay ra khi CD || AB. O




—— Bai toan 2.

Cho (O; R) c6 hai duong kinh AB va CD vubng géc véi nhau. Mét diém M di dong trén cung nho
BC (M khéng triing véi C va B), AM cdt CD tai N. Ké CH vubng géc véi AM tai H. Got giao
diém clia DM véi AB la F.

a. Chimg minh t&r gidc OACH not tiép.

b. Qua O ké dudng thang vudng gdc véi OH cét AM tai E. Ching minh rdng OH song song véi
DM va EN-HM = NH - ME.

c. Tum vi trl cia M trén cung nho BC dé Synr dat gid tri lén nhat.

C

D

CHUNG MINH.
a. Ta c6 ZCHA = ZCOA = 90° nén ti gidc OACH noi tiép.
b. T4 gidc OACH va ACMD nbi tiép nén

ZOHN = ZOCA = ZDMN,

ma hat gdéc nay dong vi — OH || DM.
Ta ¢6 tu gidc OACH, ACMD néi tiép va OH || DM nén

INOH = ZLCAM = LZODM = LOMD = ZMOH.

Suy ra OH la phan gidc ctia ZNOM — OE la phan gidc ngoai ctia ZNOM.
Theo tinh chat dudng phan gidc, ta cd

HN  EN
W:W—)EN'HM:NH'ME.

ZLOAD = ZODA = 45°,
AD? = 2R?.

Cht { rang ti gidc CMFO va ACMD néi tiéep — ZDFO = ZDCM = ZDAM.

Tir d6, ta c6 ADAF «~ ANDA (g.g) — AF - DN = AD? = 2R2.

1 )
Lat c6 SanFp = 5 -AF - DN = R? khong doi,

c. Ta c6 AOAD vudng can tat O —




ma Savp = SunE + Sanvep Nén Synre En nhat khi va cht khi Savp 1én nhét.
Téi ddy, ta thay AD khong doi nén Sayvp Ldn nhat khi va cht khi M la diém ndm

chinh gitia BC. O]

—— Bat toan 3.

Tir diém M n&m ngoai (O) dung cac tiép tuyén MA, MB dén (O) (A, B la cac tiép diém) va dung
cét tuyén MCD sao cho tia MD nam gidia hat tta MA va MO. AB cdt MO tai H. Got F la giao
diém tht hai ctia CH va (O).

a. Chdng minh rang DF || AB.

b. Chting minh rdng ZADM = ZHDB.

c. Chiing minh tiép tuyén tai C va D cét nhau tai mot diém thudc dudng thdng AB.

B

CHUNG MINH.

a. Ta c6 MH - MO = MA> = MC - MD — t gidc CHOD nbi tiép.
Suy ra ZIMHC = ZCDO = Z0CD = ZOHD — ZCHA = ZDHA.
Do dé HA la phan gidc clia ZCHD.

Ta co ZDFC = ADZOC = £DHC = /CHA = ZBHF,

ma hat gdc nay & vi tri so le trong — DF || AB.

b. Tir cdu a, ta suy ra ZAHD = ZDFC — ZBHD = ZCAD, két hop véi ZHBD = ZACD.
Suy ra ADAC «~ ADHB (g.g) = ZADM = ZHDB.

c. Goi S la giao diém cla tiép tuyén tai C va D cta (O).

Khi dé tir gidc SCOD nbi tiép, ma tu gidc CHOD ndi tiép nén 5 diém S, C, H, O, D




ndi tiép duong tron duong kinh SO.
Tir dé ta suy ra dugc ZOHS = 90° = ZOHA — S, A, H thdng hang.
Do dé ta cé diéu phai chiing minh. O

Nhéan xét 0.1. Céu b cia bdi todn, cho ta mét tinh chéat cia dudng doi trung. Béy la mét tinh chét
hay dé gidi quydt duoc nhiéu bdi todn hay v khé. Tinh chét vér cdch chimg minh duoc phdt biéu
nhu sau.

‘Cho ANABC nbi tiép (0). Tiép tuyén tai B var C cdt nhau tai T. Goi M L& trung diém ctia BC. Khi
dé, AT doi xing voi AM qua phén gidc cia ZBAC (AT duoc goi la duong déi trung cia NABC.)”

CHUNG MINH.

Ké phén gidac AD (D € BC). Ta sé di chiing minh ZBAT = ZMAC.

That vay, ké BE L AC. Khi d6 ABMT «~ AAEB (g.g) — AB = 8 = B

BM  ME"
Lai ¢ ZABT = LZABC + £TBC = ZABC + ZBAC = 180° — ZACB = 180° — ZMEC = ZAEM.
Do dé AABT « AAEM (g.g).
Tét day, dé dang ta dua tét diéu phai ching minh. O

— Bai toan 4.

Cho dudng tron (O) va day BC cb dinh. Diém A di chuyén trén cung lén BC sao cho AB < AC.
Ba dudng cao AD, BE, CF clia AABC cét nhau tai H. Dudng thdng EF cét dudng théng BC tai
diém P. Qua D ké dudng thdng song song véi EF cdt AB tai R, cét AC tai Q. Chiing minh rdng
dudng tron ngoai tiép APQR ludn di qua mdt diém cb dinh khi A di dong trén cung lén BC.
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CHUNG MINH.

Goi M (& trung diém ctia BC — M cb dinh.

Ké dudng kinh AS clia (0). Goi T la giao diém thir hai ctia AP Véi (O).
Kht dé, t& gidc BHCS la hinh btnh hanh — H, M, S théng hang.

Ta c6 ti gidc ATBC va EFBC noi tiép nén PT - PA= PB- PC = PF - PE,
dan dén t&r gidc AT FE noi tiép, két hogp vdi ti gidc AFHE noi tiép.
Suyra 5 diém A, T, F, H, E cuing thuéc mot dudng tron.

Do d6 ZATH =90°, ma ZATS =90° nén T € HS.

D&n dén 4 diém T, H, M, S thdng hang.

Xét AAMP c6 AD L MP, MT L AP — H la truc tam clia AAMP
Suy ra DP - DM = DH - DA.

Lat ¢ H la truc tdm clla AABC — DB -DC = DH - DA = DP - DM.
Ap dung dinh j Thales cho QR || PE, ta cé

DO DC
PE~ PC M
DR DB
PF ~ PB (2)

Nhan theo vé (1) va (2), két hop véi ti gidc BFEC noi tiép, ta suy ra
DO-DR  DC-DB
PE-PF  PC-PB

Do d6 DQ - DR = DP - DM — t gidc PRMQ ndt tiép.
Téi day, ta suy ra dugc dudng tron ngoai tiép APQR ludn di qua diém M (& trung diém clia BC
c6 dinh khi A di dong trén cung l6n BC. O

— DQ-DR=DC-DB.

Nhan xét 0.2. Bai todn trén dua ta dén mét tinh chét quen thudc &6 S, M, H, T thédng hang.



—— Bai toan 5.

Cho tam gidc ABC nhon, khéng can théa man AB < AC, noi tiép duong tron (0). Goi M la trung
diém clia BC. Budng tron ¢; ngoai tiép AABM cdt canh AC tai D. Duong tron ¢ ngoai tiép
AACM cdt canh AB tai E. Duong tron c3 ngoat tiép AADE cét lai (O) tai K.

a. Ching minh rang BE - BA= CD - CA.

b. Ching minh rdng AKDE «~ AABC.

c. LAy diém L € BC sao cho ZBAM = ZCAL. Goi N & trung diém ctia DE. Ching minh rdng
MN || AL.

Thi thdr chuyén Lam Son - Thanh Héa

CHUNG MINH.
a. Ta c6 t gidc AEMC, ADMB noi tiép va M la trung diém clia BC nén

BE -BA=BM-BC=CM BC=CD-CA

b. Dé thay AK || BC —» ZKED = ZKAD = ZKBC = ZACB,

két hop vét ZDKE = ZBAC — AKDE «~ AABC (g.9)

c. KN cét lai (c3) tai S. Khi dé, d& thdy A, S, L thdng hang.

Cht ¢ raéng ti gidc AKCB la hinh thang can — AABC = AKCB.
Tt cdu b, ta ¢cd KN va AM la hat trung tuyén tuong ting nén

KN AM KM
KD AB KC'

két hop vét ZNKD = ZMAB = ZMKC — AKNM «~ AKDC (c.g.c)
Tu do ta suy ra dugc

LKNM = ZKDC = ZKEB — ZSNM = ZAEK = ZASN,

ma 2 goc nay so le trong — MN || AL. O



Nhan xét 0.3. Néu goi giao diém 2 tiép tuyén tai B va C ctia (O) L& R, khi dé ta sé ¢ 4 diém
A, S, L, R thing hang. Cdch ching minh sé dua véo bo dé dudng déi trung tdc gid da néu & phdn
Nhan xét 0.1.

~—— Bat toan 6.

Cho tam gidc ABC nhon thoa man AB < AC. Buong tron (/) ndt tiép tam gidc ABC tiép xtc véi
cdc canh BC, CA, AB lan luot tai D, E, F. Got M va N lan lugt la giao diém cua duong théng Al
véi DF va Al vét DE.

a. Chimg minh rang CM L Al

b. Goi K la trung diém clia BC. Chiing minh rdng AKMN can.

c. Tiép tuyén tai M va N clia (K; KM) cdt nhau tai S. Ching minh rdng AS || ID.

A

CHUNG MINH.
a. la cd

180° — ZABC  ZBAC ~ ZACB

LIMD = ZBFD — ZBAIl = > > 5 = ZICD.
Suy ra t& gide IDMC nét tiep — LCMA = ZIDC = 90°.
Do do6 CM L Al
b. Goi L la trung diém clia AC.
Khi dé KL la duong trung binh ctia AABC nén
KL || AB (3)

Lai c6 AACM vubng tai M, trung tuyén ML nén ZIMA = ZLAM = ZBAM, suy ra

ML || AB (4)




T (3) va (4), ta suy ra M, K, L thdng hang.
Ta c6 ABFD can tai B va MK || BF nén

LKMD = ZBFD = ZBDF = ZKDM,

Suy ra AKDM can tat K - KM = KD.

Bdng cdch chiing minh tuong tu, ta ciing cé6 AKND can tai K - KN = KD,
do d6 KM = KN — AKMN can tai K.

c. Ha duong cao AH clia AABC.

Chiing minh tuong tu cdu a, ta suy ra BN L AM — ti gidc ANHB not tiép.

Suy ra ZNHK = ZBAM = %

2
Lai c6 t& gidc ZAHMC noi tiép nén ZMHC = ZMAC = %
Do dé ta co
LMHN = ZMHK + ZNHK = ABZAC + 4/32AC = /BAC. (5)
Lat ¢o
INKC =24ZKNM =2/ MAC = ZBAC (6)

Tt (5) va (6), ta suy ra dugc ti gidc HNKM not tiép.

Lai 6 t& gidc SNKM nbi tiép.

Nén 5 diém S, H, N, K, M cling thudc mdt dudng tron dudng kinh SK — HS L BC.

Dan dén 3 diém A, S, H thdng hang. Nén AS 1 BC — AS || ID. O

—Bai toan 7.
Cho AABC noi tiép (0). Lay D € AB, E € AC sao cho DE || BC. Ké OF L DE tai F. Buong

tron ngoat tiép tam gidc ABE cét lai dudng tron ngoat tiép tam gidc ACD tai G. Ching minh
rdng A, F, O, G dong vién.




