PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

Chuwong I. PHUONG TRINH VA HE HAI PHUONG TRINH BAC NHAT HAI AN
Bai 1. KHAI NIEM PHUONG TRINH VA HE HAI PHUONG TRINH BAC NHAT HAI AN

A. KIEN THUC CAN NHO
1. Phwong trinh bic nhit hai 4n
e Phuong trinh bac nhat hai 4an xva y 13 hé thirc dang .
ax+by =c(1)
trong d6 a,b va c 1a cac sb da biét a =0 hodc b# 0
e Néutai x= X, va y=Y,,taco ax,+by, =cla mot khang dinh dung thi cip sd (xo ; yo)duqc goi
la mot nghiém cua phuong trinh (1)
Nhan xét: Trong mat phfmg toa do, tap hop céc diém co toa do (x ; y) thod man phuong trinh bac nhét hai
an ax + by = ¢ 1a mot duong thang.
2. Hé hai phwong trinh bic nhat hai an
e MOt cap gdm hai phuong trinh bac nhit hai an ax+by=cva a'x+b'y=c' dugc goi 1a mot hé

phuong trinh bac nhit hai an. Ta thudng viét hé phuong trinh d6 dudi dang:

ax+by=c
a'x+b'y=c'

e Mobicap sb (xo ; yo)duqc goi la mot nghiém cua hé (1) néu né dong thoi la nghiém cua ca hai
phuong trinh cua hé (1) .

B. PHAN LOAI CAC BAI TAP
I. Nghiém cia phwong trinh ax+by =c

Bai toan 1. Cho phuong trinh x—y =2
a) Cap sd (\/5 + 1,\/5 - 1) c6 phai la nghiém cua phuong trinh hay khong.
b) Tim m dé cip sb (l,m + 2) (1; m + 2) la mot nghiém ctua phuong trinh.

Huwoéng din: Cip sd (xo ; yo) 12 mot nghiém cuia phuong trinh ax +by = ¢ < dang thic ax, +by, =c

ludén dung.

Loi giai
a) Thay x=\/§+1;y=x/§—1 vao phuong trinh x—y =2, ta co:

(ﬁ+1)—(ﬁ—1):2@ﬁ+1—ﬁ+1:2(1u6n dtng)
Viy cip sb (\/5 + 1,\/5 - 1) la mét nghiém cua phuong trinh.

b) Thay x=1 va y =m+2 vao phuong trinh x—y =2, ta dugc:

I-(m+2)=2<m=-3

Trang: 2.
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Nhén xét: Cap s6 (1 ; 2) khong 1a mot nghi¢m cia phuong trinh da cho vi: 1-2 =2 (khong
dang).
Bai toan 2. Tim m dé cip s6 (1,1) la mot nghiém cua phuong trinh (m —l)x + (m + l)y =1
o X _1 ]. , P N A N 9 1 A
Cép so 7,5 c6 phai 1a mdt nghiém ctia phuong trinh hay khong?
Loi gidi
Thay x=1 va y=1vao phuong trinh da cho, ta dugc:

(m—l).1+(m+1).1=1<:>2m=1<:>m=%

-1 1
Thay x = > va x = 5 vao phuong trinh da cho, ta duoc:

%l(m—l)+%(m+l):l

-1 1
& —m+—+—m+—=1 (ludn dung vgi moi m).
2 2 2 2

(-1 1
Vay cdp so (7,5j la mot nghiém cua phuong trinh.

Bai toan 3. Xac dinh mdt phuong trinh bac nhét hai 4n s, biét hai nghi¢m la cap s6 (3 ; 5) va cap s6
(0,-2).

Huwoéng din: Phuong trinh bac nhét hai 4n c6 dang ax + by = ¢ . Thay cac gi tri x;y da cho vao phuong

trinh, ta tim duoc a,b,c.

Loi giai
Phuong trinh bac nhit hai 4n di c6 dang ax+by =c.

eNéu a=0;b#0,tacd: by=c

Thay y =35 va (1),taduqc: 5b=c:>%=5.

Thay y=-2 vao (1),taduo’c: —2b=c:>%:—2 .

Vi 5#-2. Ta khong xac dinh dugc phuong trinh.

eNéu a#0;p=0.Taco: ax=c.

Tuong ty: o3 vwaf=o (khong thoa man).
a a

Trang: 3.
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eNéu a#0;b+0, ta dua vé bai toan: Viét phuong trinh duong thang(d ): y =mx+n qua hai
diém (3;5) va (0;-2).

Piém (0;-2)e(d)=-2=m0+n=>n=-2.

Khi d6 y=mx—2. Lai c6 (3;5)e(d):>5=m.3—2:>m=;

Vay yz%x—2<:>7x—3y—6=0.

Ta dugc mot phuong trinh bac nhét hai an: 7x—-3y—6=0 nhan cap ) (3;5) va (0;— 2) la

nghiém.

Bai toan 4. Cho hai phuong trinh x+y =2 va x—2y =-1 . Tim mét cip sd (x;y) la nghiém chung cua
hai phuong trinh.

Hwéng din: Pua vé bai toan tim toa do giao diém cua hai duong thang.

Loi giai
Nghiém chung (x ; y) ctia hai phuong trinh 13 toa d6 giao diém (néu c6) ctia hai duong thang
x+y=2vax-2y=-1
Viét lai phuong trinh dudi dang: x=2-y va x=2y-1.
Phuong trinh tung d6 giao diém cta hai dudng thing
2-y=2y-1ey=1
Tu do, tim duoc: x=1
Vay nghiém chung cta hai phwong trinh 13 cip sb (1;1)

Nhan xét: C6 thé tim x trudc tir d6 phuong trinh hoanh d¢ giao diém ciia hai dudng thang

duoc viét dudi dang quen thudc ¢ chuong /7

2—x va 1x+1
= —_ V = — J—
y y 5 5

eBiéu thi x qua y, ta lap phuong trinh tung do giao diém.
Bai toan 5. Chimg t6 rang phuong trinh 3x—2y =1 ludn nhan cip sb dang (2m +1;3m+ 1) la nghiém
khi m thay doi.
Loi giai
Thay x=2m+1 va y =3m+1 vao phuong trinh da cho, ta dugc
3(2m+1)-2(3m+1)=1< 6m+3—-6m—2=1 (luén ding).

Trang: 4.
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Vay cip s6 (2m +1;3m+ 1) la nghiém cua phuong trinh.

Bai toan sau dwgc giai twong tu:
o Ching t6 rang cip sd (4m + 1;3m) la nghiém ctia phuong trinh:
3x—4y =3, khi m thay doi.

o Tim cidp s6 nguyén (x; y) la nghi¢ém cua phuong trinh x-2y =4.

Loi giai
bat y=t;teZ, taco: x-2t=4=>x=4+2t;te”Z
Vay cip sb (4+2t;t);teZ la nghi€ém nguyén ctia phuong trinh x—-2y=4.
Bai toan 6. Tim cac nghi¢m nguyén cua phuong trinh 2x-3y=1.
Huwéng din: Co thé viét: 2x =3y +1 1as6 chankhix e Z, tir d6 dan dén y 1a sb 1é.
baty=2t+1,teZ
Ta tim dugc x
Loi giai
Cach 1. Taco: 2x-3y=12x=1+3y.
Véi xeZ = 2x lasdchin = y phailasdlé, tadat y=2t+1;teZ.
Vay x=3t+2,te /.

Ta dugc cip sd (x;y) = (2 +3¢;1+ 2t) la nghiém nguyén cua phuong trinh.

Cach 2. Ta co: 2x—3y=1<3x:%<:>x:y+y7+l
bat y+1:teZ:>y=—1+2t;teZ.

Vay x=-1+2t=t & x=-14+3t;teZ.
Ta co cip sb (x;y) = (—1 +3¢;—-1+ 2t),t € Z la nghiém nguyén ctuia phuong trinh.

Bai toan twong tu:

Tim nghiém nguyén ctuia phuong trinh 4x+3y=2.

Loi giai
Tac()4x+3y:2<::>y:_4x+2<:>y=—x+ﬂ
. 2—x
bat 3 =tite/=>2-x=3t=>x=2-3t;te”.

Trang: 5.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9
Vay y=—(2-3t)+t=> y=-2+4t.

Ta c6 cip s6 (x;y) = (2 =3t;-2+ 4t),t € Z la nghiém nguyén cua phuong trinh.

II. Biéu dién tap nghiém ciia phwong trinh ax+by =c.

Bai toan 7: Viét cong thirc nghiém tong quat va vé dudng thing biéu dién tdp nghiém cua phuong trinh
3x—y=6.

Hwéng din: Ap dung cong thirc nghiém tong quat ctia phuong trinh ax +by = ¢ 1a:

xeR VER
c—ax hodc c—by
y: X =
b a
Loi gii

eTaco: 3x—y=6& y=3x—-06

i . xXeR
Vay cong thirc nghiém tong quat la: {
y=3x-6

V& duong thing y=3x-6.

e Bang gia tri:

Puong thang y =3x—6 qua hai diém A(O;— 6) va B(2;O) (xem hinh v¢).
Nhan xét: Cong thic nghiém tong quat ciing c6 thé viét dudi dang nhu sau:

6+
Ta co: 3x—y:6<:>x=—y

Trang: 6.
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yER
Viy cong thic nghiém tong quat la: 6+ y
X=—"
3
Bai toan 8. Viét cong thirc nghiém tong quat va v& duong thang biéu dién tap nghiém cuia phuong trinh
2x+0y=4.