S
CHUNG MINH.
Trudc hét, ta sé di chiing minh 2 bd dé sau: “Cho NABC. Goi T L& diém thude canh BC.
. \ L A - ? . \ 2 . ABZ
i. AT l& duong doi trung ctia AABC khi va chi khi TC = Act

dixiag  AB

ii. Gid st AT L& duong déi trung ciia AABC. X € AT khi va chi khi =——.
dxiacy AC

(cdch chidng minh sé dugc trinh bay & phan Nhan xét 0.4).
Quay lai bai toan.
Chti § rédng ABDG «~ AECG, DE || BC va bb dé ii., ta c6

dc1AB) _BD _AB
C/(GJ_AC) CE AC’

do d6 G thudc dusng doi trung clia AABC.

Tiép tuyén tai B va C cla (0) cét nhau tai S — A, G, S thdng hang.

Goi P la giao diém clia SBva ED.

Khi d6, ta c6 ZBPE = ZSBC = ZBAE — P thubc dudng tron ngoai tiép AABE.
Tuy nhién, do OB 1 SP va OF 1 PE nén t& gidc OF BP nbi tiép,

két hop véi ti gidc APBG nbi tiép, ta suy ra

SF-SO=5SB-5SP=5G-5A

T dé, ta suy ra 4 diém A F,0,G dong vién. ]

Nhan xét 0.4. Tiép tuc vdi tinh chét vé duong déi trung mé tdc gid da néu & Nhén xét 0.1, bo dé



clia bai todn trén cho ta thém 2 tinh chét nia cda dudng doéi trung. Sau déy sé & cdch chidng minh
ctia bo dé.
“Cho NABC. Goi T & diém thubc canh BC.

TB  AB?

TC ~ ACY / B
ii. Gid st AT & duong doi trung cia NABC. X € AT khi va chl khi qeetas) _ 22
dxiacy AC

i. AT L& dudng déi trung cia NABC khi vir chi khi

CHUNG MINH.

i. Didu kién cAn. Goi M La trung diém ctia BC. Qua M ké duong thdng vubng géc véi
AC,AB cét AC, AB |an luot tai H va K.

Ta kg hieu ZBAT = ZCAM = a; LTAM = 8.

Ta cd
TB  Swgr  AB-AT 7)
CM — Scay AC-AM’
BM  Sism  AB-AM 8

TC  Scar AC-AT

Nhan doc theo vé (7) va (8), ta suy ra dugc

B AB’
TC  ACY
'B AB* TB

Diéu kién dd. Ké duong doi trung AT’ clia AABC — Al - Tc

ii. Diéu kién can. Goi Y, Z lan luot la hinh chiéu ctia X lén AC va AB.
Theo bo dé i., ta suy ra

T=T.

AB2 TB  Sigx  XZ-AB

AC2 ~ TC  Sacx XY -AC'

hay la
AB X7

AC XY
Piéu kién dd. AX cdt BC tai T'.
Got P, O lan lugt la hinh chiéu ctia T’ lén AC va AB.
Ap dung dinh I Thalés cho XZ || T’"O va XY || T'P, ta c6

7’0  XZ AB
T'P XY AC




Lai co

T'B S AB-T'O AB’ TB

T'"C ~ Sacrr AC-T'P AC2  TC

Suy ra T = T’. Hoan tat chiing minh. [

—— Bat toan 8.

Cho tam gidc ABC néi tiép (0). M la diém chinh gitla clia cung nho BC. Vé dusng kinh MK.
Dudng thdng qua AK cét trung truc AC tai N. MN cdt AC tai T. Qua T ké dudng thdng vudng
gdc véi MN cét AN tai H. Qua H ké dudng thdng vubng gdc véi HN cdt AB tai V. Chiing minh
rang VT || BC.

R
N
A K
H
S
P 0
(0]
/ \\ \ T
B C
M
CHUNG MINH.

Goi P la giao diém clia dudng tron ngoai tiép AAMN va AB.

Lay R dbi ximg véi M qua P.

Do tu gidc APMN nbi tiép nén ZMPN = ZMAN = 90°.

Dan dén NP la duong trung truc cia MR.

Tir d6 dé dang suy ra dugc ANAR = ANCM (c.g.c) = AY = CM = BM.

Lat co

LBAC
ZRAP = 360° — ZRAN — ZPAM — ZMAN = 270° — — - ZMCN,

LBAC LBAC

= 180° — LBAC — ZBCA + = LABC +

= /ZXBM,

ma hat géc nay ¢ vi tri so le trong nén AY || BM.
Dan dén ti gidc ARBM la hinh binh hanh.
Suy ra P la trung diém cla AB.




Goi Q la trung diém ctia AC. S |a giao diém clia AM va HT.
Nhan thdy réng S (& truc tdm ctia AHMN — P, S, N thdng hang.

Ta co
ANAPM A~ NAST — AP - AT = AM - AS, (9)
ANAHS «~ AAMN — AM - AS = AN - AH, (10)
ANAHV ~ AAON — AN - AH = AQ - AV. (11)
Tu (9),(10),(11), ta suy ra
AV AP AB
AP-ATzAQ-AVHﬁzA—Q:E,
theo dinh [ Thales ddo, ta thu dugc diéu phai ching minh. O]

— Bat toan 9.

Cho AABC nhon. Goi M la trung diém clia BC. LAy D la hinh chiéu ctia C lén AM. Duong tron
ngoai tiép AABD cét lai canh BC tat E. Ldy F € AE sao cho FB = FC. Chiing minh rang F la
trung diém clia AE.

Hong Kong TST 2024
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CHUNG MINH.
Lay S la diem do6i xing véi A qua M.
Kht dé ti gidc ABSC la hinh binh hanh. Suy ra

LMSC = ZLDAB = ZMED,

dan dén ti gidc DECS nbi tiép nén /SEC = /SDC =90° — SE 1 BC.
Laico FB=FCvaMB=MC nén FM 1L BC.
Tl dé, ta suy ra ngay dugc FM || SE,




| két hop véi M la trung diém clia AS, dan dén F La trung diém clia AE. O]

~— Bat toan 10.

Cho tam gidc ABC, diém D thudc mién trong clia AABC théa man ZDAC = LACB va ZBDC =
90° + ZBAC. L4y diém E thudc tia BD sao cho AE = EC. Goi M la trung diém ctia BC. Chting
minh rédng AB la tiép tuyén clia dudng tron ngoai tiép ABEM.

USAMO 2024

CHUNG MINH.
Kéo dai AD cét lai dudng tron ngoat tiep AABC tat Q.
Goi P la diém dbi xting ctia B qua E.
Ta cé
ZAQC = LZACB 4+ ZQCB = ZDAC + ZOAB = ZBAC,

suy ra ti gidc BACQ la hinh thang can.

Do EA = EC nén E thudc duong trung truc cia AC — E cling thudc dudng trung truc clia
BQ - EQ =EB=EP — ABQP vudng tai Q.

Nén QP 1L BQ — QP 1L AC.

Kht dé, ta cé

ZPQC =90° — ZACQ = 90° — LBAC =180° — ZBDC = ZCDP.
Suy ra t&r gidc PDQC nbi tiép.
Cht g rang EM la dudng trung binh ctia ABPC — EM || PC.
Khi d¢, ta cé

LBEM = ZDPC =180° — ZDQC = 180° — ZABC = 180° — ZEBM — ZABE,

ZABE =180° — ZEBM — Z/BEM = ZEMB.

Tét day, ta suy ra ngay rdng AB la tiép tuyén clia dudng tron ngoai tiép ABEM. O



—Bai toan 11.
Cho tam gidc ABC nhon (AB < AC) cé duong tron (/) not tiép, tiép xtc véi BC, CA, AB lan lugt
tat D, E, F. Ké AH vudng géc voi BC tai H. Ké duong kinh DM ctia (/). Tia phan gidc ctia ZAE
cat Al tat G. MG cdt AH tai K.
a. Ching minh AK = AE.
b. Coi MK cét lai (/) tat P, AP cét lai (/) tai L. Chiing minh réng D, K, L thdng hang.
c. KI cdt BC tai Q. Chiing minh rdng duong tron duong kinh AQ tiép xuc véi (/).

CHUNG MINH.

a. Ap dung dinh [ Thalés cho AK || IM va &p dung tinh chét dudng phan gidc cho phan
gidc EG ctia AAET, ta ¢o
AK  AG AE
IM G  IE’
V6L cht § rédng IM = |E, ta suy ra ngay AK = AE.
b. Ta cé AL - AP = AE? = AK?, két hop véi ZKAP chung, suy ra AAKL «~ AAPK.
Do dé LZAKL = ZLPM = ZLDM,
ma AK || DM nén ta cé D, K, L thdng hang.
c. Goi N la trung diém clia LP. — IN L LP.
Qua P vé dudng thdng vubng gdc véi LP. Khi dé SP || NI.
Lai c6 AKLP v~ AKMD (g.g) c6 KN va K/ la 2 trung tuyén tuong ting nén

LSNP = ZINK = ZMIK = Z£QID,

két hop vét ZSPN = Z0QDI = 90°, ta c6 ASPN «~ AQDI (g.g).
Do dé
SN NP P KN

o ID MDD KI'

nén theo dinh l§ Thales dao, suy ra N/ || SO.

Dan dén 3 diém S, P, O thcfmg hang.

Ké Px la tiép tuyén tai P cta duong tron duong kinh AQ.
Chu ¢ rdng ti gidc KPHD not tiép nén

LLPx = ZAHP = ZLDP,



suy ra Px la tiép tuyén clia (/).
2, A X \ A . . ’ .
Tét day, dé dang de suy ra ngay dugc diéu phai chiing minh.

~—— Bat toan 12.

Got / va O lan luet la tdm duong tron not tiép va tdm dudng tron ngoati tiép cia AABC. Vé S,
la phan gidc ngoai clia ZBAC. Dudng thdng qua / vubng géc véi 10, c&t BC va S, lan lugt tai P

va Q. Ching minh rang /P = 2/0.

0

Balkan MO 2021

CHUNG MINH.

Trong bdi todn nay, ban doc cén biét dén bé dé bdn va dinh I con budm trong ti gidc ndi tiép.
Cdch chdng minh sé duoc dé cép tai phan Nhan xét 0.5.

Goi M va N lan luot L& diém chinh gitia clia Z\BZE clia duong tron ngoat tiép NABC.

MN cét Al va 10 lan luot tai R va S.

Ap dung bd dé bdn, c6 NA = NI va MA = MI, nén MN & dudng trung truc clia Al.

Do dé R la trung diém ctia Al, két hop véi RS || AQ. Suy ra S la trung diém clia /Q.

Dan dén 10 = 2/S.
Ap dung dinh I con buém cho tr gidce noi tiép BMNC, c6 IP = IS.

Diéu dé ching t6 1Q = 2IP = 2IS.

Nhan xét 0.5.

i. B6 dé bdn (Shooting lemma)
‘Cho tam gidc ABC néi tiép duong tron (O). Piém M L& diém chinh gitia cung BC nhé. Goi | L& tdm

duong tron néi tiép AABC. M ¢t BC tai D. Khi dé MB = MI = MC vé MI? = MD - MA.”




il

CHUNG MINH.
Theo tinh chat géc ngoai, ta ¢

IMIB = ZIAB 4 ZIBA = ZMAC + ZIBD = ZIBD + ZCBM = ZIBM,

do dé6 Ml =MB = MC.
Ta c6 ZMBD = ZMAC = ZMAB, két hop vét ZBMA chung, nén AMBD —~ AMAB (g.9)
Da&n dén MD - MA = MB? = MI?. O

Pinh ly con buom (Butterfly theorem)

“Cho tit gidc ABCD néi tiép duong tron (O). Goi M L& giao diém ctia AC va BD. Pudng théng qua
M vubng gdc véi MO cét AD va BC lan luot tai P va Q. Khi dé M L& trung diém cta PO.”