Hwéng din: Puong thing x =2 qua diém (2;0) va song song véi Oy,

Loi gidi
Taco 2x+0y=4<x=2.
) N VER
Vay cong thirc nghiém tong quat: 5
X =

Puong thang x =2 qua diém 4 (2 ; 0) va song song voi Oy .

Y
2_

Bai toan tuong tu:

Viét cong thirc nghiém tong quat va vé duong thang biéu dién tap nghiém ciia phuong trinh

Ox+2y=4.
Loi gidi
Tacd Ox+2y=4<y=2.
Cong thirc nghiém tong quat: {; fz&
y !
<16
44
M|2 y=12
1 I L L
4 -2 [0 2 4 x

Trang: 7.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

Puong thang y =2 qua diém M (0;2) va song song vdi Ox .

Bai toan 9. Cho duong thing biéu dién tdp nghiém ctia phuong trinh bac nhét hai an trén hinh vé

Hay viét mot phuong trinh bac nhét hai an.

Huéng din: Viét phuong trinh duong thag qua hai diém 4(0;1) va B(2;0).
Loi gidi
Phuong trinh duong thing (d) qua 4, B ¢6 dang y =ax+b; Ma4(0;1) va B(2;0).
Ae(d)=>1=a-0+b=b=1
Vay phuong trinh (d) luc nay c6 dang: y =ax+1.

Lai co Be(d):>0=a.2+1:>a:—l.

. 1
Vay phuong trinh duong thang (d): y = —Ex+l Sx+2y=2.

yeR xelR
Nhan xét: Ta c6 thé viét cong thirc nghiém téng quat nhu sau: {

Bai toan 10. Cho cac phuong trinh 2x+y=1va 2x—y=-5.

V& duong thiang biéu dién tap nghiém ciia mdi phuong trinh rdi tim toa d6 giao diém cua hai
dudng thang do.

Huwéng din: Lap phuong trinh hoanh d6 giao diém ctia hai duong thing.

Loi giai
Ta viét lai:

2x+y=1y=-2x+1
2x—y=-5<y=2x+5

Bang gia tri:

Trang: 8.
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Dudng thang (d):y =—2x+1 qua hai diém 4(0;1) va B(L;-1).
Bang gia tri:

X ‘ 0 -1

y=2x+5

Puong thing (d'): y=2x+5 qua hai diém C(0;5) va D(-1;3).

A

RS S bt —
-1 B

y-h'l'a

L=

y=-2x+1
Phuong trinh hoanh d6 giao diém (néu co) cua (d ) va (d ’)
2x+1=2x+5c4x=4<x=-1

Thay x =-1 vao phuong trinh y=2x+5:>y=2(—1)+5 =3.
Vay toa d¢ giao diém cua ( (d) va ( (d') ladiém M (-1;3).

Bai toan 11. Dung hai cai can loai 5 it va 2 lit. Lam thé nao dé dong duoc 11 lit ddu hoa tir mot thing

dau.
Hwéng din: Xét phuong trinh 5x+2y=11.
Loi giai
Goi x,y eZ 1a sb 1an dong bang can 5 lit va 2 lit:
Ta c¢6 phuong trinh 5x+2y=11.
& 2y=11-5x <:>y=5—2x+1_7x

1—
yeZ@—er voi xeZ.

Bétl_Tx:teZ:x:I—%
Chang han, cho r=0=x=1va y=3,

Trang: 9.
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Taco: 5.1+2.3=11

Ta dong day can 5 lit va 3 1an dong day can 2 lit.
Cho r=1=x=-1va y=8,tacd: 5.(-1)+2.8=11

8 1an dong dﬁy can 2 lit duogc 16 lit, lai d6 vao can 5 lit, con lai 11 lit. (5 lit db tro lai thung
dau).

Bai toan twong tu:
Dung loai dng dan nuéc 4m va 6m dé 1ap dat mot doan duong 6ng dai 100m . Hoi dung bao
nhiéu 6ng mdi loai va khong phai cat di mot 6ng nao?
Huéng din: Xét phuong trinh

veN

4x+6y=100<:>2x+3y=50<:>x=25—y—§xeN<:> e
—
2

x=25-3¢

bat Z=t,tacoz
2 y=2t;teN

VixeN=0<t<8teN
Chang han: t=5=x=10 va y=10.
Vay lay 10 6ng mdi loai.

Bai toan 12. Xac dinh hé sé goc va tung do gbc ciia duong thing biéu dién tip nghiém ciia phuong trinh
2x-3y=6.

Huwoéng din: Pua vé dang y = ax+b = a 1 hé s6 goc va b 1a tung do gbe.
Loi giai

2
Ta co: 2x—3y:6<:>y:§x—2

Vay hé s6 goc ctia dudng thang 1a a = %; tung d0 goc 1a b=-2.
Ban c6 thé v& dudng thing 2x -3y =6.
Bai toan 13. Tim diém cb dinh ma ho duong thang (d):mx+y=m—1 ludn di qua khi m thay ddi.
Loi giai
Goi (x,3,) ) 1a diém cb dinh ma ho duong thang () ludn di qua, khi m thay doi.

Ta c6: mx,+y, =m—LVm < (x,—1)m+y, +1=0;Ym

X A Ao oo f oA A A Xy —1=0 Xy =1
Phuong trinh bac nhat cia m c6 vo s6 nghiém < =

Yot1=0 " |y, =-1

Trang: 10.
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Véy diém c6 dinh can tim 1a (1;-1).
II1. Nghiém ciia hd phwong trinh bc nhit hai 4an

. ax—y=>5
Bai toan 14. Tim a,b dé h¢ phuong trinh d c6 mot nghiém la (x;y) = (2;—1).
bx+ay=4

Huéng dan: Thay x=2 va y=—1 vao hé vatim a,b.
Loi giai
Vi (x;») =(2;-1) 12 mot nghiém cta h¢, nén thay x=2 va y=-1 vao h¢, ta dugc:
2a+1=5 a=2
&
2bta=4 b=3

Ban c6 thé giii bai toan sau:

, mx+4y=2 .
1. Tim m,n d€ hé phuong trinh: c6 mot nghiém (x; y) = (2; —1)
mx+ny=>35
mx—y=1
2. Tuong tu véi hé: { Y va nghiém (x;y) = (—1;0).
X+y=n

Bai toan 15. Khong can vé& hinh, cho biét s6 nghiém ciia mdi hé phuong trinh

{y:3—2x. x-y=3 i {2x—y:3, {y=2

; b) 1 ; ;
y=3x-1 x—;yzl x+2=0

Loi giai
a) Puong thang y=3—2x c6hé s a, =-2.
Puong thang y =3x—1 c6 hé sb a,=3.
= a, # a, nén 2 duong thang cit nhau.

Vay hé c6 nghiém duy nhét.

o y=3x-3
b) Viét lai hé:
y=3x-3

Hai duong thang trung nhau. Vay hé c6 vo sb nghiém.

¢) Viét lai hé: {y

Puong thang x+2 =0 song song voi truc tung, duong thang y =2x—3 c¢6 hé s6 goc a =2

nén hai dudng thang cat nhau.

Vay hé c6 nghiém duy nhét.

Trang: 11.
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d) Viét lai hé {:: o
Puong thang y =2 ¢6 hé sb a, =0; dudng thang y =—2x+1 c6 hé sd a,=-2+#0
— hai dudng thang cit nhau.

Vay hé c6 nghiém duy nhét.

Bai toan 16. Tim m dé hé sau v6 nghiém.
4x—-y=3 x—y=1
SRR by
mx+3y=>5 mx+y=m-2

Huwoéng din: Viét cic phuong trinh dudi dang y = ax+b va xét diéu kién dé hai duong thang song song.

Loi gidi
y=4x-3
a) He duoc viét lai: m 5
y=——x+—=
3 3
4=-"
Hai duong thang song song <> 53 Sm=-12.
3=
3

o Jy=x-1
b) H¢ dugc viét lai:
y=—mx+m-—2

) . l=-m m=-1
Hai duong thang song song < = .
—lxm-2 —1#—-1-2 (dung)
Vay h¢ vo nghiém < m=—1.
Bai toan 17. Tim m dé hé sau ¢ vo sb nghi¢m.
4x-y=3 xX+2y=m
a) { 4 ; b { '

mx+y=-3 3x+6y=12

Hwéng din: Hé vo s6 nghiém < hai duong thang tring nhau.

Loi giai
L y=4x-3
a) H¢ viét lai nhu sau:
y=-mx-3
C . o v 4=-m
H¢ v6 s6 nghiém khi va chi khi hai duong thang trung nhau < 323 Sm=—4

Trang: 12.
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1 m
y= —Ex + ?
b) Hé viét lai nhu sau: 1
=——x+2
4 2

Heé v s6 nghiém khi va chi khi hai duong thang tring nhau <

Bai toan 18. Tim m dé hé sau c6 nghiém duy nhit.

2m—-1)x+y=5 x+y=1
? {(3x—y:)m T ®) {mxi/y=m+2'
Hwéng din: Hé c6 nghiém duy nhit < hai duong thang cit nhau.
Loi giai
y= (1—2m)x+5

a) H¢ viét lai nhu sau:
y=3x—m

Hé c6 nghiém duy nhét khi va chi khi hai dudng thing cit nhau < 1-2m #3 < m = —1.

y=-x+1

b) Hé viét lai nhu sau: {
y=mx—-m-2

Hé c6 nghiém duy nhét khi va chi khi hai duong thing cit nhau <> —1# m hay m = —1.