CHUNG MINH.
Cot E va F lan lugt la trung diém ctia AD va BC.
Cht g rang AMAD «~ AMBC, ¢6 ME va MF la 2 trung tuyén tuong Ung nén

LMED = ZMFC.
Lai ¢d t gidc MEPO va MQF O nbéi tiép nén
LOPM = ZDEM = ZMFQ = ZMOQ.

U do suy ra AOPQ can tat O.
Do dé M la trung diém ctia PO.



[l

~—— Bat toan 13.

Cho tam gidc ABC not tiép duong tron (O) va tam dutng tron ndi tiép /. Phan gidc BE va CF
cdt lat (O) tai P, Q.

a. Chimg minh rang tiép tuyén tai A ctia (0O) va EF, PQ dong quu.

b. Dudng thdng qua / vudng géc véi 10 c&t BC, EF 1an luot tai K, L. Ching minh réng /K = 2/L.

Chdng minh.
7 \ ‘/7\ 7 .~ -
a. Ta c¢6 P la diém chinh gitia ctia AC.

. Pl PE PI—PE IE
A A A < s 2 2
Nén theo bo dé bén, ta c6 Pl = PA* = PE-PB - — = — = PE—P = 15"

PB Pl
ElI IB

suy ra =5 = 5.




ro_ 10

Fl  IC’

RP AP? _IP? |C?
RO  AOQ?

Bdng cdch chiing minh tuong tu, ta cling ¢d

Goi R la giao diém tiép tuyén tai A clia (O) va PQ tht =0T
Suy ra

El RP FQ _IB 1Q IC* .

Nén theo dinh [ Menelaus ddo, ta suy ra ngay dugc E, F, R thdng hang.
b. Ké phén gidc ngoai AT ctia AABC (T € BC).

Ap dung dinh lj Menelaus, ta suy ra dugc £, F, T thdng hang.

Goi M va N [&n luot L& giao diém clia K/ véi PQ va AT.

Ap dung dinh lj con buém, ta suy ra /K = IM.

Do M ndm trén trung truc clia Al nén M/ = MN.

Ap dung dinh Iy Thalés cho RM || NT va RI'|| TC, ta c6

LM LR LI LM+ LI Ml 1

IN T IK IN+LK NK 3

hay la
IK = 2IL.

Hoan tat ching minh. O

Nhan xét 0.6. Ban doc cé thé gidi quyét mét bai todn don gidn hon nhu sau
‘Cho tam gidc ABC néi tiép duong tron (O). Puong cao BD, CE cét nhau tai H. Dudng thdng qua
H vuéng gdc véi OH cdt BC, DE lan luot tai P va Q. Chdng minh réng 1P = 21Q."

—1Bai toan 14.

Cho hai dudng tron tdm Oy va O, cét nhau tai 2 diém P va Q. Goi w la dudng tron ngoai tiép
APO;0,. Budng tron w ct lai dudng tron tdm Oy va O, lan luot tai A va B. Diém Q ndm trong
tam gidc PAB va PQ cdt w tai M. Ly E € w sao cho PQ = QE. ME cét AB tai L. Chiing minh
rdng ZQLA = ZMLA.

AL - KHWARIZMI MO 2024




— Bat toan 15.

-

CHUNG MINH.
Ta co

LAOP /ABP
I —90° +

ZAQP =180° —

/BO,P /BAP
2 —90° +

/ZBOP = 180° —
Do dé Q la tdm dudng tron ndi tiép clia APAB. Theo bo dé bén, ta cé
MQ? = ML - ME.

Suy ra MQ la tiép tuyén ctia dudng tron ngoat tiep ALEQ.
Do dé

IMLQ = LMQE = 2/MPE =2 - (180° — ZMAE) = 360° — 2ZMILA,
LMILA = ZALQ.

Hoan tat ching minh. ]

Cho tam gidc ABC nhon (AB < AC) c6 céc dudng cao AD, BE, CF dong quy tai H. Got M, N lan
lugt La trung diém ctia BC, EF. HN cét lai dudng tron ngoai tiép tam gidc AEF tai T. TM cét
lai duong tron ngoati tiép tam gidc AEF tat K. Ching minh rdng EK = FH.




CHUNG MINH.
Goi R la trung diém clia AH. Khi dé R la tdm duong tron ngoai tiép ti gidc AFHE.
Ta co

IMER = ZREH + ZHEM = ZAFE + ZEBC = ZACB + ZEBC = 90°.

Bdng cdch chiing minh tuong tuy, ta cliing c6 ZMFR = 90°.
Suy ra ME va MF la tiép tuyén cltia (R) va tl gidc MERF not tiép.
VAt gidc RFME va FHET not tiép nén

NH-NT = NF -NE = NR - NM,
suy ra tu gidc RHMT noi tiép nén

ZHRM = ZHTM. (12)

D& thdy 3 diém R, N, M thdng hang.
Khi do, ta cé
MN - MR = ME? = MK - MT,

suy ra tu gidc RNKT néi tiép nén
INRK = ZNTK. (13)

T (12) va (13), két hop vt RH = RK va RN chung, ta suy ra ARNH = ARNK (c.g.c).
Dan dén NH = NK.
Lat ¢o

LFNH =90°—ZHNM = 90°—ZRNT = 90°—ZRKT = 90°—ZRTK = 90°—ZMNK = ZKNE,

nén NF = NE ta suy ra AHNF = AKNE (c.g.c)
Tét day, ta c6 diéu phai ching minh. O

Nhan xét 0.7. Bdi todn trén dé nhéc lai cho ta vé duong tron Euler. Bdi todn duoc phdt biéu nhu

sau



“Cho tam gidc ABC vdi ba duong cao AD, BE, CF cét nhau tai H. Goi M, N, P lén luot L& trung diém
BC,CA, AB. Goi X, Y, Z lan luot l¢& trung diém cia AH, BH, CH. Khi d6 9diém D, E, F,M,N,P, X, Y, 7
thudc ciing moét duong tron.”

—Bai toan 16. N

Cho tam gidc ABC nhon véi ba dudng cao AD, BE, CF cét nhau tai H. Dudng tron ngoai tiép
tam gidc DEF cdt lat cdc canh AD, BE, CF lan luot tat X, Y, Z. Chiing minh rdng

/4\I4+BI—I+CH>3
DX EY  FZ =

Canada MO 2023

/

CHUNG MINH.
Ta co
AH _ SABH _ SAcCH _ SaBH + SacH (14)
AD  Sagp  Saco Sapc
Bdng cdch chiing minh tuong tu, ta cé
BH _ Spch + Ssan (15)
BE Sagc
CH S S
_ OCBH + CAH (16)

CF Sasc
Cong doc theo vé (14),(15),(16), ta suy ra

AH BH CH

b T BE T CF T4
_AH  BH  CH L
Dat@—Cl,E—b,F—C.KhLdO

a+b+c=2.



Theo dudng tron Euler, téc gid da néu ¢ Nhan xét 0.7, suy ra X, Y, Z lan luot la trung diém cla
AH, BH, CH.

Ta cé
AH 1 120  2a
DX AD-AX "1 1 2—-a b+c
AH a 2
Bdng cdch chiing minh tuong tu, ta cé
BH — 2b
EY c+a’
CH  2c
FZ a+b
Khi d6 ta can ching minh
2a 2b 2c
+ + > 3,
b+c c+a a+b
a b c

3
+ - e
b+c c¢c+a a+b =2

) . , .
Ap dung bat dang thiic Cauchy Schwarz, ta ¢6

a b c (a4 b +c)
= + >
b+c c+a a+b — 2ab+ bc+ca)

53
25

Hoan tat ching minh. O

A y . 7 A A A A 7 A 7 - X 7 A A 7 7 A 7
Nhan xét 0.8. Bai todn trén yéu cau ban doc can cé mot chdt kién thuc vé bat dang thac. Bat ddang

a b < 42 , ‘
thuc + + > — con cd tén la bat dang thuc Nesbitt.
b+c c+a a+b 2

w

—Bai toan 17.

Cho tam gidc nhon ABC, ¢6 truc tdm H va dudng tron ngoai tiép k. Dat w la duong tron dudng
kinh AH. P la giao diém th( hai clia k va w. BP, CP cét lat w lan luot tai Q va R. Goi D la hinh
chiéu cta A lén BC. QD cét lai w tat S. Ching minh rdng HR = HS.

JBMO Shortlists 2022

J




CHUNG MINH.
PH cdt lat k tat T. Theo bai todn quen thudc ta suy ra ngay AT la dudng kinh ctia k.
Ta dinh nghta lai diém S la giao diém clia AB véi w.
Ta sé di ching minh S € OD.
That vay, cht § rang ABAD «~ ATAC (g.g) — ZBAD = ZTAC — ZBAT = ZBAD.
Ta cé

LOQAH = ZOPH = LCAD = ZDSH,

két hop vdi t gidc AQSH not tiép, ta suyra S € QD.

Lat ¢cé
LRAH = ZCPT = LZCAT = ZSAH.
Dan dén H (& diém chinh gita SR clia w — HS = HR. Hoan tat chiing minh. O

Nhan xét 0.9. Bdi todn trén déa st dung mét bai todn rat don gidn sau
“‘Cho tam gidc ABC néi tiép (O). Ké duong cao AD va duong kinh AT . Khi dé, ta cé ZBAD = ZTAC.”

—— Bat toan 18.

Cho tam gidc ABC nhon thoa man AH = DH véi H la truc tdm cia AABC va D la hinh chiéu
clia A lén BC. Got ¢ la tiép tuyén tai H clia dudng tron ngoai tiép tam gidc BHC. Got Sva T
la giao diém ctia ¢ véi AB, AC. Goi M va N l&n luot (& trung diém ctia BH va CH. Chiing minh
rdng SM || TN.

Junior Balkan MO 2022




CHUNG MINH.

Goi P la trung diém ctia AB. Khi dé PH la dudng trung binh clia AABD — PH L AD.

Va PM la duong trung binh cia ABHA — PM || AH.

Do dé PM || PH — ZMPH = 90°.

Ta ¢4 ST la tiép tuyén clia dudng tron ngoat tiép ABHC nén /SHB = /HCB = ZBAH, két
hop vét LABH chung, ta suy ra ABSH «~ ABHA (g.9)

Do dé BH?> = BS-BA=2-BS-BP — BH - BM = BS - BP.

Dan dén ti gidc HPSM nbi tiép.

Nén ZMSH = ZMPH =90° - MS L ST.

Bdng cach chiing minh tuong tu, ta ciing ¢6 TM L ST.

Tl d6, dé dang ta cé duogc diéu phai chiing minh. O

— Bat toan 19.

Cho tam gidc ABC nhon véi 3 dudng cao AD, BE, CF cét nhau tai H. Cho diém K thubc canh
BC (K + B; C). Ké duong kinh KM clia duong tron ngoat tiép tam gidc BFK, va dudng kinh KN
clia dudng tron ngoai tiép tam gidc CKE. Ching minh réng 3 diém M, H, N th&ng hang.