Bai toan 19. Cho phuong trinh 3x—-4y =7.

Hay tim mot phuong trinh dé ciing véi mot phuong trinh trén 1ap thanh mot hé c6 nghiém duy

nhat, c6 vo sO nghiém, vo nghi¢m.

Huwoéng din: Viét phuong trinh cho vé dang y = ax+b.

Tim phuong trinh dudng thang cit dudng thang di cho hodc tring voi duong thiang da cho hoic

song song voi dudng thang da cho.

Loi giai
. ~ I 3 7
Phuong trinh da cho dugc viét lai duéi dang: y = Zx - Z .
3.7
Puong thing y = x+1 cit duong thang da cho; ta co hé r= 4 4
y=x+l1

Hé nay c6 nghiém duy nhat .

3x—-4y=17

Tuong tu hé
6x—-8y=14

Heé ¢6 v6 s6 nghiém vi hai duong thang tring nhau.

Trang: 13.
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L |3x—4y=17
H¢
3x—-4y=5
V6 nghiém vi hai duong thang song song.
IV. Minh hoa hinh hoc tip nghi¢m ciia h¢ phwong trinh bic nhit hai an

N A L 3xky =S
Bai toan 20. Cho hé phuong trinh .
Sx—y=11

a) Minh hoa hinh hoc tap nghiém ctia hé phuong trinh trén .
b) Tim nghi¢m cua hé.
Hwéng din: Viét mdi phuong trinh dudi dang y =ax+b.
V& cac dudng thing trén ciing mot mat phang toa do.

Tim toa do giao diém (néu c6) cua hai dudng thang.

Loi gidi:
T y==-3x+5
a) Viét lai hé dudi dang : y
y=>sx-11 A y=35x-11
Béng gia tri:
X ‘ O‘ 2
=-3x +‘ 5‘ -1
d -3-2
Puong thing (d ) : i x
|
|
y=-3x+5 qua hai diém 4(0;5) va !
B(2:—1). |
|
Bang gia tri: .
X 1
2
=-3x
y=5x— 1‘ —4 -1

Puong thing (d ') : y=5x—11 qua hai
diém C(1;-6) va B(2;-1).

b) Phuong trinh hoanh d6 giao diém cua (d ) va (d ').

-3x+5=5x-11<8x=16=>x=2

Trang: 14.
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Thay x =2 vao phuong trinh y =-3x+5, ta duoc :
y=(-3)2+5=>y=-1.
Vay h¢ c6 nghiém: (x;y)=(2;-1).
Chii y: C6 thé xac dinh nghiém cua hé tir d0 thi d3 v&. (Ban hiy xem bai toan dudi day)

Bai toan 21. Minh hoa hinh hoc tap nghiém ctia hé phuong trinh sau:

x+y=1 X+2y=6
a) b)
3x+0y=12 0x-5y=10

Huwoéng din: Viét phuong trinh dudi dang y = ax+b hodc y=b hodc x=c.

Loi gidi:

a) Viét lai hé dudi dang:

y=—x+1 A
x=4

Bang gia tri:

Puong thang (d) : y=-x+1 qua
hai diém A4(0;1) va B(1;0).

Puong thang (d’) : x=4 song

song v4i truc tung va cit truc
hoanh tai diém C(4;0).

Nhén xét: Ta c6 thé xét bai toan: "Dung d0 thi xac dinh nghiém ctia hé phuong trinh:
x+y=1
3x+0y=12

Tir d6 thi da v&, ta thly giao diém cta (d) va (d') la D(4;-3) la duy nhét.

4+4(-3)=1

Thur lai : Thay x =4 va y=-3, ta duoc:
34+0.(-3)=12

Cac dang thuc déu dang.

Vay (x; ) = (4;-3) la nghiém duy nhét.

Cach khac: Xét phuong trinh tung d6 giao diém ctia (d ) va (d ') :

Trang: 15.
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-y+l=4< y=-3

b) Viét lai hé dudi
X
=——+3
7T
y=-2

Minh hoa hinh hoc (xem
hinh v&)

Chu y: Xac dinh nghiém

> x
e 2 2 4 68 10
cta h¢: Giao diém cua d,
hai dudng thing 1a

2 y= —2 M\
M10;-2).

Thay x=10 va y=-2 vao
hé ta duoc:

10+2.(-2)=6
0.10-5.(-2)=10

Céc dang thirc trén déu

ding.
Vay hé c6 nghiém duy nhét: (x; y) = (10;-2).
Cach khac : Xét phuong trinh hoanh d6 giao diém ciia (d1) va (dz) :
—§+3:—2<:>—x+6=—4<:>x=10
Vay hé c6 nghiém duy nhat: (x; y) = (10;-2).
Bai toan 22. Trén mit phing toa dd Oxy, cho ba dudng thing d :2x+y=3;
d,: x—y=0;d,: x+y=2.Ching to rang ba dudng thang da cho dong quy.

% 2x+y=3 ,
Huwéng dan: Xét hé { Y 0 va minh hoa hinh hoc tdp nghi¢m va tim toa d§ giao diém cua
X—y=

d, vad,.Chimg to toa d9 giao diém cua d, va d, thudc d, .

Loi giai:

Trang: 16.
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2x+y=3
Xéthe: {777 y
x—y=0 A x-y=0
Trén mit phang toa 6 Oxy, vé hai duong 3
thang 2x+y=3 vd x—y =0 (xem 2
hinh v& ). Lo Ya
Hai duong thiang cit nhau tai diém A(1;1). ; >
2 -1 /|0 | 3 04 *
Thuir lai: Thay x =1 va y =1 vao h¢, ta duoc -1
. 2.1+1=3 -2 -
dang thirc dung: {1 10 2x+ty=3

Véy hé c¢6 nghiém (x; y) = (1;1).

Lai c6 toa do A4(1;1) nghiém diung phuong trinh d, :x+y=2 (1+1=2, luén dung).
Vay ba duong thing dong quy.
Bai toan 23. Tim m dé ba duong thang sau day dong quy: d, : 2x—y =—1;
d, :x+y=-2;d,:2x+y=-m.
Huéng din: Xem 1oi giai bai toan 22.

Loi giai:

o 2x=y=-1

Xét hé : 5 A
Xx+y=-—

4 3 2x-y=-1

Trén mit phang toa dd Oxy, vé hai dudng

thang : d:2x—y=-1va

dz:x+y=—2. 2 -1 1 2

(xem hinh v¢ ).
Hai dudng thang d, va d, cat nhau tai diém -2

A(-1;-1). x4y=-2

Thur lai: Thay toadd A:x=-1 va y=—1

ta duoc cac dang thire dung:

2.(-1)—-(-1)=-1
(D) +(-1)=-2

Vay nghiém cua hé: (x;y)=(-1;-1).

dy,d,.d, déng quy < Ae(dy) < 2.(-)+(-)=—m < m=3.

Trang: 17.
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Bai 2. GIAI HE HAI PHUONG TRINH BAC NHAT HAI AN
PHAN A. KIEN THUC CAN NHO
1. Phuwong phap thé:
Cach giai hé phuwong trinh bang phwong phap thé
1.Phwong phap thé
Buwéc 1: Tir mot phuong trinh ctia hé, biéu dién mot an theo 4n kia roi thé vao phuong trinh con lai cta
hé dé duoc phuong trinh chi con chira mot an.
Bude 2: Giai phuong trinh mot 4n vira nhan dugc, tir do suy ra nghiém cua h¢ phuong trinh da cho.
2. Phuong phap cong dai so
Cich giai h¢ phwong trinh bang phwong phap cong dai sb:
Dé giai mot hé hai phuong trinh bac nhat hai 4n c6 hé sb cia cing mot 4n nao dé trong hai phuwong
trinh béng nhau hodc dbi nhau, ta c¢6 thé 1am nhu sau:
Buéc 1: Cong hodc trir timg vé ctia hai phuong trinh trong mot hé dé dugc phuong trinh chi con chira mot
an.
Buédec 2: Giai phuong trinh mét 4n vira nhan dugc, tir do suy ra nghiém cua h¢ phuong trinh da cho.
PHAN B. PHAN LOAI CAC BAI TAP
I. Phwong phap thé
o o ‘ {2X+y=5 (1)
Bai toan 1. Giai hé phuong trinh : .
3x-2y=11 (2)
Loi giai:
Tu phuong trinh (1), ta cd: y=5-2x (3)
Thay vao phuong trinh (2), ta dugc: 3x—2(5-2x) =11
Giai phuong trinh (4): 3x-2(5-2x) =11
3x—-10+4x =11
7x =21
X =3
Thay gi4 tri x =3 vao phuong trinh (3), ta co:
y=5-2-3=-1.
Vay hé phuong trinh da cho c6 nghiém (x;y)=(3;-1).
Bai toan twong tu
1A . {x -3y=2
Giai hé phuong trinh : )
—2x+5y=1
e . ‘ {3x+12y=—5 (1)
Bai toan 2. Giai hé phuong trinh :
x+4y=3 (2)
Loi gidi:
Tu phuong trinh (2), taco; x=3-4y (3)
Thay vao phuong trinh (1), ta dugc: 33—-4y)+12y=-5 (4)
Gidi phuong trinh (4): 33-4y)+12y =-5
9-12y+12y =-5
0y =-14
Do d6 phuong trinh (4) vo nghiém.

Trang: 1.
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Vay h¢ phuoong trinh da cho v6 nghiém.