CHUNG MINH.
Trudc hét, ta sé di chiing minh bé dé sau
“Cho 3 duong tron (0); (01); (02) déi mét cét nhau sao cho O; Oy; O, khéng théng héng. Goi A, B



l&r giao diém cta (O) var (04); C, D L& giao diém cla (04) va (0o); E, F L& giao diém clia (O5) va
(O). Khi dé ta c6 AB, CD, EF dong quy.”

(cdch ching minh sé dugc dé cdp & phan Nhan xét 0.10)

Quay lai bai toan.
Goi P la giao diém clia dudng tron ngoai tiép ABKF va dudng tron ngoai tiép ACEK. Khi dé

ta cd
ZKPM + /ZKPN = 90° + 90° = 180°,

suy ra M, P, N thang hang.

Ap dung b6 dé& cho duong tron ngoai tiép tu gidc BFEC, duong tron ngoai tiép ABFK, duong
tron ngoai tiép ACEK ta suy ra ngay K, P, A thdng hang.

Cht { rang tt gidc DHEC not tiép nén

AH -AD = AE - AC = AP - AK,

dan dén t& gidc DHPK noi tiép — KP L HP.
Tuy nhién, khéng khé dé chi ra rdng KP L MN.
Tir dé ta suy ra ngay rang M, H, N thdng hang. ]

Nhan xét 0.10. B6 dé ctia bdi todn sir dung con cé tén goi lé truc ddng phuong. Sau déy L& céch
chdang minh.

‘Cho 3 duong tron (0); (04); (02) déi mét cét nhau sao cho O; Oy; O, khéng théng hang. Goi A, B ld
giao diém ctia (O) v (01); C, Dl giao diém cta (Oy) va (O5); E, F L& giao diém ciia (O5) va (O).
Khi dé ta cé AB, CD, EF dong quy.”

CHUNG MINH.
That vay, goi S la giao diém clia AB va CD. SE cét lai (0,) tai F'. Khi dé, ta c6

SE - SF'=SC-SD=SA-SB.

Do d6 t&r gidc ABF'E noi tiép nén F' = F. Téi day ta ¢ diéu phai chidng minh. ]

0. Su déng quy cla ba duong thdng nay duoc goi L& tam dédng phuong clia ba dudng tron.



Bai toan 20.

Cho tam gidc ABC va diém D thudc mién trong clia tam gidc sao cho ZDBC = 60° va ZDCB =
ZDAB = 30°. Goi M va N lan luot La trung diém clia AC va BC. Chiing minh rédng ZDMN = 90°.

May Olympiad 2021

B N C

CHUNG MINH.
Goi S la trung diém ctia CD.
VI ZDBC 4+ ZDCB = 60° 4 30° = 90° — ABDC vubng tat D.

Lai c6 N la trung diém clia BC nén
IZNDC = ZNCD = 30°. (17)
Cht g rang MN va MS lan lugt la dudng trung binh ctia ACBA, ACAD nén
MN || AB,  MS || AD — ZSMN = £ZDAB = 30° (18)

T (17) va (18), ta suy ra ZNDC = ZSMN nén ti gidc MDNS noi tiép.
Tiép tuc, ta c6 SN la duong trung binh cla ACDB — ZNSD = 90°.
Dan dén ZDMN = 90°. O

Nhan xét 0.11. Bdi todn trén duoc ddnh gid la khd don gidn. Cdi khé trong bai todn la lam thé nédo
dé cé thé dung hinh mét cdch chinh xdc. Sau déy L& hudng dung hinh clia tdc gid.

- Dung tam gidc DBC vuéng tai D c6 ZDBC = 60° va ZDCB = 30°.

- Trén ndia mdét phdng b BD khéng chia diém C, ta ldy diém B’ sao cho ZDBA = a

(voi 0 < a < 90°).

- Sau dé trén mdt phéng bo BD, c6 chia diém B, ta ldy diém D' sao cho

£ZBDD" = 150° — .

- Cho BB’ v&i DD’ cdt nhau tai mét diém. Piém dé chinh & diém A.




Bai toan 21.
Cho tam gidc ABC khong can. Got /, G, O lan lugt la tam duong tron not tiép, trong tdm va tam
duong tron ngoat tiép clia AABC. Ching minh rang ZBAC = 120° khi va cht khi Al || GO.

IMO Longlists 1992

CHUNG MINH.

Goi H La truc tdm ctia AABC. Khi dé 3 diém H, G, O th&ng hang.

Goi M & trung diém ctia BC. Khi dé AK = 20M.

Ké duong cao AK clia AABC. Khi d6, ta c6 LKAB = LOAC — ZIAK = ZIAO.

Ta c6 phép bién dbi tuong duong sau
ZBAC =120°,

/MOB = 60°,

AH = 20M = OB = AO,
2/A0H = /KAO = 2/1A0,
ZAOH = ZIAO,

Al'|| OG.

Nhu vay ta cé diéu phat ching minh. O

Nhén xét 0.12. Bai todn trén da nhdc lai cho ta vé kién thdc ndng cao ndm dp 7. D6 & duong
thdng Euler. Bai todn duoc phdt biéu nhu sau

‘Cho tam gidc ABC. Goi H, O, G lan lugt la truc tadm, tdm dudng tron ngoai tiép, trong tém clia
NABC. Khi dé 3 diém H, G, O cting ndim trén mét duong thdng.”



—— Bai toan 22.

Cho hinh thang ABCD sao cho AD || BC. Tia AB cdt tia DC tat G. Tiép tuyén chung ngoat ctia
dudng tron ngoat tiép AABC va AACD cét nhau tat E. Tiép tuyén chung ngoat clia dudng tron
ngoal tiép AABD va ACBD cét nhau tai F. Ching minh réng 3 diém £, F, G thdng hang.

All - Russian MO 2023 - Grade 9

J

CHUNG MINH.
Goi P va Q la giao diém clia EA va EC véi dudng tron ngoai tiép AABC.

Tiép tuc goi S va T la giao diém clia EA va EC véi duong tron ngoai tiép AACD.



Kht dé ta co

PO
LAEC = ZAQC — LEAQ = ZABC — %
ST
= 180° — LGBA — - = 180° — LGBA — ZADC,

= LAGD = LAGC.

Suy ra tu gidc GEAC nbi tiép.
Bdng cdch chiing minh tuong tu, ta cling thu dugc t gidc FGBD nbi tiép.
Chti § réng EA = EC va

ZEGC =180° — LZEAC =180° — LECA =180° — LEGA.

Do doé EG la phan gidc ngoai ciia ZAGC.
Bdng cdch chiing minh tuong tu, ta cling chi ra dugc GF la phan gidc ngoai clia ZAGC.
Do dé ta thu dugc yéu cau bat todn. ]

—Bai toan 23.

Cho AABC can tai A. Goi D la trung diém BC. L&y diém E trén canh AC sao cho ZCDE = 60°
va M la trung diém clia DE. Chiing minh r&ng ZAME = ZBMD.

Kyiv Mathematical Festival 2019

CHUNG MINH.
Qua C, ké duong thdng song song véi DE, cdt AD tai T.
Goi S la giao diém clia AM va CT.



Khi d6, ta c6 LTCB =Z/ZEDC =60° — ATBC déu — BC = BT.
Lai c6 theo bo d& hinh thang tht S (& trung diém ctia CT.

Dan dén BS L CT —- MD 1 BS.

Lat c6 DB = DS — ABMS can tai M.

Suy ra ZBMD = ZDMS = ZAME.

Hoan tat ching minh.

O

—— Bai toan 24.

thdng hang khi va cht khi ZBAC = 90°.

Cho tam gidc ABC nhon. Butng tron néi tiép (/) tiép xtc véi BC, CA, AB lan lugt tai D, E, F. Got
M va N 1an luot & diém chinh gilra cia cung nhé AB, AC. Chiing minh rdng 4 diém M, F,E, N

Indonesia TST 2024

J

CHUNG MINH.
0. Néu M, N, E, F thdng hang — ZBAC = 90°.
That vay, theo bo dé bdn, ta ¢

MA=MI va NA=NI.

Do dé MN la dudng trung truc clia Al - Fl = FAva El = EA.

Ma |E = |F nén tu gidc AFIE la hinh thoi, két hop véi FE L Al

Suy ra AFIE la hinh vuéng. Dan dén ZBAC = 90°.

0. Néu ZBAC =90° — M, N, E, F thdng hang.

ViU N L4 diém chinh gitta clia AC — MN 1 phan gidc cia ZAMC.
Dan dén ZCMN = LZAMN = ZABN = ZFBI.

Chu ¢ rdng ti gidc BMF I nbi tiép nén ZFBl = ZIMF.

Nhu vay, ta thu dugc ZCMN = ZIMF — 3 diédm M, F, N théng hang.
Chting minh tuong tu, ta thu dugec M, E, N thdng hang.




| Do dé ta thu dugc diéu phai ching minh. O]

—Bai toan 25.
Cho hinh binh hanh ABCD. L&y diém X ¢ AC trong hinh binh hanh ABCD sao cho ZAXB =
ZCXD =90°. Goi Q la dudng tron ngoai tiép AAXC. Ké duong kinh EF clia Q sao cho 3 diém
E,X,Bva F,X,D khong thdng hang. Dudng tron ngoai tiép tam gidc BXE cat lai dudng tron
ngoai tiép DXF tai diém K. Dung diém L € Q sao cho ZKXL = 90°. Chiing minh réng AB = K.

Poland MO 2024

CHUNG MINH.
Xét hinh vé trén, kg hiéu P, Q, R lan luot la trung diém clia AB, CD, K.
Got S, U, V lan lugt la tdm dudng tron ngoat tiép AAXC, ABXE, ADXF.

Dé dang chi ra rdng t& gidc SRPU va SQRV nébi tiép.
Ta cé

ZPRQ = ZPRS — ZQRS =180° — ZPUS — LQVS = ZBXE — ZDXF = ZAXF — ZDXF = ZAXD.
(19)

Tuy nhién, ta lai co
ZPXQ = ZAXD +180° — LXCD — LXBA = ZAXD + ZXCB + £ZXBC = 2ZAXD. (20)

T (19) va (20), ta suy ra X la tdm dudng tron ngoat tiep APOQR.
Do dé6 XP = XR — AB = KL. O]




—— Bai toan 26.

Cho tam gidc ABC nhon néi tiép (0) (AB < AC). Lay D € AC sao cho AB = AD. Qua D ké dutng
thdng vudng géc véi AO cét AB tai £. Qua C ké dudng thdng vudng gdc véi OC cét dudng thing
qua E song song véi AC tai F. Goi G la giao diém clia CE va DF. Chiing minh r&ng AG || BF.

Francophone 2024

CHUNG MINH.
Nhan thay rdng ti gidc BDCE la hinh thang can nén ti gidc BDCE not tiép.

Ta co
180° —ZEFC = «42DCF = ZACB+ /ZBCF = ZACB+ ZBAC = ZEBC,

suy ra F thudc duong tron ngoat tiép ti gidc BDCE.
Lai co

LDGC = LGDE + ZDEG = LZFDE + ZDEC = ZFCE + ZBCE = ZFCB = ZBAC = ZDAE,

suy ra tu gidc ADGE noi tiép.

Nhu vay
LGAD = ZGED = ZCED = ZBFE,

két hop véi EF || AC — BF || AG. 0




Bai toan 27.

Cho tam gidc ABC nhon. Lay diém D thudc dudng thdng qua B song song véi AC, sao cho
/BDC = 2/BAC va ti gidc ABDC lot. Chiing minh rdng BD + DC = AC.

KAMO 2022
A
E
B C
D
CHUNG MINH.
Qua B, ké dudng thdng song song véi DC, cét AC tai E.
Khi dé t& gidc BECD la hinh binh hanh.
Ta cé
2/BAC = Z/BDC = ZBEC.
Dan dén ANAEB cantat E - EA=EB = CD.
Do do
BD+DC=CE+ EA=AC.
Hoan tat ching minh. O

—Bai toan 28.
Cho hinh thang ABCD c¢6 BC || AD va AD > BC. AC cdt BD tai M. Got 'y la dudng tron qua
M va tiép xtic véi AD tai A. Goi [ [a duong tron qua M tiép xtic véi AD tai diém D. AB c&t CD
tai S. AS cdt lai [ tai diém X. DS cét lai [, tai diém Y. Got O la tdm duong tron ngoat tiép
ANASD. Ching minh rdng SO L XY,

Argentina TST 2011

CHUNG MINH.
Ta c6 SX - SA=SY SD — t gidc XYDA noi tiép — £SYX = ZSAD = /SBC.
Dan dén ti gidc XYCB nbi tiép.




Lai c6 ZMYC = ZMDA = ZMBC, do dé 5 diém B, X, Y, C, M thudc cling 1 dusng tron.
Got Oy la tdm dudng tron ngoat tiép tir gidc AXYC. Khi d¢, ta ¢6

SX-SA=SY.SD=5S0!—OX*=S0?— 0,Y?,

SX-XA=SY.YD=S0?—0X?=S0%-0Y?
SX?=SX -SA—SX-XA=S0; - 0X*—S0° + 0X?,

SY?=SY-SA—SY.YA=S0O!—0,Y* - SO’ + 0Y?,
do do

SX? —SY? = 0X?—0Y? = SX2+0Y? =SY?+ 0X?.

Theo dinh LY bén diém, ta suy ra SO L XY. (cdch ching minh sé duoc dé cép tai phdn Nhén xét
0.13) 0

Nhan xét 0.13. Bdai todn trén da dua ta dén mét dinh 1§ duoc sir dung dé chdng minh vudéng gdc.
Pinh g bon diém duoc phat biéu nhu sau

“Cho 4 diém A, B, C, D. Khi dé AC L BD khi vii chl khi AB? + CD? = AD? + BC?.”



B D

CHUNG MINH.
0. Diéu kién can. Goi P la giao diém clia AC va BD.
Ap dung dinh l§ Pythagoras, ta cé

AB? = AP? + PR,
AD? = AP? + PD?,
BC? = BP? + PC?,
CD? = CP? + PD?.

Nhu vay, ta co
AB? + CD? = AP? + BP? + CP? + DP? = AD? + BC?.

0. Diéu kién du. Got H, K lan luot la hinh chiéu cta A va C lén BD.
Ta cé
AB? + CD? = AD? + BC?,

AB? — AD?> = CB> — CD? = a,
a=AB>— AD? = HB?> — HD? = HB? — (CD + HC)?,

a+ CD?
HC = 7— ——
RRATa
Chiing minh tuong ty, ta cd
a+ CD?
KC == °CD
Dan dén H = K. Hoan tat ching minh. O

—Bai toan 29.

Cho tam gidc ABC va diém D thudc canh BC. DA cét lai dudng tron ngoai tiép tam gidc ABC tai
diém E. Goi M va N lan luot La trung diém ctia ABva CD. MN c&t AD tai F. Pudng tron ngoat
tiép ADNF cét lai duong tron ngoai tiép AECF tai diém G. Ching minh réng 3 diém B, F, G
thdng hang.

Peru Cono Sur TST 2021




CHUNG MINH.

Goi G’ la giao diém ctia BF va (CEF).

(CEF) cét lai BC tai diém thi hai la T.

Khi dé, ta c6 BT - BC = BF - BG'.

VUt gidc TFCE va ABEC nbi tiép nén LTFE = ZBCE = ZBAE — TF || AB.
Ap dung dinh [ Menelaus cho AABD véi N; F; M, ta cé

NB FD MA FA~~ NB NB NB FA BT

A [N AN A . A
ND FA MB FD~ ND NC ~BC AD  BD

suy ra BN-BD = BT - BC = BF - BG'.

Dan dén ti gidc NDF G’ not tiép.

Khi dé G = @'

Tét day bat todn dugce giadt quyét. O]

Nhan xét 0.14. Bai todn trén dua ta téi hai dinh ly khd co bdn trong todn hoc. Sau day tdc gid sé
phat biéu lai 2 dinh g dé con phan ching minh xin déanh cho ban doc.

i, Pinh ly Menelaus

‘Cho tam gidc ABC va X € BC, Y € CA, Z € AB. Khi dé X;Y;Z khi va chi khi

XB YC ZA

XC YA ZB

ii, Pinh lg Reim
“‘Cho tir gidc ABCD néi tiép. Trén AC léy diém P va ldy diém Q trén BD. Khi dé PQ || AB khi vé
chl khi tir gicdc PQCD nbi tiép.”



Bai toan 30.
Cho tam gidc ABC nhon, noi tiép (0), truc tam H, duong cao AD, BE, CF; trung tuyén AM; tiép
tuyén SB,SC; EF cdt BC, OA tai L, R; AM cét (DEF) tai X, SD cét (O) tat Y. Chiing minh rdang
X, Y thuoc (LO).

CHUNG MINH.

Goi T la giao diém (DEF) véi AC.

Theo dudng tron Euler, ta suy ra T la trung diém clia AC nén OT L AC.
Theo tinh chat quen thudc, ta cling c6 AO L EF tai diém R.

Dan dén ti gidc RETO not tiép, két hop vat ETMX not tiép, ta cd

AX -AM = AE - AT = AR - AO.

Dan dén ti gidc XROM not tiép.
Két hop véi tir gidc LROM nbi tiép (LO), ta suy ra ngay X € (LO).
Ta cé

IMDE = /BDF = ZMEL,

két hop véi ZEML chung, ta suy ra AMDE «~ AMEL (g.g), dan dén
MD - ML = ME?* = MB* = MO - MS.

Suy ra D la truc tam clia AOLS = SD 1L OL,
hay la SY L OL.




Ap dung dinh I 4 diém cho SY L OL va dinh 1§ Pythagoras, ta cé

LY? + SO* = OY? + SI?,

LY? + 0Y? = OY? 4 SI? — SB°. (21)

Ta sé di chiing minh
OY? 4 SI? — SB* = L0?, (22)
SL?—LO* = SB* — OY?. (23)

Ddng thic (23) Wdn ding do cling bdng SM? — OM?.
Két hop (21) va (22), ta suy ra ngay

LY? + 0Y? = LO”.
Ap dung dinh I Pythagoras dao, ta suy ra ngay LY L OY.

Nén Y e (LO).
Hoan tat ching minh. ]

Nhan xét 0.15. Qua bdi todn trén, ching ta dé phdt hién ra mét bo dé khd hay vi cdch ching minh
tdc gid da trinh bay trong qud trinh gidi quyét bai todn.

“‘Cho tam gidc ABC néi tiép duong tron (O) vdi 3 duong cao AD, BE, CF. Tiép tuyén tai B va C cdt
nhau tai S. Goi T la giao diém cta EF v& BC. Khi dé, D ¢ truc tém cla NOTS.”

—— Bai toan 31.

Cho dudng tron (O) va 2 diém B, C cb dinh. Goi D la trung diém ctia BC. Vé tiép tuyén tai A clia
(0) cét BC tai diem E. (ADE) cét lai (O) tai diém F. Chting minh r&ng AF ludn di qua mot diém
c6 dinh khi A di dong.

VMO 2014

J

CHUNG MINH.
Cot {S} =AFNOD.
Do tir gidc AODF nbi tiép nén

SF.SA=SD.-SO =SB

Dan dén SB la tiép tuyén cta (O).

Bdng cdch chiing minh tuong ty, ta cling ¢ SC la tiép tuyén clia (O).
Nhu vay S a giao diém 2 tiép tuyén tai B va C cla (O).

Mat khdc, do B va C c6 dinh dan dén S c6 dinh.

Do dé, AF di qua diém S cb dinh.




[l

— Bai toan 32.

Cho tam gidc ABC véi K L& mdt diém thudc trung truc ciia BC. Pudng tron (K) di qua diém A
cét lai CA, AB lan luot tai diém E, F. K{§ hiéu M la trung diém ctia BC. ME, MF cét lai (K) lan
luot tai diém P va Q. Chiing minh r&ng PQ, BC va tiép tuyén tai A clia (K) ddng quy.

Trén Quang Hang, KHTN




CHUNG MINH.

Goi S la giao diém tiép tuyén tai A clia (K) véi BC.

(APB) cét lai (K) tai diém N.

AM cét lai (K) tai diém T.

Ap dung dinh I con buém cho ti gidc AETP,AFTQ ta cé T;B;Pva T,C,; Q.
Ta co

ZSNA =180° — LAPT = LZAET = ZSAM.
Do dé SA tiép xtc véi (AMN), suy ra
SA? = SN - SM. (24)

Lai co
/ZPOF = ZPAF = ZPMB,

dan dén t& gidc PNMQ not tiép nén

SN SM = SP-SQ. (25)

T (24),(25), tasuyra TA>=TP - TQ.
Do dé T; P; Q. Hoan tat ching minh. n

—— Bai toan 33.

Cho tam gidc ABC c6 ZABC = 60°. Phan gidc AA; va CCy cét nhau tai diém /. Duong tron (ABC)
cét lai (A1/Cy) tai diém P. Chiing minh r&ng P/ chia dbi AC.

Sharygin 2024

CHUNG MINH.

Kéo dai P/ cét lai (ABC) tai diém T.

VI ZABC = 60° = ZAIC =120° = BA,IC; nbi tiép.
Vit gide BPIAy va BPTC noi tiép nén

ZLPIAT =180° — LPBC = ZPTC,




ma 2 g6c nay dong vi nén /Ay || TC, hay la Al || CT.

Bdng cdch chiing minh tuong tu, ta cting ¢6 C/ || AT.

Dan dén ti gidc AICT la hinh binh hanh.

D&n dén /T di qua trung diém ctia AC, hay ta cé yéu cau bai todn. O]

—Bai toan 34.

Cho tif gidc ABCD ngoai tiép duong tron (/; R). Ban kinh R khong doi. Chiing minh r&ng

1 1 1
Acz T BDE S IR

Sharygin 2018

CHUNG MINH.

Ky hidu O la giao diém ctia AC va BC.

Khong méat tinh tong quat, ta gid st réng ZAOB > 90°.
Dung hinh binh hanh BDCS.

Khi d¢, ta cé

AC - BD > 2[ABCD]|= R - (AB+ BC + CD + DA) = 2R (AB + CD). (26)
Lai c6 AB+ CD = AB+ BS > AS va ZACS > 90° nén
AS? > AC? 4+ CS? = AC? + BD”. (27)

Tur (26) va (27), ta thu dugc
AC? - BD? > 4R? (AC* + BD?),
1 N 1 P 1
AC? ~ BD? = 4R?
Hoan tat ching minh. O




——Bai toan 35.

Cho tam gidc ABC véi AB < AC < BC. Got / va w lan lugt la tdm ndi tiép va dudng tron noi
tiép AABC. Goi X la diém ndm trén duong thdng BC, khdc C sao cho dudng thdng qua X
va song song véi AC tiép xtic véi w. Tuong tu, goi Y la diém ndm trén duong thdng BC, khéc
B, sao cho dudng thdng qua Y va song song véi AB tiép xtic véi w. Dudng thdng Al cét lai
(ABC) tai diéem P + A. Goi K va L tuong tng la trung diém ctia AC va AB. Chiing minh réng
LKIL+ ZYPX =180°.