Nhdn xét: Ta ¢ thé viét phuong trinh (1) vé dang: x+4y = -3
5
+4y=——
Khi do6, hé c6 dang: xray 3
x+4y=3
Vay hé phuong trinh da cho v6 nghiém.
Bai toan tuong tu:
e . —2x+4y =5
Giai hé phuong trinh : )
—x+2y=1

Pdp sé: Hé phuong trinh vo nghiém.
se o . s . {12x—4y=—16 (1)
Bai toan 3. Giai hé phuong trinh : .
3x-y=—4 (2)
Loi gidi
T phuong trinh (2),taco: y=3x+4 (3)
Thay vao phuong trinh (1), ta dugc: 12x-4(3x+4)=-16 (4)
Giai phuong trinh (4): 12x-4(3x+4)=-16
12x—-12x-16 =-16
Ox =0.

Do d6 phuong trinh (4) v6 s6 nghiém. Vay hé phuong trinh di cho ¢ vo s nghiém:
(x;3x+4) voi x tuyy ,xeR.

Nhén xét: Ta c6 thé viét phuong trinh (1) vé dang: 3x—y = —4.
LA X ~ LA AL A 3x—y=-4
Do do, h¢ phuong trinh da cho c6 thé viét vé dang:
3x—-y=-4
Vi vay , nghiém cua h¢ phuong trinh da cho cling 1a nghiém cua phuong trinh 3x—y=—-4

. xeR
Vay hé phuong trinh da cho c6 v6 s6 nghiém: {

y=3x+4
Bai toan twong tu:

Gidi hé phuong trinh : {

Pdp s6: Hé ¢6 vo s6 nghiém: (3y+4;y) voi y ytuyy: yeR.
Ta c6 thé trinh bay cach giai nhu cac bai toan day :
Bai toan 4. Giai hé phuong trinh bang phuong phap thé.
4x+y=2 x—y=2 \/Ex—\/gyzl
a) b) c)

8x+3y=>5 3x-2y=9 x==3y+2
Huwéng din: a) T phuong trinh 4x+y=2= y=2—4x.

Thé y vao phuong trinh con lai, ta tim x .
b) Tacd x—y=2=x=2+y.Thé xvao phuong trinh thi hai.
¢) Thé x tir phuong trinh thi hai vao phuong trinh dau.

Loi giai

Trang: 2.
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a) Taco &
) 18x+3y:5 8z +3(2— 4z) g =1

) ; 1
H¢ phuong trinh ¢6 nghi¢m duy nhat (a:; y) = [Z, 1] .

T—y =2 T=2+y T=24y T =95
b) ta co = & &
Br—2y=9 " |3(2+y)-2y=9 " |y=3 y=3

H¢ phuong trinh ¢6 nghi¢m duy nhét (sc; y) = (5; 3)

) ta o \/Ex—\/gyzl - \/5(—\/51/%—\/5)—\/53/:1@ r=1
c)taco
x:—\/§y+\/§ x:—\/gy—i—\/i y=
Hé phuong trinh ¢6 nghiém duy nhat (a:; y) = [1; @] .
Bai toan 5: Tim cac hé s a, b biét rang hé phuong trinh:
{am +by =-5
a

b —ay = —5 cO nghiém la (1;_ 2)

2x +by = —4 )
b c6 nghiém la (1; — 2).

br = ay = —

Hwéng din: Thé z =1 va y = —2 vao hé, ta dugc hé phuong trinh bac nhat hai an 1 a va b.

Loi giai
a) Thé z =1 va y = —2 vao h¢, ta duogc

a—2%=-5 |a=2-5 a=2-5 [b=1
p=— =1 = i
b+2 =—5 b+2(2b—5):—5 5b =5 a=2—5

b) Thé z =1 va y = —2 vao hé, ta duoc

2% =—4 b=3 a=—1
= = .
% —aq=-5 (—2)-3—a:—5 b=3

Bai toan 6. Viét phuong trinh duong thang qua hai diém A (2; 1) va B (1;2) .

Huwoéng din: Phuong trinh duong thang ¢6 dang y = az + b (a = 0).
Aed=1=2a+0b
Bed=2=1la+0b

Ta.ct he 20 +b=1 20 +b=1 20+2—-—a=1 a=-—1
S ~ <~

YO N tb=2 Tlb=2-a T |b=2-a b=3

Vay duong thing (d) diquad,Blay=—-z+3.

Bai toan twong tu :
Viét phuong trinh dudng thing qua hai diém :

dx +y =2 {y:2—4x @{y:2_4$ T =
=95

|

65

a=-3
b=1

Trang: 3.
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a) P(—2; 5) va Q(3;—4) b) M(3; 4) va N(—2;5)
Bai toan 7. Tim m dé hé sau c6 nghiém duy nhat.
z+my=1 (1)
mz — 3my = 2m + 3 (2)
Huéng din: Tir (1) = 2 = 1—my. Thé x vo (2) va bién lugn phuong trinh bac nhét theo an y.
Loi giai
Tir (1) = & = 1—my. Thé x vao (2), ta duoc:
m(1—my)—3my = 2m + 3 & (m’ + 3m)y = —m — 3(*)
H¢ c6 nghiém <> phuong trinh (*) c6 nghi¢m
©m2+3m¢0@m(m+3)¢0@m¢0Vém::—S

Nhan xét : 1) Ta co thé xét bai toan : Tim m dé hé vo nghiém.

H¢ v6 nghiém khi va chi khi phuong trinh (*) v6 nghi¢m

{mz—l—?)m:O |m(m+3>20
=
m+3=0

Hé c6 vo s6 nghiém khi va chi khi phuong trinh (*) ¢6 vo s nghiém

& m=-3.

m>+3m=0
D2
m-+3=0

2) Ta c6 thé giai cach khac bang viéc xét vi tri tuong ddi ctia hai dudng thang cho bdi phuong

trinh (1) va <2) (ban hay xem ¢ § 2 . Hé phuong trinh).

. . . 3r—2y =6 (1)
Tim m dé€ hé sau c6 vo s6 nghiém
mr+y = —3 (2)
Loi giai
Tu (2) = y = —mz — 3. Thé y vao phuong trinh (1) ta duoc :
3z —2(-mz—3) =6 (2m+3)z =0 (¥
Hé da cho ¢ vo s nghiém khi va chi khi phuwong trinh (*) ¢6 v sd nghiém
3
&S2m+3=0&m=——.
Nhan xét : a) Ta c6 thé dua vé xét diéu kién dé hai duong thang cho boi phuong trinh (1) va
(2) trung nhau.
b) Ta con c6 bai toan : Tim m dé hé c6 nghiém duy nhat.

(DPéap s6 m = —%)

Trang: 4.
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L ‘ L o Jrrw=3 (1)
Bai toan 8. Tim m dé hé sau v6 nghiém .
mzr — 4y = —5 (2)
Loi gidi
Tu (1) = ¢ = 3 —2y. Thé x vao phuong trinh (2) , ta dugc :
(3—2y)—4y=—5« (2m+4)y = *
m Yy Yy S (2m+4)y=5+3m
H¢ da cho v6 nghiém khi va chi khi phuong trinh (*) vO nghiém.
2m+4 =0 m = —2
< 5 & m=—2

3
Nhin xét : Bai toan tim m dé hé c6 nghiém duy nhat < phuong trinh (*) c¢6 nghiém duy nhét
S2m4+4=0& m = —2.
| I me—y=-1 (1)
Bai toan 9. Giai va bién luan hé phuong trinh .
T+ my = —2 (2)
Huwéng din: Dung phuong phap thé. Ta c6 mz —y = —1 = y = ma + 1. Thé vao phuong trinh (2)

Loi gidi
Tu (1) =y =maz+1. Thé y vao <2),tacc’>:

$+m<mx+1):—2@(m2+1)x:—m—2 (*)

—m —2
Vim2+1>O,Vm€R,tadu’qc(*)@x: T .
m” +1
-2 1
Tu d6 tim duoc y = 2L+
m- +1

—m—2_ —2m+1
m2+17 m? +1

Vay hé c6 nghiém duy nhat (x; y) = [

Ne o s LA 1A LA . [mx—i—yl (1>
Bai toan 10. Giai va bién luan hé phuong trinh .
T+my=2 (2)
Hwéng din: Dung phuong phap thé.
Loi giai
Tu (1) =y=1—mx. Théyvéo (2),tadu’(yc :
x+m<1—ma:):2 & (1—m2)a: =2—-m (*)

Truonghop 1: 1—m’ = 0 & (1—m)(1+m) =0 < m = £1.

Ta cod (*)<:>x: 12__::2
2m —1

Trang: 5.
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Hé c6 nghiém duy nhat (a:; y) = .

1—m®> m*—1

2—m.2m—1]

Truomg hgp 2 : 1—m’ :0<:>(1—m)(1+m>:0<:>m:j:1

r+y=1 ,
Y . H¢ v0 nghiém (vi hai duong thang song song).

+Néum:1,tacéhé{
TH+y=2

. Hé nay ciing v6 nghiém.

. |ty =1 r—y=-—1
+Néu m = —1, taco hé &

T—y=2 T—y=2

| . crmy=1 (1)
Bai toan 11: Giai va bién luan hé phuong trinh .
mr—y =2 (2)
Huwoéng din: Dung phuong phap thé.
Loi giai
Tir (1) = o = 4 —my. Thé x vao (2), ta dugc:

m(4—my)—y =2 (m* +1)y =4m -2 (*).

n £ 4m —2
Vim>+1>0,Ym € R. Vay (*) c6 nghiém duy nhat y = WZ’ )
m” +1
T&détimduqcx:272+4,
m-+1
. £ 2 4 4m—2
Vay hé c6 nghi¢m duy nhit (z; y) = | Z2——; T2,
m +1 m +1

Bai toan 12. Tim m dé hé sau c6 nghiém duy nhat thoa mén diéu kién
mx +4y =6 (1)
r>0vay>0: )
T+my=3 (2)
Hwéng din: Dung phuong phap thé dé tim x; y qua m. Giai cac bat phuong trinh z > 0 va y > 0.
Loi giai
Tir (2) = = = 3— my . Thé x vao (1), ta duoc
m(3—my)+4y =6 & (4—m2>y =6—3m (*)
Hé c6 nghiém duy nhat khi va chi khi phuong trinh (*) c6 nghiém duy nhét

<:>4—m2¢O<z><2—m)<2+m)¢0<:>m¢2Vém¢—2.

_ 3(2—m
Khi do, ta c6 y = S — 2om) 3
4—m’  (2-m)(2+m) 2+m
Thé y = 3 vao phuong trinh z = 3 —my, tadugec z = 3 — sm = 6 .
24+m 24+4m 24m

Trang: 6.
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Vay m ==+ 2, h¢ c6 nghiém duy nhét

m + 2

Xétdidukien 2> 0,y >0 {2TMm  opmi2>0em> 2.

6 >0
m+ 2

Vay m > —2 va m = 2.
Bai toan 13. Tim tat ca cac s6 nguyén m dé hé sau co nghiém duy nhat véi z; y déu 1a sb nguyén:

mr+y=1 (1)
T+my=2 (2) '
Huwoéng din: Dung phuong phép thé va tim m € Z saocho z € Z va y € Z.
Loi giai
Tu (2) = 2 = 2 —my. Thé x vao phuong trinh (1), ta dugc:
m(2—my)+y: 1< (1—m2)y =1-2m (*)
Hé phuong trinh ¢6 nghiém duy nhét khi va chi khi phuong trinh (*)c() nghiém duy nhat

1—m2¢0<:><1—m>(1—|—m)10<:>milvémz—l.

2m —1
Vay (*) <y = :
<) m* —1
T X -2
The y vao phuong trinh z = 2 —my, ta dugc z = —; .
m R

NewzreZyeZ=>z+yecl

3<m—1)
Taco z+y=—; = s+ vy €Z < m+1 1aude cua 3.
m” —1 m +
m =0
. 7 m+1==1 Lo
(6 € = = = .
VoimeZ) & 43 T|™
m=—4

Thr lai:
+m=0= (a;; y) = (2; 4) (nhén)

+m:—2:>(x;y):[_?4;%5 (loai)
+m =2 :>(a:; y) = (0; 1) (nhan)
+m:—4:>(:n;y)=[_?2;_?3 (loai)

Vay m = 0 hodac m = 2.

Trang: 7.
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Bai toan 14. Giai h¢ phuong trinh

Ty il
T Yy T — Y —
a) b)
4
3,4, > 3,
Ty r—2 y—1

Huéng din: Pat X = l; Y = l Ta goi 1a phuong phap dat an phu.
Z )

Loi giai
a) Bidu kién: x 20 va y=0. Dit X:l;yzl (X#0;Y#0).
X Y
X-Y=1
Ta co hé:
3X+4Y =5
X=1+Y
3(1+Y)+4Y =5
y=2
7
X=1+Y
ng x:Z
7 . Ta tim duoc ?
yo2 _7
7 775
A o £ 7 7
Hé¢ c6 nghiém duy nhat: (x; y)= 5,5 .
2 e . . 1 1
b) bicukién: x#2 va y=1.DPat u= 5 V=—-—.
x—=2 y—1
u+v=1
Ta co hé:
u—3v=1

u=1-v
1
y=—
5
4
u=—
5
.
y=—
5
1 _4
x—-2 5
Ta co:
aco 1 _l
y—=1 5

Trang: 8.
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x—2:§
4
y—1=5
13
4
y =6 (tm)

X

Véy hé c6 nghiém duy nhat: (x;y)= [% ; 6] .

Bai toan 15. Gidi hé phuong trinh:

) 2x° +3y =1
a
3x*-2y=2
3x*+y* =5
b) 2 2
x =3y =1
Huwéng din: a) Dung phuong phap dit an phu: u = x>.
b) Pit u=x*;v=y’
Loi gidi
o 2 N 2u+3y:1
a) bat u=x";u >0; ta co hé:
B3u-2y=2

3u-2

y:

y=—§

Ta tim duoc hai nghiém cua hé: (x ; y) = (i T ; —%J )

b) bat uzxz;v=y2(u20;v20). Ta co hé:
{3u+v:5

u—3v=1

Trang: 9.
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v=5-3u
u-3v=1
v=5-3u
u —3(5—3u) =1
v=5-3u
10u=16
(tm)
(tm)

u=

v =

| — | oo

. 8 1
Ta duoc bon nghiém: (x; y)= J_r\/:;ir— .
s )[4

Chu y Lay cac t6 hop vé dau ctia x;y, ta c6 bon nghiém, khong phai hai nghiém. D¢ tranh nhdm 1an, ta

II. Giai hé phwong trinh bang phwong phap cong dai sb

viét bon nghiém:

Bai toan 16. Giai hé phuong trinh:

2x-3y=2
a)
—Sx+2y=3

\/Ex+y:1—\/ﬁ
(1+\/§)x+(1—\/§)y:5
(1+\/§)x+(l+x/§)y:3

Huwéng din:Dung phuong phap cong dai s6. (xem phan A ). Tim BCNN cua 2 va 5 (1a hé s6 cta s6

) {x—z@ N
9)

hang chtra x ).
Loi giai
2x-3y=2
a) Ta co: ey
—Sx+2y=3
10x-15y =10
—-10x+4y =6
2x-3y=2
-11y=16

y:_ﬁ

2x-3y=2

Trang: 10.
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13
x=——
1
__le
R
13 16
Hé c6 nghiém: (x;y)=|—;——|.
7 €O MBS (xy)(n 11}

Chii y: Ta tim BCNN cua 2 va 5 1a 10. Vay phai nhan hai vé phuong trinh dau tién véi 5 ; nhan hai vé
phuong trinh thtr hai véi 2 va cong vé véi vé hai phuong trinh vira tim dugc.

b) Ta c6 {x—2\/§y:\/§
\/§x+y:1—\/ﬁ
V2x-4y =410
{x/ix+y=1—\/m
5y=1-2410
{sz\/Ey+x/§

1-210

y:

5
L2345

5

NV 22-35 1-2410
Hé c6 nghiém: (x; )= ;

2 5

Chu y: Ta da nhan hai vé phuong trinh thir nhét véi V2.
¢) Trir vé cho vé hai phuong trinh, ta duoc:

22y=-2

Thay y=—% vao phuong trinh (1+\/§)x+(1—\/§)y=5 ta duoc x = 7\/52—6

Hé c6 nghiém: (x;y)=(7\/§_6 —QJ

2 ; 2
Bai toan 17. Viét phuong trinh dudng thang qua hai diém.
a) A(1;2) va B(2;1).
b) A(1;3) va B(3;2).
Huéng din:Phuong trinh dudng thang c6 dang y=ax+b (a#0).
Loi giai
a) Phuong trinh duong thang (d) codang y=ax+b (a * O)
Vi Ae(d) nén 2=a+b

Trang: 11.
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Vi Be(d) nén 1=2a+b

a+b=2

Ta c6 hé phuong trinh bac nhét hai an a va b 1a
2a+b=1

Trir vé cho vé hai phuong trinh, ta duge: —a =1 nén a =—1.

Thay a =—1 vao phuong trinh a+b=2 hay —1+b=2 nén b=3.
Phuong trinh duong thang (d) qua 4, B 1a y=—x+3.

b) Phuong trinh dudng thing (d) codang y=ax+b (a # 0) .

Vi Ae(d) nén a+b=3

Vi Be(d) nén 3a+b=2

a+b=3

Ta c6 hé phuong trinh:
3a+b=2

Trir vé cho vé hai phuong trinh, ta duge: —2a =1 nén a = —%.
Thé a = —% vao phuong trinh a+5b =3, ta co:

—l+b=3 nén b=Z
2 2

Phuong trinh dudng thang (d) qua 4,B la y= —%x + %

Chii y: Ta c6 thé viét theo cach bién d6i twong duong.

Bai toan 18. Tim m dé duong thang y = mx+2 di qua giao diém cua hai duong thing: (af1 ) 2x+3y =7
va (d,):3x+2y =13

Huwéng din:Tim toa d6 giao diém cia (dl) va (dz) bang cach 1ap hé:

2x+3y =17
3x+2y=13

Giai h¢ phuong trinh nay, ta dugc nghiém (x ; y) .
Tur d6 tim dugce m .
Loi giai

Toa dd giao diém (néu co) cua (dl) va (dz) thoa man hé phuong trinh:

2x+3y =7

3x+2y=13
4x+6y=14
9x+6y=39

5x=25
2x+3y=7

Trang: 12.
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x=35
y=-1
Toa dd giao diém cua (dl) va (dz) 1a diém M(S ; —1).

Puong thang y =mx+2 qua M(S;—l) nén —1=5m+2 hay mz—%.