IMO 2024

CHUNG MINH.

Goi E va F 1an luot la diém tiép xtic clia w véi AC va tiép tuyén tai X. Hién nhién EF & dudng
kinh clia w.

KY hiéu T L& giao diém clia FX véi Al

Khi dd, dp dung dinh L Thales cho FT || AE, ta c6

Al EI

ST

Dan dén T la diem doi ximg clia A qua /.
Bdng cdch chiing minh tuong tuy, ta cd tiép tuyén tai Y clia w cing di qua diém T.
T dé suy ra

/LIK = ZBTC. (28)




Lai co

IXTI=ZPAC = ZPBX,

nén tu gidc XTPB noi tiép.
Nhu vay, ta cling ¢é dugc ti gidc CYTP nbi tiép.
Kht do, ta cé

/YPX = ZXPT + £YPT = ZCBT + /BCT. (29)
Tir (28),(29), ta thu duoc

LUK + ZXPY = ZBTC + ZLCBT + ZBCT = 180°.

Hoan tat ching minh. O

—— Bat toan 36.

Cho tam gidc ABC noi tiép (O). P la diém bt ki thudc mién trong ctia AABC. Goi D, E, F la
hinh chiéu ctia P trén BC, CA, AB. K{ hiéu (/) ngoat tiép ADEF. AJ cdt lat (O) tat K. EP, FP
cdt lai (J) tat £/, F’. Lay R, Q thudc BC sao cho E'R || AC, F'Q || AB. Got M, N lan lugt la trung
diém ctia AC, AB. Chting minh rdng ZMJN + ZRKQ = 180°.

Phdt trién bai todn IMO 2024 - Nguyén Vén Linh




CHUNG MINH.

Goi T la diém déi xting véi A qua /, L la diém déi xing véi K qua /.
Ky hidu B, C’, Q', R’ lan luct la diém dbi x(ing ctia B, C, Q, R qua /.
Dé thay rang B, C"; R"; Q' va A; Q’; Bva A R’; C.

Ta co

/KAR = /KBC = ZLB'R’,
suy ra tu gidc LAR'B’ ndt tiép.
Bang cach chiing minh tuong tu, ta ciing c6 tir gide LAQ'C' not tiép.
Vi M, J, N lan lugt la trung diem clia AC, AT, AB va CT || AC’, BT || AB’ nén suy ra
IMIN = /BTC = ZB'AC. (30)
Vit gide LAQ'C va LAR'B’ noi tiép, RK || LR, KQ || LQ' nén
ZRKQ = ZR'LQ" = ZALQ" + LR'LA = LAC'B' + ZAB'C'. (31)
Tu (30) va (31), ta suy ra
IMIN + ZRKQ = £LB'AC" + ZAC'B' + ZAB'C" = 180°.

Hoan tat ching minh. ]

—Bai toan 37.

Cho tam gidc ABC nhon nbi tiép (O, R) véi 3 duong cao AK, BE, CF dong quy tai H. Ké dudng

kinh AD ctia (0). Goi / la giao diém ctia AD va EF. K{§ hiéu M la trung diém ctia BC, N la giao

diém ctia AH va EF, P la giao diém clia AD va BC. Cho OM cét NP tai diém Q. Chiing minh

rdng

(a) Bén diém B, D, I, F thudc cing mot dusng tron.

(b) AN — NH = 200.
AK  BE CF

(C)B—K+E+ﬁ23\/§.

CHUNG MINH.
(a) Theo tinh chat quen thudc, ta c6 AD L EF tai l.
Do dé
Al -AD = AE - AC = AF - AB,

suy ra tu gidc BDIF not tiép.

Nén 4 diém B, D, I, F thudc cung mot duong tron.

(b) Theo tinh chat quen thudc, ta c6 H; M; D.

Chu ¢ rdng ZCAD = ZFAH, két hop véi LZAFH = ZACD = 90°,
ta suy ra AHFA ~ ADCA (g.g) va AAEN «~ AABP (g.g).

Dan dén

AH AF  AE AN

AD " AC " AB AP’
ap dung dinh l§ Thales dao, ta suy ra NP || HD.
I,<ét hop véi NH || OM, ta suy ra ti gidc NHMQ la hinh binh hanh — NH = QM.
Ap dung tinh chat duong phan gidc va dinh |y Thalés cho OM || AK, ta c6

HN AN 00
HK — AK  OM'




HN - OM = HK - 00,
NH - (0Q 4+ OM) = 00 - HK,
NH?* = 0Q - (HK — HN),

Ap dung tiép tuc dinh [ Thalés cho OM || AK, ta cé

AN NK L H
Q0 OM  NH
Tur (32) va (33), ta suy ra

AN NH . HK HK .
00 00 "NH NH 7

AN — NH = 200.

(c) Trudc hét, ta di chiing minh bo dé sau: “Cho tam gidc ABC nhon. Khi dé ta cé
tanA+tanB+tanC =tanA-tanB-tanC.”

(Cdch chung minh sé duoc trinh bay ¢ Nhan xét 0.16)

Ta co Ak
W = tan B,
BE
3— =tan C,

CE

(32)

(33)



CF
F = tanA.

Ap dung bo dé, ta ¢

AK  BE CF

W+E+ﬁ =tanA+tanB+tanC =tanA tan B -tan C.

Ap dung bat dang thiic Am-Gm, ta c6

tanA-tan B -tan C =tan A+ tan B+ tan C > 3 - VtanA - tan B - tan C,
ldp phuong 2 vé roi lay can bac 2, ta thu dugc

tanA-tan B -tan C > 3V3.

Dan dén A BE CF
> 3V/3.

BK " CE " AF
Dang thic xdy ra khi AABC déu. ]

Nhan xét 0.16. Cdu (b) ctia béi todn, phdn ching minh NP || HD chinh & dé thi tuyén sinh véo 10
thanh phd Ha No6i 2019. Bai todn trén, tdc gid da trinh bay mét bo dé khd hay vé t sé luong gidc.
Sau déy & cdch ching minh bo dé.

‘Cho tam gidc ABC nhon. Khi dé ta cé tanA+tanB +tanC =tanA-tanB-tanC.”

CHUNG MINH.
A
Ha duong cao AD, BE, CF dong quy tai H clia AABC.
Ta co
AD  CD
ZleDHC%taﬂthanZD/—/C—)@:%, -
AD - HD = BD - CD.
Lat co
cotB-cotC = BD €D = BD-CD
~AD AD AD? F
_HD [BHC] H
AD  [ABC] B
D
Bdng cdch chiing minh tuong tu, ta cling ¢
[CHA]
CCotA ="
cot C - cot ABC)
B [AHB]
cotA-cotB = ABC)

Cong theo vé cdc dang thic trén, ta thu duoc

cotA cotB+cotB-cotC +cotC-cotA=1,



1 1 1
=1
tanA - tan B + tan B -tan C + tan C - tan A
tanA+tan B +tanC =tanA-tan B - tan C.

Hoan tat ching minh. ]

Bdi todn phdt trién tir bé dé. Cho tam gidc ABC cé 3 géc nhon. Goi | l& tadm duong tron ndi tiép
clia NABC. Chdng minh rdng
(a) tan’ A 4 tan’ B + tan’ C > 9.

(b) tan = - tan = + tan B - tan ¢ +tan= -tan= = 1.
2 2 2 2 2 2

—— Bat toan 38.

Cho tam gidc ABC (AB < AC < BC). Goi / la tdm ndi tiép tam gidc ABC. Goi X la diém ndm
trén duong thdng BC sao cho dudng thdng qua X song song véi AC tiép xtic véi (/). Tuong tu goi
Y ndm trén duong thdng BC sao cho dudng thdng qua Y song song véi AB tiép xtic véi (/). K
hiéu / (& tdm bang tiép géc A clia AABC. Trén tia déi ctia tia BC &y diém M sao cho MB = AB
va trén tia dbi ctia tia CB 4y diém N sao cho NC = AC. Goi K, L tuong Uing la trung diém cla
AN, AM. Chiing minh réng ZKIL+ ZXJY = 180°.

Phdt trién bdi todn IMO 2024 - Lé Viét An

CHUNG MINH.

$e y - A A . \ . 2 A \ - A A s 7,
Theo Bai toan 35., ta suy ra tiép tuyén tai X va Y di qua diém 7T la diém doi xing véi A qua /.
Dan dén

LKIL = ZMTN. (34)
Chu ¢ rdng td gide BIC/ not tiép nén

LAJIC = ZIJC = ZIBC = %BC = LAMC,

suy ra tu gidc AMJC not tiép.
Bdng cdch chiing minh tuong tu, ta cling cé ti gidc ANJB noi tiép.
Dan dén

IXJY =2ZX)T + 2Y]T = ZNMT + ZMNT. (35)
Tu (34) va (35), ta suy ra
LKIL+ ZX]Y = ZMTN 4+ ZNMT + ZMNT = 180°.

Hoan tat ching minh.




<

[l

— Bat toan 39.

Cho tam gidc ABC nhon (AB < AC) néi tiép (O), véi ba duong cao AD, BE, CF dong quy tai
trung diém H. K{ hiéu M & trung diém ctia BC. Cho EF c&t (O) tai X, Y (véi X trén cung AB
nhoé va Y trén cung AC nhd).

(@) Ching minh rdng ZXHF = ZBYM.

(b) Cho XH c&t MY va cét lai (O) lan luot tai diém S va R. Cho YH c&t MX va cét lai (O) lan
luot tai P va Q. Chiing minh réng (DEF) c&t (BHC) tai diém P va S.

() Chting minh rdng P va S lan luot la trung diém clia HO va HR.

Nguyén Cao Son - Thé gidi todn hoc




—— Bat toan 40.

Cho tam gidc ABC ndi tiép duong tron (O). Phan gidc trong clia ZBAC cét lai (O) tai diém D.
Gol E la diém déi xting véi B qua AD. Cho BE cét lai (O) tai diém F. Lay diém P di dong trén
canh AC. Cho BP cét lai (O) tai Q. Pudng thdng qua C song song véi AQ cét FD tai diém G.

(a) Cho EG cét BC tai diém H. Chiing minh r&ng 4 diém B, P, E, H noi tiép (K).

(b) Cho (K) cét lai (O) tai diém L. Ching minh r&ng LP ludn di qua diém S cb dinh khi P di dong
trén canh AC.

(c) K¢ hiéu T la trung diém ctia PE. Ching minh r&ng dudng thdng qua T song song véi LS
chia dot AF.

Bai toan 41.

Cho tam gidc ABC nhon ngoat tiép /. Duong tron (/) tiép xdc véi cdc canh BC, CA, AB lan luot
tat D, E, F. Got H la hinh chiéu ctia / 1én AD. Chiing minh rdng HD la phan gidc ctia ZBHC.

Nhéan xét 0.17. Hudng chdng minh s6 2 cla bai todn da si dung mét bé dé quen thudc. Sau day,
tdc gid sé trinh bay lai cdch chdng minh bo dé dé.

“Cho tam gidc ABC. Léy diém D néim trén canh BC v E nédm trén duong thdng BC (ndm phia ngodi

L El
AABC) thdéa man rdng % = E—g va LDAE = 90°. Khi dé, AD la phén gidc cia ZBAC.”