Chu y: Ta c6 thé biéu dién y qua x tir hai phuong trinh (d,) va (d,) va 1ap phuong trinh
hoanh d9 giao diém cta (d,) va (d,) nhu da lam & chuong 2 .
Bai toan 19. Tim m dé ba duong thang ddng quy:
(d,) 5x+11y=8, (d,) 10x-Ty =74, (d;) 4mx+(2m—1)y=m+2.
Huéng din: Tim toa do giao diém 4 cia (dl) va (d,).
Thay toa d0 4 vao phuong trinh (d3) .
Loi giai

Toa dd giao diém A ( néu co) cua (dl) va (dz) thoa man hé:

{5x+11y:8
10x-7y =74
{10x+22y:l6
10x-7y="74
{29y=—58
Sx+11y=8
=2
{5x+11y=8
x=6
{y=—2
Vay A4(6;-2)

(d,);(d,);(d;) dong quy khi va chi khi (dy) qua 4.
Thay toa do A(6 ; —2) vao phuong trinh (d3) ; ta duoc:
(4m)-6+(2m—1)-(-2)=m+2 nén m=0

Bai toan 20. Tim m dé hé c6 nghiém (x ; y) duy nhét thoa man diéu kién x+y >0.

mx+y=m
(m—l)x—yzZ

Hwéng din:Dung phuong phép cong dai sd, tim x, y.
Loi giai
Cong vé v6i vé hai phuong trinh cua hé¢, ta dugc.
(2m—1)x:m+2 (*)

Trang: 13.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

Heé c6 nghiém duy nhat khi va chi khi phuong trinh (*) c¢6 nghiém duy nhat nén 2m—1#0

1
hay m #—.
YTy
Ta tim duogc: x = m+2 .
2m—1
X m+2 . N
Thé x = vao phuong trinh mx+y =m.
2m—1
m(m+2
),
2m—1
_m2—3m
Y om-1
2 2
Véyx+y:m 2m+2:(m )" +1
2m—1 2m—1
_1\2
Vi x+y>0nén DL

2m—1

2m—1>0 (Vi (m—1)°+1>0,Vm).

m>—
2

: e A 1A 1 £ 1
Két hop véi dicu kién miz,ta lay m>5.

. . " . 1
Nhan xét: h¢ vé nghiém khi phuong trinh ( ) v6 nghiém nén m = 5

e, s X 21 A A . mx+3y =1
Bai toan 21. Tim m d€ h¢ sau vo nghiém .
—2mx+y=>5
Huwéng din:Dung phuong phap cong dai s6 dua vé phuong trinh 4n x .
Loi giai
+3y=1
Ta co: sy
—2mx+y=>5

mx+3y=1
6mx—-3y=-15

Cong vé voi vé hai phuong trinh, ta dugce: 7mx =—14
mx=-2 ( *)
H¢ v6 nghiém khi va chi khi phuong trinh (*) vo nghiém

m=0

Nén hay m=0
-2#0

Nhan xét: Hé ¢6 nghiém duy nhat khi m=0 .

(m+5)x+3y:1

Bai toan 22. Giai va bién luan hé phuong trinh sau:
mx+2y=-4

Trang: 14.
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Huwéng din:Dung phuong phap cong dai s6, dwa vé phuong trinh mét an x .
Loi gidi
+5)x+3y=1
Ta co: (m )x Y
mx+2y=-4
(2m +10)x+ 6x=2
3mx+6x=—-12
Trir vé cho vé hai phuong trinh, ta dugc: (10—m)x =14

Truong hop 1: 10—-m #0 nén m =10

Tacé:(*)tac()x= 14
10—m
Ta tim dugc: y = Sm+20
m—10
, 14 5m+20
Hé c6 nghiém duy nhat: (x; y)= ;
> 06 nghiém duy nhat: (x; ) (IO—m m—le

Truong hop 2: 10—-m =0 nén m=10.
Phuong trinh (") v6 nghiém khi hé vo nghi¢m.

14 5m+20
10-m’ m—10

+ m =10 hé vo nghiém

Dap sb: m #10. Hé c6 nghiém duy nhat: (x5) =(

e, R . mx—y=2m+1
Bai toan 23. Cho hé phuong trinh .
3x+2y=2m+7

a) Giai va bién luan hé phuong trinh trén.
b) Tim m dé hé co nghi¢m thoa man diéu kién x+ y>0.

Hwéng din:Dung phuong phép cong dai s6 dua vé phuong trinh 4n x .

Loi giai
| mx—y=2m+1 2mx—2y =4m+2 (2m+3)x=6m+9(1)
a) Taco = =
3x+2y=2m+7 3x+2y=2m+7 mx—y=2m+1
e Néu 2m+3¢0@m¢—3.Tacé(1) o g2 omtd
2 2m+3

2m*+m-3 ~ (m—l)(2m+3)
2m+3  2m+3

Thé x vao (2), ta tim dugc y = =m-—

. 3 )
J Néu2m+3:0<:>m=—E.Kh1d(')(l)<:>Ox:0(luéndﬁng)
3 xelR
(2) © y=—=x+2.Hé vo s6 nghiém: 3
2 y=——x+2
2
b) Tir két qua phan a, ta co:

. 3
o Néum;t—a,tacc') x=3y=m-1.

Trang: 15.
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=>x+y=m+2.Vay x+y>0<:>m+2>0<:>m>—2(m¢—%j.
4 3 X
J Neu m=-—=>x+y=——+2.
2 2
x+y>0c>_7x+2>0<:>x<4

A oA A ‘A L X \ .
He_:covosonghle_:m(x;y);v01y=—5+2 va x<4,tacéd x+y>0.

Pap s6: Hé co nghiém (x;y) vax+y>0eom>-2.
N 5 L Jx=2y=d4-m
Bai toan 24. Cho hé phuong trinh:
2x+y=3m+3
a) Giai va bién luan hé phuong trinh da cho.
b) Tim m d¢ hé c6 nghiém (x;y) théa man diéu kién x* +y” dat gié tri nho nhat.

Hwéng din: Dung phuong phap cong dai sb.

Loi gidi
o |x—2y=4-m x=2y=4-m xX=m+2
a) Ta co: = =
2x+y=3m+3 4x+2y=6m+6 y=m-1

H¢ c6 nghiém duy nhét (x; y) = (m+ 2;m—1) .

2
b) Tacd: x* +y> =(m+2)> +(m—1)° =2m> +2m+5 :2(m—%j +%z%

O

Vay x* + y* dat gia tri nho nht bang 5"

. 1 1
Dau "=" xdy ra& m—E:OQm:E.

Bai toan 25. Giai va bién luan hé phuong trinh (theo tham sb a).

ax+ay=a’
x+ay=2

Hwéng din:Ding phuong phap cong dai so.
Loi gidi
Trir vé cho vé hai phuong trinh, ta duge (a—1)x =a” -2 ( )
-2

a

Néu a—120< a=1. Taco: (*)©x=

a-1"
; . . a’ =2 —a*+2a
Theé x vao phuong trinh x +ay =2, ta dugc: " +ay=2< ay:—l(**)
a— a—
£ . 2-a
o Neéu a =0, ta co: (**)<:>y= "
a_

a2—2_2—a]

Véya;tlVéa;tO,hécénghiémduynhét:(x;y):( —
a— a—

Trang: 16.
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0x+0y=0
x+0y=2

. Néua=O.Hédﬁchotr6thénh:{ e x=2

. ) x=2
H¢ c6 v6 so nghi¢m: {
yvelR

£ . \ x+y=1
. Néu a =1, ha da cho tré thanh:
x+y=2

H¢ v6 nghi¢m.
Dép sb: - Néu a =0 va a = 1. Hé c6 nghiém duy nhét

(x‘ )_ a2—2.2—a
Y a-1"a-1
i , ) x=2
- Neéu a=0. H¢E co vo sénghlém:{
velR
- Néu a =1. H¢ v6 nghiém.
Bai toan 26. Giai h¢ phuong trinh:
-3 2
+ =-2
) x—y 2x+y b Vx+3-2y+1=2
a
4 1o, 2Jx+3+y+1=4
x—y 2x+y
. x < 2 1 2
Huwdéng dan: a) Dat an phu: u= ; V=
X—Yy 2x+y

b) Bat X =vx+3;YV =/y+1
Loi gidi
a) Picu kién x —y#0 va 2x+y=0.