CHUNG MINH.
Qua D, ké dudng thdng song song véi AE, cét AB va AC an lugt tai M va N.

Ap dung dinh I Thalés cho MD || AE va ND || AE, ta c6
MD  BD ND CD

AE  BE' AE CE’
%nc%—E—Be@—QnAl
M pHcTEc "BE ce' "

MD BD CD ND

Vot cha g r N

AE  BE CE AE’

suy ra MD = ND nén D (& trung diém ctia MN.
Lai c6 MN || AE va AD L AE nén MN L AD dan dén AAMN can tai D.
U do ta cd ngay AD la phan gidc ctia ZBAC. ]

—— Bai toan 42.

Cho ZABx va céc diém A, B c6 dinh. Mot diém C di dong trén tia Bx. Puong tron (/) nbi tiép
NABC tiép xtic véi cdc canh BC, AC 1an luot tai D va E. Chiing minh r&ng dudng thdng DE ludn
di qua mot diém cb dinh khi C di dong trén tia Bx.




CHUNG MINH.
Got S la hinh chiéu ctia A lén Bl. Khi dé diém S ¢b dinh.
D6 ti gidc AESI ndi tiép nén

JESA = /EIA=90° — ZEAI (38)
Cht ¢ réng
ANASB A~ NIDB — ABIA ~ ABDS — ZBSD = ZBAl = ZEAI (39)

Tur (38) va (39), ta thu dugc
ZBSD + ZASE = 90°.

Dan dén D; S; E. Hoan tat chdng minh. O

—— Bat toan 43.

Cho tam gidc ABC nhon noi tiép (O). Tiép tuyén tai B va C cdt nhau tai diém D. Ké dudng kinh
AT clia (0). K§ hiéu M va N an lugt L& trung diém clia CBva CT. Cho MN cét AT tai diém K.
Chting minh rdng CK L AD.

Tap chi Tri Thic Tré

CHUNG MINH.
Ké duong cao AH clia AABC.
Ky hiéu R & giao diém ctia CK va AD.
Vi MN la duong trung binh cia ABCT — MN || BT hay MK || TB.
Nén theo dinh l§ Reim, ta c6 ti gidc MKCA not tiép.
Ta ¢6 AD la duong doi trung ctia AABC nén ZBAS = ZCAM.
Lai ¢ theo tinh chat quen thudc tht ZBAH = ZCAO.
Dan dén
LHAS = ZMAK = ZSMR,

suy ra tu gidc AHRC noi tiép nén CK L AD.




[l

— Bai toan 44.

Cho tam gidc ABC nhon not tiép (O) véi ba duong cao AD, BE, CF dong quy tai H. Goi M la
trung diém clia BC. Cho AM cét OD tai diém N. Goi P va Q la giao diém ctia (DEF) véi (BOC).
Chiing minh r&ng 3 diém P, N, O thdng hang.

CHUNG MINH.

Cho EF c&t BC tai diém S.

K( hiéu Oy va O, lan lugt la tdm (DEF) va (BOC).

Goi X la giao diém clia SH va AM.

Ha OK L ST, TY L SN.

Theo tinh chat quen thudc, ta c6 H la truc tdm clia AASM nén SX L AM.
VI P va Q la giao diém clia (Oq) va (02) nén PQ L 0,0;.

D& thdy Oy la tdm duong tron Euler clia AABC nén Oy la trung diém clia OH.
Lai c6 O la trung diém ctia OT nén 0,0, la dudng trung binh ctia AOHT.
Do dé 0,0, || HT.

Do céc ti gidc NYKT, KBCT, BFEC, DFEM, DHXM noi tiép nén

SY SN=SK-ST=5B-5C=5F -SE=5SD-SM=5H"-5X,

nén tu gidc HXNY néi tiép.




Dan dén SN L TH tai diém VY.
Ma HT || 0102 nén SN L 0102.
Ap dung tinh chét clia truc ddng phuong & Nhan xét 0.10, ta c6 S; P; Q.

Dan dén SN = PQ nén P; N; Q thdng hang. O

—— Bat toan 45.

Cho tU gidc 16t ABCD. Hai duong chéo AC cét BD tai diém E. Cho (ADE) va (BCE) cét lai AB
lan lugt tai diém P va O, (ACP) cét lai AD tai diém R, (BDQ) cét lat BC tat diém S. Ching minh

rang 4 diém A, B, R, S thudc cung mét duong tron.
ELMO 2024

J

CHUNG MINH.
Cho (ACP) cét lai BC tai diém X, (BDQ) cét lai AD tai diém VY.

Goi T la giao diém clia AD va BC.
Ta cé
AE -AC = AQ -AB = AD - AY,

nén tu gidc DECY not tiép.
Bdng cdch chiing minh tuong tu, ta cling ¢d ti gidc DEXC nbi tiép.




Dan dén 5 diém D, E, C, X, Y cung thuéc mot dudng tron.
Khi d¢, ta cé
TA-TR=TX-TC=TD-TY=TB-TS,

nén tl gidc ARSB not tiép,
hay 4 diém A, B, S, R cung thuéc mét duong tron. ]

—— Bai toan 46.

Cho tam gidc ABC va dudng tron noi tiép (/) c6 dinh. Mot duong thdng s bat ki di qua diém /
cdt AB va BC lan luot tai D va E. K{§ hiéu P va Q lan lugt la tdm dudng tron noi tiép AADI/
va ACEI. Cho (DAI) cét lai (CE) tai diém F. Chiing minh réng (PQOF) lubn di qua mot diém cb
dinh khi dudng thdng s thay doi nhung van lubn di qua diém /.

Yasinsky Geometry Olympiad, 2022

CHUNG MINH.

Vé dudng tron ngoai tiép AABC. K( hiéu R, S, T 1an luot la diém chinh gitta ctia BC, CA, AB.
Khi dd, hién nhién rdng cdc diém R, S, T la c¢6 dinh.

Do ti gidc ADF I va CEIF noi tiép nén

LAFC = ZBDI+ ZBE| =180° — ZABC,

dan dén t& gidc AFCB not tiép, hay F € (ABC).
Do dé

ZAFC = ZASC. (40)

Ap dung bo dé& bdn & Nhan xét 0.5, ta suy ra SA= S/ = SC.

Lai c6 P va Q lan lugt la tam clia ADAl va ACEI nén SP va SQ lan luot la phan gidc cia ZAS]
va ZCS|.

Do dé

ZASC  AB+ BC

LASP + £ =
SP+/ZCS0Q 5 J

= LACI + ZLCAI =180° — ZAIC. (41)



Lai co

180° — ZAPF N 180° — ZCOF

JAFP + ZQFC = — 180° — ZAIC. (42)

2 2
TU (41) va (42), ta suy ra ZAFP + ZOFC = LZASP + ZC S0,
két hop vdi (40), ta suy ra ngay ZPFQ = ZPSQ.

Dan dén ti gidc PFSQ not tiép.

Tuc & (PFQ) ludn di qua diém S c¢6 dinh. O]

—Bai toan 47.

Cho tam gidc ABC noi tiép duong tron (O) véi ba duong cao AD, BE, CF dong quy tait H. K
hiéu S (& giao diém hai tiép tuyén tai B va C ctia (0). Goi P va Q lan luot la giao diém clia DE
véi CH va DF véi BH. Goi T la giao diém clia hai tiép tuyén tai £ va F clia (DEF). Chiing minh
rdng

(a) Puong thdng qua A vudng géc véi PQ di qua tdm (BHC).

(b) SH chia dét POQ.

(c) 3 diém S, H, T thdng hang.




CHUNG MINH.

(@) Got Oy la tém ctia (BHC). Ta sé di chiing minh PO L AO;.
Do diém déi xting clia H qua BC thudc (O) nén (0) dbéi xing véi (O4) qua BC.
Theo tinh chat quen thudc, ta suy ra ngay AO; di qua trung diém ctia OH.
VUt gidc BFHD not tiép nén
PH - PB = PF-PD,

dan dén P thudc truc ddng phuong clia (DEF) va (Oy).
Bang cdch chiing minh tuong tu, ta cé Q thudc truc déng phuong clia (O;) va (DEF).
TUr do ta suy ra ngay PQ L AO;.

(b) Ha SK L BH. Ta sé di ching minh [HPS] =[HQS].
That vay, do tir gidc AFDC nbi tiép va SB la tiép tuyén ctia (O) nén

ZLPDB = ZBAC = £SBC,

ma hat géc nay & vi tri so le trong nén PD || BS.
Bdng cdch chiing minh tuong tu, ta cling c6 QD || SC.



Ap dung cdng thic dién tich va dinh g sin, ta co

. P . Qi . D Lo D). D
(HPS] = 5/<2H/ _SB SMZHBS HP _ BS smz;// D-HP

BS-HD -sin ZHDP
2

Bdng cdch chiing minh tuong tu, ta cling ¢6

CS-HD sinZHDQ
> :

V6i cht (§ rdng SB = SC va ZPDH = ZQDH, dan dén [HPS]| = [HQS]
Tir dé ta suy ra ngay SH di qua trung diém ctia PQ.

[HOS] =

(c) K{ hiéu M, N tht tu la trung diém ctia AH va BC. Suy ra M, N € (DEF) va MN la dudng
kinh ctia (DEF) nén MN la duong trung truc ctia EF.
Dan dén 7:M: N va O;N: O;; S.

Theo tinh chat quen thudc, ta c6 ON = % = HM.
Ta co
MH — ON NC? B ON? 3)
SN SN NS?  CN?Z
Tu TE? =TM - TN, ta suy ra
T™  TE?  ME?
= = : (44)
TN  TN?2  NE?
Theo tinh chat quen thudc, ta cé
ZOCN = LACF = ZFBH = ZFDH = ZMDE = ZMEN,
két hop véi ZMEN = ZONC = 90°, ta suy ra ngay AMEN «~ AONC (g.g). Dan dén
ME  ON
NE ~ CN' )
Tu (43),(44),(45), ta suy ra dugc
MH — TM
SN TN’
U do6 theo dinh lg Thales ddo, ta c6 ngay T; H; S.
Hoan tat ching minh.
O

Nhan xét 0.18. Céau (b) cla bai todn, tdc gid da s dung dinh g sin dé gidi quyét bai todn. Con tai
cau (c), t gide FMEN 6 tén goi la td gide diéu hoa. Sau déy, tdc gid sé trinh bay vé g thuyét
ctia dinh 1§ v& mé hinh ti gide diéu hoa. Phdn chdng minh khd don gicin nén xin phép déanh lai cho
ban doc.

b

) Dinh lg sin. “Cl idc ABC. Ki hiéu BC = A= b,AB = c. Khi dé¢ ) = =
(i) Dinh lg sin. “Cho tam gidc ABC. Ki hiéu BC = a, C b,AB = c. Khi dd, ta co A" SnB




c
sinC’

(ii) M6 hinh ti gidc diéu hoa. “Cho td gidc ABCD néi tiép duong tron (O). Khi dé cdc diéu sau l¢ tuong
duong

1. Tiép tuyén tai A, C va BD dong quy,
2. Tiép tuyén tai B, D v AC dong quy,
3. AD-BC=AB-CD.”

Bai toan 48.
Cho tam gidc ABC nhon, khéng can, not tiép duong tron (O). K{ hiéu H la truc tdm clia AABC.
Goi M la trung diém clia AH. Cho AH cét lai (O) tai diém K. LAy diém P trén canh AC sao cho
ZBMP = 90°. Cho BC cét lai (BMP) tai diém S. L&y R la diém dbi xting clia C qua S. Chting
minh réng ba diém K, R, P thdng hang.