. 1 | Bu+v=-2 —15u+5v=-10
bat u = V= , ta co hé: &
X—y 2x+y 4u—-5v=2 4u—-5Sv=2
8
—11lu=-8 M_H
—3Bu+2v=-2 2
v=—
11
L8
. | x=y 11 &x—-8y=11 &x—-8y=11
vay i =
2 2 2x+y=11 —8x—4y=-44
2x+y 11

b) Piéu kién x+3>0 va y+1>20< x>-3 va y>-1.

bat X =+/x+3,;Y =,/y+1, ta co h¢ phuong trinh

Trang: 17.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

X-2v=2 [x-2v=2 5X =10 X=2
= =
2X+Y=4 |4X+2Y=8

&
2X+Y =4 Y=0
Vx+3=2 [x+3=4 {le
< = <
y+1=0 [(y+1=0 [y=-1
Bai toan 27. Giai h¢ phuong trinh:
x1+ 2)/2:3 2x+27 21:7
2 x2 ’ b) x2 )3;» 2
x—=1 y+2 x+2 y-1
Huéng din: a) Dit u=—2_y=—2_
x—1 y+2
b) 2x+7  2x+4+3  2(x+2)+3 3
x+2 x+2 x+2 x+2
*2 3,5 patx——t oyt
y—1 y—1 x+2 y—1
Loi giai
< X y
aybat u=——(x#1);v=——(y=-2
yPatu =" (x#1) y+2(y )
Ta c6 hé phuong trinh:
u+2v=3 u+2v=3 Su=-5 u=-1
= = <
2u-v=-4 4u—2v=-8 2u—v=-4 v=2
Tr& lai h¢ phuong trinh x, y :
X o 1
x—1 x=-x+1 xX=—
= & 2
y _9 y=2y+dx#ly+-2 __4
y+2

Hg¢ c6 nghiém: (x;y)= [%;—4} .

b) Hé di cho duoc viét lai dudi dang:

2+ 3 +L=7 3 +L=5
x+2 y-1 x+2 y-1
2 5 e 2 5
+3+ =6 +——=3
x+2 y—1 x+2 y-1

Dit X =

1
-2);Y=—— 1).
x+2(x¢ )’ y—l(yi )
Ta c6 hé phuong trinh:

Trang: 18.
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3X+2Y =5 6X +4Y =10 19Y =19 X =1
f— f— S
—2X+5Y =3 -6X +15Y =9 —-2X+5Y =3 Y=1

Tré lai hé hai an x,y :

1
x+2 x+2=1 x=-1
- <~

_ et =E=zyel) | y=2

Hg c6 nghiém (x;y) =(-1;2)

. L o [m|x|—y=m
Bai toan 28. Giai va bi¢n luan h¢ phuong trinh
|x| +my =1

Huwéng dén: bit u =|x ;u>0.

Loi giai

mu—y=m
Befltu=|x Y

;u>0. Ta co hé phuong trinh {
u+my=1

., y=0 x ==l
+m =0. H¢ c6 dang: = .
u=1 y=0

— = 2 — = 2 m2+11/l=m2+1
+m#0. Taco: ey m@{mu my=m @{( )

u+my=1

{u=1 {|x|:1 {xzil
= = =
y=0 |y=0 (»¥=0

Dép s6: Hé c6 nghiém (x;y)=(1;0);(~10),Vm.

M+I’I’ly=1 mu—y=m

Nhan xét: Ta ¢ thé giai hé trén bang phuong phép thé.
Bai toan 29. Tim cac hé s6 x,y trong phan tmg hod hoc da duoc cin bang sau:

3Fe+x0, — yFe,0,

Loi giai
Vi s0 nguyén tir cia Fe va O & ca hai v€ cua phuong trinh phan Gng phai bang nhau nén c6

3=3 =1 =2
Y = Y = *
2x=4y x=2y y=1

hé phuong trinh:

Trang: 19.
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BAI 3. GIAI TOAN BANG CACH LAP HE PHUONG TRINH
PHAN A. KIEN THUC CAN NHO
Céc budc giai mot bai toan bang cach lap hé phuong trinh:
Budce 1: Lap h¢ phuong trinh:
- Chon 4n sd (thuong chon hai 4n sd) va dat diéu kién thich hop cho céc an sb.
- Biéu dién cac dai lugng chua biét theo an va céc dai lugng da biét.
- Lap hé phuong trinh biéu thi mdi quan hé gitra cac dai luong.
Budc 2: Giai h¢ phuong trinh.
Budc 3: Tra 16i: Kiém tra xem trong cac nghiém tim dugc cua hé phuong trinh, nghiém nao thod man,
nghiém nao khong thod man diéu kién cua an, roi két luan.
PHAN B. PHAN LOAI CAC BAI TAP
I. Bai toan vé chu vi, dién tich cac hinh
Bai toan 1. Mot manh vuon hinh chit nhat c6 chu vi 34 m, néu tang chiéu ai thém 3 m va ting chiéu rong
thém 2 m thi dién tich ting thém 45 m?>. Tinh chiéu dai va chiéu rong ctia manh vuon.
Huwoéng din: Hinh chir nhat c6 nira chu vi bang tong chiéu dai va chiéu rong; dién tich bang tich chiéu dai
va chiéu rong. Dat hai 4n x va y 1a d6 dai chiéu dai va chiéu rong. Diéu kién x >y > 0.
Loi giai
Goi x va y lan luot 1a chiéu dai va chiéu rong cua manh vuon.
Diéu kién: x > y>0;x,y tinh béng mét.

Nira chu vi hinh chit nhat bang x +y . Theo dé ra, chu vi lac ban dau 1a 34 m, nén ta c6 phuong
trinh X+y=%<:>x+y:17.

Dién tich liic dau 1a Xy(m2 )

Vi tang chiéu dai thém 3 m, ting chiéu rong thém 2 m ta c6 dién 11ch luc nay s& 1a
(X+3)~(y+2)-(m2).

Theo gia thiét, ta c6 phuong trinh: (x + 3) ( v+ 2) =xy+45

Theo bai ra, ta c6 h¢ phuong trinh:

x+y=17 x+y=17 2x+2y =34 y=35
S = o
(x+3)(y+2)=xp+45 2x+2y=39 2x+3y =39 x+y=17
y=5
=
x=12
( thoa mén diéu kién x>y >0 )
Tra 16i: Chiéu dai va chiéu rong ctia manh vuon 1 12 (m) va 5 (m).
Bai toan 2. Mot hinh chir nhat ¢6 chu vi 140 m. Ba lan chiéu rong 16n hon chiéu dai 1a 10 m. Tinh chiéu
dai va chiéu rong ctia hinh chir nhat.
Huéng din: Dt x, y 1a chiéu dai va chiéu rong (x >y >0).
Lap hé hai an biéu thi mbi lién hé gitra chiéu dai, chiéu rong va chu vi.
Loi giai

Goi x, y 1a chiéu dai va chiéu rong cia hinh chit nhat (x> y >0, x,y tinh bing m).
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Chu vi 1a 140 m, nén ta c6 phuong trinh: 2(x+ y)=140 = x+y =70
Ba lan chiéu rong 16n hon chiéu dai 1a 10 m, nén ta c6 phuong trinh: 3y —x =10

Vay, ta c6 hé phuong trinh:

x+y=70 4y =80 y=20
= & (TMbK)
3y—x=10 x+y=70 x=50

Tra 1oi: Chiéu dai va chiéu rong cua hinh chit nhat 1a 50 (m) va 20 (m).

Bai toan 3. Néu ting gip d6i chiu dai va giam chiéu rong di mot nira thi chu vi mot hinh chir nhat sé& ting
thém 180 m. Néu ting gip doi chiéu rong va giam chiéu dai di mot nira thi chu vi mot hinh chir
nhat ting 120 m. Tinh chiéu dai va chiéu rong ctia hinh chit nhat.

Loi giai
Goi x, y 1a chiéu dai va chiéu rong ctia hinh chit nhat (x > y >0, x, y tinh bang m).

Chu vi hinh chi¥ nhat 1a 2(x+y).

Néu tdng chiéu dai gép doi ta dugc 2x (m), giam chiéu rong di mot nura, ta dugc % (m) .
Chu vi hinh chir nhat lac nay 1a 2 (Zx + %) .

Ta c¢6 phuong trinh 2(2x+§j —2(x+y)=180
Néu ting gip doi chiéu rong va giam chiéu dai di mot nira, twong tu ta ¢ phuong trinh

2(2y+§j—2(x+y):120

2(2x+§]—2(x+y)=180
Vay, ta co hé :
2(2y+§]—2(x+y):120

2x—-y =180 4x—-2y =360 3x =480 x=160
= & = (TMbK)
-x+2y =120 -x+2y=120 2x—-y =180 140

Tra 1oi: Chiéu dai va chiéu rong cta hinh chi nhat 1a 160 (m) va 140 (m).
IL. Tim chir s6 ciia s6 tw nhién

Bai toan 4. Tim mot s6 tu nhién c6 hai chir sd, biét rang tong cua hai chir s6 4y bang 12 va khi thay d6i

th tu hai chit s6 thi duge mot s6 16n hon sb cii 1a 18.
Huwéng din: Mot sb c6 hai chit s6 ¢ dang E=10x+y, 0<x<9,xeN;0<y<9,yeN.
Loi giai
Goi x, y lan luot 1a chir s& hang chuc va hang don vi ctia sb da cho (0 <xX,y<9;x,y€ N) .

S6 da cho c6 dang E =10x+ y, hai chit s6 viét theo thr tr nguoc lai c6 dang ﬁ =10y+x.
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Ta c6 hé phuong trinh:

{x+y:12 x+y=12

(10y+x)—(10x+y):18Q{y—x=2 y

x=5
<:>{ 5 (TMDK)
Tra 16i: S6 da cho 1a 57
Bai toan 5. Tim mot sd ty nhién c6 hai chit s6, biét rang tong ctia hai chir s6 4y bang 12 va chir s6 hang
chuc gap doi chir s6 hang don vi.
Loi gidi
Goi x,y lan lwot 1a chit sb hang chuc va hang don vi cua s tu nhién

(0<x<9;0<y<9;x,yeN).

Ta c6 hé phuong trinh:

x+y=12 x+y=12 3y=12 =4
' P A =17 =177 (TMPK)
x=2y —x+2y=0 x+y=12 x=38

Vay sb can tim 1a 84.

Bai to4n 6. Tim sd tu nhién c6 hai chit sd, biét chit s6 hang chuc 16n hon chir sb hang donvila 7. Néu
chia s& d6 cho sb tao thanh béng cach viét theo thir tu nguoc lai, ta dugc thuong la 3 va s6 du la
5.