CHUNG MINH.

Qua O ké dudng thdng song song véi BC, cét AC tai diém P’. Goi S’ va X lan lugt [a hinh chiéu
clia P’ va O lén canh BC.

Dé thay tu gidc OP'S’X la hinh chir nhét.

Theo tinh chat quen thudc, ta cé

2MH = AH = 20X = 2P'S’,

do d6 MH = P'S’, ma MH || OX || P'S’, nén t& gidc HMP'S’ la hinh binh hanh.
Tl dé suy ra S’H || P'M.
Lat co

DH - DM = DK - DM = DB - DS/,

dan dén H la truc tdm clia ABMS’.
Nén S’H 1L BM, dan dén ZBMP’' = 90° = ZBMP.
Khido PP=PvasS =S.




VUL H la truc tdm clia ABMS va ANABC nén

DH-DM = DB -DS, DH-DA=DB-DC,

DM DB DA
DS~ DH  DC'
theo dinh 1§ Thalés dao, ta suy ra ngay MS || AC.
Ap dung tiép tuc dinh 1§ Thales, ta c6

DM AM  MH
DS~ CS SR’

ap dung tiép tuc dinh 1§ Thalés dao, ta suy ra ngay HR || MS || AC.
Dan dén

LPRC = ZPCD = ZDRH = ZKRD,
nhu vay ta cé ngay K; R; P. O]

—— Bat toan 49.

Cho hai duong tron (0), (O') tiép xtic ngoai nhau tai D. Tt mot diém A bat ki trén (0), ké hat tiép
tuyén AB, AC dén dudng tron (O'). Goi / la giao diém clia AD va BC. Goi M la trung diém clia
BC. PBuong tron duong kinh Al cdt lat duong tron (O) tat P (P khéac A).

(a) Chtng minh r&ng AP, IM va tiép tuyén tai D ctia duong tron (O) dong quy tai mot diém.

b) Ching minh P € (ABC).
g

(c) Got G la giao diém ctia PD va BC. Ching minh réng (GPM) tiép xtic véi (O).

Chon déi tuyén VMO - Cén Tho

CHUNG MINH.

(@) AP la truc déng phuong clia (O) va (Al).
IM & truc ddng phuong clia (O') va (Al).
Tiép tuyén tai D clia (0) la truc déng phuong ctia (O) va (O').
Do d6 AP, IM va tiép tuyén tai D ctia (O) dong quy tat S.

(b) Do S la tdm ddng phuong ctia (0), (O’) va (Al) nén
SP-SA=5C-SB,
dan dén t& gidc APCB not tiép nén P € (ABC).
(c) Ké tiép tuyén Px ctia (GPM). Khi dé, ta bién doi géc nhu sau
ZGPx =180° — ZGMP = ZPMB = 90° + ZPIA,

ZDPx =90° — ZAIP = ZDAP,

do d6 Px cling la tiép tuyén clia (O).
Téi day, ta suy ra ngay (GPM) tiép xtc véi (O).




[l

——Bai toan 50.

Cho dudng tron (O) va hai diém B, C cé dinh thudc dudng tron (BC khong la dusng kinh ctia (0))
Trén cung lén BC clia (0), 14y diém A di dong sao cho AABC khong can tai A. Tiép tuyén tai
B va C clia (O) cdt nhau tai D. Budng thdng AD cét lai (O) tai diém E£. Ké dudng kinh EF clia

(0). K¢ hiéu M va N lan lugt la giao diém clia BF véi CE va CF véi BE. Cho AF c&t MN tai
diém P.

(a) Chiing minh réng D La trung diém ctia BC.

(b) Chiing minh réng P thudéc moét dudng thang cb dinh.

Chon dbi tuyén VMO - Séc Tréng




CHUNG MINH.

(a)

Dé thay tir gidc BCNM noi tiép (MN) va DB = DC nén ta cht can cht ra rang M; D; N la du.
That vay, kéo dat FE cdt MN tat H - FH 1 MN.
Ta cé

/BHC =2/BMC = 2(90° — ZBF C) =180° — ZBOC,

suy ra tu gidc OBHC nbi tiép.
Lai 6 t& gidc OBDC nbi tiép nén 5 diém 0, B, H, D, C thubc cung mot duong tron.
Khi do

ZOHD = Z0BD = 90° = ZOHN,

dan dén H: D;: N — M: D: N.

Do tiép tuyén tai B, C va AE dong quy nén theo mé hinh tr gidc diéu hoa tai Nhan xét 0.18,

ta suy ra
AB  BE BM
két hop véi
LABM =180° — ZABF =180° — ZACF = ZACN,

ta suy ra AABM « AACN (c.g.c) = LMAB = ZNAC.
Dan dén
LMAN = ZBAC = ZMFN,



suy ra tu gidc AFNM noi tiép.
Tir dé, ta cd P la tdm dédng phuong cta (AF CB), (BCNM), (AF NM).
Nén P € BC cb dinh.

[l

——Bai toan 51.

Cho hat duong tron (Oq) va (0,) cé cling ban kinh R, cdt nhau tai hai diém A B va 0,0, > R.
Duong thadng qua A vudng géc véi AB cét lai (04), (05) lan luot tai hai diém C va D. Trén nla

mat phdng bo CD chiia diém B, xét tia Ax tao véi tia AC géc 60° va tia Ax cét (0,) tai E, cét
(O1) tai F.

(@) Chting minh rang Oy, Oy, E, F cling thubc mét duong tron. Bong thot DE cét CF tai mot diém
nam trén duong thdng qua B vudng gdc véi Ax.

(b) Trén nlta duong tron duong kinh CA, khac phia véi Oy, dung T sao cho CT = R. Chiing minh
rang O1E + O,F > 2TA.

Chon déi tuyén VMO - Séc Tring

CHUNG MINH.

(a) Hién nhién thdy réng B; Oy; C va B; O0,; D.
Ta co

ZBOF =2/BAF = 60°,




ma ABO;C can tai Oy nén ABO;C déu.

Suy ra BF = BO;.

Bdng cdch chiing minh tuong tu, ta cling c6 BO, = BE.
Do dé

BF = BOy = BO, = BE,

nén tu gidc O1E O>F nbi tiép.
Cho DE c4t CF tai diém S.
Khi do, ta co
/SEF = ZAED = ZABD = ZABC = ZSFE,

dan dén BS la duong trung truc EF.
U do ta suy ra ngay BS L EF.

(b) D& thay AO; la duong trung binh clia ADBC — AO, || CO.
Diéu dé chiing t6 AO,O;C la hinh binh hanh.
Do O1F = O,E nén OE || O,F dan dén OE O,F la hinh thang can.
Ap dung dinh L) Ptolemy, ta cé

O1FE - OF = 0,05 — R* = AC* — CT? = AT?
Ap dung bat ddng thiic Am-Gm, ta cé

(O1E + O,F)
i :

O E + O,F > 2AT.

AT? = O/E - O,F <

Déng thic xdy ra khi O£ = O,F .
[

—— Bai toan 52.

Xét tam gidc ABC, dudng phan gidc AD. Goi giao diém ctia AD Véi tiép tuyén chung ngoai clia
(ABD) va (ACD) la P va Q. Chting minh réng PQ? = AB - AC.

-

CHUNG MINH.

K{ hiéu Oq, O tht tu la tam cta (ABD) va (ACD).

Cot EF va KL la tiép tuyén chung ngoai clia (O4) va (0,).

VL O1B || 0,0 va O/K || O>L nén ta cé phép bién doi géc sau

/BKL = /BKD + /KBD = 180° — /BDK = 180° — 291K

ZDO,L
2

=180° — = 180" — ZDCL.

Dan dén ti gidc BKLC not tiép.



Ap dung Nhan xét 0.10 cho 3 dudng tron (O4), (02) va (BKLC), ta suy ra AD, BK, CL déng quy
tai diém S.

Lai cd LSLK = ZKBC = ZLKD nén SL || KD.

Bdng cach chiing minh tuong tu, ta ciing cd DL || KS va do dd t& gidc KDLS la hinh binh hanh
nén J la trung diém ctia DS.

D& nhan thay rang PA = DQ nén PQ = AS.

Mat khac, do ASDK «~ ASBA va ASDL «~ ASCA nén

SK SA _SL SA
KD _ AB 1D~ AC'

AS? _SKSsL
AB-AC KD LD
AS? = AB - AC.
Hoan tat ching minh. ]

—— Bai toan 53.

Xét tam gidc ABC nhon (AB < AC) not tiép duong tron (O). Ha ba dudng cao AD, BE, CF cla
tam gidc ABC cdt nhau tai diém H. Goi M la trung diém clia BC.

(a) Puong thdng qua H vubng géc véi AM cét BC tai diém X. Chdng minh réng £, F, X thdng
hang.

(b) Pudng thdng qua C vudng géc véi BC cét HM tai diém S. Chiing minh rdng SX || CH.

(c) Cho AD, AM thit tu cét lai (O) thi tu tai diém P va Q. Kéo dai PQ cét BC, HX lan luot tai
hai diém Y va Z. Chiing minh réng (XY Z) tiép xtic véi (O).




Lol GIAI

(a) Ta dinh nghia lai diém X la giao diém ctia EF véi BC.
Do dd, ta can chiing minh XH 1L AM.
That vay, ké duong kinh AA7 ctia (O).
Cho AX cét lai (O) tai diém T.
Ta co
XF-XE=XB-XC=XT XA,
nén tu gidc ATFE not tiép.
Mat khéc, ta lat ¢é tir gidc AFHE nbi tiép dudng tron dudng kinh AH nén ZATH = 90°.
Do AA; la dudng kinh ctia (O) nén ZATA; = 90° nén ba diém T, H, A, thdng hang.
WLt gidc BHCA+ La hinh binh hanh nén H, M, A thdng hang.

Didu dé chiing té bén diém T, H, M, A; thdng hang nén MT L AX.
Kht dé H la truc tdm clla AAXM nén XH L AM.

(b) Ta cd ti gidc AFDC va AEDB nbi tiép nén BDF = BAC = CDE.
Theo tmh chat cTuong tron Euler, ta a suy ra tu gidc DF EM not tiép nén BDF = MEX.
Do d6 MEX = MDE, két hop véi EMX chung nén

AMDE « AMEX (g.g) — MD - MX = ME? = MC?.

MB — MC  MD
MX ~ MX ~ MC
Ap dung dinh I Thalés cho DH CS, ta c6

oo qg MB _ MA

CMX T MS
Ap dung dinh L Thaleés dao, ta suy ra BA; || SX.
Chu ¢ rdng BAy || CH, ta suy ra ngay CH || SX.

(c) Do ZATM = ZADM = 90° nén ti gidc AT DM nbi tiép.
Khi dé, ta bién déi géc nhu sau

Dan dén
/\/ID MH /\/1/41
MC ~ MS ~ MS®

LIMY = ZTAP = ZTQY,



nén t gidc YTMQ not tiép.
Dan dén
LTY/. = /ZAMT = ZAXH,

nén tu gidc XZYT nbi tiép, hay la T € (XY2).
Téi day, ta bién ddi géc

LTYX + ZLTAA = LTOA+ LTAA = LZTAA+ LTAA =90° = ZXTA,
suy ra (XYZ) tiép xtc véi (O) tai diém T.

Hoan tat bai todn.