Huwéng din: SO ty nhién c6 hai chit s6 ¢ dang E=10x+y, 0<x<9,xeN; 0<y<9,yeN.
Chia s6 a cho b dugc thuong1a ¢ vadu r,tacd a=bg+r (0<r<b).
Loi gidi
Goi x, y lan luot 1a chit s hang chuc, hang don vi ctia 6 da cho(0<x,y <9; x> y; x,y e N).
Chir s6 hang chuc 16n hon chit s6 hang don vi 1a 7, ta c6 phuong trinh:  x= y+7.

Lay sb d6 cho s6 tao thanh bang cach viét theo thr tw nguoc lai, ta dugc thuong 1a 3 va sé du 1a

5 nén ta c6 phuong trinh: 10x+ y = 3(10y+x)+5

x=y+7
Vay, ta c6 hé phuong trinh:
10x+y=3(10y+x)+5
—-y=7 Tx—Ty =49 22y=44 =2
N P P =177 (TMPK)
Tx-29y =5 Tx-29y =5 x—y=7 x=9

Tra 1oi: Vay s6 da cho 1a 92.

II1. Toan chuyén dong déu

Bai toan 7. Hai xe cung khoi hanh mot luc tai hai diém A va B cach nhau 60km . Néu di nguoc chiéu
thi gdp nhau sau 1 gid; néu di cung chiéu thi xe di nhanh s& dudi kip xe di cham sau 3 gid. Tim
van tbc mdi xe?

Huéng din: Quang duong (5); van toc (v); thoi gian (1), tacod: S=w.t

Loi giai
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Goi x, y theo thir ty 1a van tdc cua xe di nhanh va xe di chAm (x >y > O) ; X, v tinh bﬁng km/h

- Sau 1 gid hai xe di ngugc chiéu gip nhau, ta c6 phuong trinh x+ y = 60.

- Sau 3 gio hai xe di dugc 3x (km) va 3y (km) . Xe di nhanh phai di hét doan dudng 4B va
con dudi kip xe di cham, nén ta c6 phuong trinh 3x—3y = 60.

Vay, ta c6 hé phuong trinh sau:

{x+y=60 {x+y=60 {2x=80
= =

x=40
=N (TMPK)
3x-3y=60 =20

x-y=20 x+y=060 y=
Tra 16i: Xe di nhanh ¢6 van toc 1a 40 (km/h) : xe di chdm ¢6 van tbc 1a 20 (km/h) .
Bai toan 8. Mot 6 to di tir 4 dén B trong mdt thoi gian nhét dinh. Néu xe chay moi g0 nhanh hon dy dinh
10km thi dén noi sém hon du dinh 3 gio, néu xe chay cham lai mdi gid 10km thi dén noi cham
5 gio. Tinh van téc dy dinh va quing duong 4B .
Hwéng din: Ap dung cong thue S =v.z (S 1a quing dudng; v 1a van tdc; ¢ 13 thoi gian)
Dit an: x 1a van téc du dinh, y 13 thoi gian dy dinh.
Loi giai
Goi x (km/h) 1a van toc dy dinh ctia 6 t6; y (h) la thoi gian dyu dinh dé 6 to di tir 4 dén B.
Piéu kién: x>0,y >0.
Quiing duong AB dai xy (km).
Theo dé bai, ta c6 hé phuong trinh:
xy:(x+10)(y—3) xy=xy—3x+10y-30
{xy:(x—IO)(y+5) c>{xy=xy+5x—10y—50

{3x—10y:—30 {2x=80
= =

x=40
= (TMDBK)
5x—10y =50 =15

3x—-10y =-30 y=1
Tré 10i: Van toc dy dinh cua 6 to 1a 40 (km/h) ; quang duong AB dai 40.15 =600 (km) .

Bai toan 9. Mot 6 t0 di trén quang duong AB vdi van tbc 50 km/h ; roi tiép tuc di tir B dén C vdi van toc
45km/h . Biét quing duong AC 1a 165km va thoi gian di tir 4 d&én B it hon thoi gian di tir B
dén C 1a % gi0. Tinh thoi gian 6 t6 di trén hai quang duong AB va BC.

Huoéng din: Dit x 13 thoi gian 6 to ditir 4 dén B; y 1a thoi gian 6 t6 di tir B dén C.

Loi gidi
Goi x (/) la thoi gian 6 to di tir 4 dén B; y(h) la thoi gian 6 6 di tr B dén C.
Piéu kién: x>0,y >0.
Khi do, quang duong 4B 1a 50x (km), quang duong BC la 45y (km)

Ta c6 hé phuong trinh:
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50x+45y =165 50x+45y =165

y—x=% —50x+50y =25
95y =190 y=2

= 1 = 3 (TMbK)
yTES =3

Tra 161: Thoi gian 6 to ditr 4 dén B hét 5 gi0; thoi gian 6 t6 di tr B dén C hét 2 gio.

IV. To4n vé cong viéc 1am chung

Bai toan 10. Hai nguoi 1am chung trong 4 ngay thi xong céng viéc. Néu ngudi thir nhat 1a mot minh trong
9 ngay rdi nguoi thir hai dén ciing 1am tiép trong 1 ngay nita thi xong cong viéc. Hoi mdi nguoi
lam mot minh thi bao 1au xong cong viéc?

Huéng din:

Néu mot ngudi lam trong 5 ngay thi xong mot cong viée thi trong 1 ngay ngudi d6 chi lam
1 A [N - A \ r < A A A A N
duogc 3 cong vi¢c. (Nang suat trong 1 ngay dugc xét giong nhu van toc trong chuyén dong

déu).

biat an: x la so6 ngay ngudi thir nhat lam mdt minh xong cong viéc, ta

tinh 1 ngay nguoi d6 lam duge — cong viée; y 1a s6 ngay ngudi thir hai lam mgt minh xong
X

A A ~ , \ N e r 1 1 A A A S 1N ¢ A *99
cong vigc, ta cling co6 1 ngay nguoi d6 lam dugec — cong viée. (SO 1 ta goi la “quy vé don vi”).

Loi gidi
Goi x (ngay) la s6 ngay ngudi thir nhat 1am mot minh xong cong viéc.
. I A \ 1 A A
= | ngay nguoi thir nhat [am dugc — cong viéc.
X

Goi y (ngay) la s6 ngay ngudi thir hai lam mot minh xong cong viée.

\ NPT I A
= | ngay nguoi thir hai lam dugc — cong viéc.

y

Piéu kién: x>0, y>0.
A Co1s . r 1 . n . )
Vay ca hai nguoi lam chung trong 1 ngay dugc —+— (cOng viéc), ta c6 phuong trinh:
Xy

1 1 1
—_——=—
x y 4

(1)

Nguoi thir nhat 13 mot minh trong 9 ngay rdi ngudi thir hai dén cung 1am tiép trong 1 ngay nita
thi xong cong viéc, ta c6 phuong trinh: 0,1, (2)
X oy
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11 1
__|__:Z
Tir (1) va (2), ta ¢6 h¢ phuong trinh: fo yl
—+—=1
Xy
5 1 1 1 u+v=l 9u=i u=12
bat: u=—; v=—,tacd hé: 4 & 4 & 1
Y 10u+v=1 10u+v=1 [

X {lez
Vay: =
y=06

Tra 16i: Nguoi thir nhat 1am mot minh trong 12 ngdy xong cong viéc; nguoi thir hai 1am mot

1
X
1
y

minh trong 6 ngay xong cong viéc.

Chu y: Phuong trinh: % + i =1 biéu thi s6 phan cong viéc ca hai ngudi lam chung (nguoi thir
nhat 1am trong 10 ngay, ngudi thr hai chi 1am trong 1 ngay. SO 1 ¢ vé phai biéu thi cho mot don vi cong
viéc dd hoan thanh (t6ng cac phan cong viéc ciia hai ngudi lam xong cong viée); ¢ Tiéu hoc, ta goi 1a “quy
vé don vi”.

Bai toan 11. Hai nguoi ciing lam chung mét cong viée trong 16 ngay thi xong. Néu nguoi thir nhét 1am 3
ngay va ngudi thir hai 1am 6 ngay thi chi hoan thanh mot phan tu cong viéc. Hoi néu lam riéng

mdi ngudi 1am trong bao 1au thi xong?

Hwéng din: Xem 10i giai Bai toan 10.
Loi giai

Goi x (ngay), y (ngay) lan luot 13 s6 ngay ngudi thir nhat va ngudi tha hai 1lam mot minh hoan

thanh cong viéc.

Piéu kién: x>0, y>0.

Nhu vay, | ngay nguoi thir nhat lam duge — cong viée, ngudi thtr hai lam duge — cong viéc,
X y

. ) I 1 .
do do6 hai nguoi lam mét ngay dugc —+— cdng viéc.
y

=

Theo d bai ta c6 hé phuong trinh:

1
u+v=—

Dét:uzl;vzl (u>0,v>0),tacéhé: .
x Y 3u+6v=—
4

Giai hé, ta duoc u=i; v=—o,.
24
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Tir d6, ta tim dugce x = 24, y =48 (théa man diéu kién x>0, y>0).
Tra 10i: Nguoi thir nhat lam mot minh trong 24 ngay; nguoi thi hai lam mot minh trong 48
ngay thi xong cong viéc.

u+v=—

Dzitu:l,v:l (u>0,v>0)tacéhé: 16

X Y 3u+6v:%

Giai hé, ta duoc: u =L;v = L .
24 48
Tur do, ta tim dugc: x =24 ; y =48 (thoa man diéu kién x>0, y>0).
Tra 1oi: Nguoi thir nhit lam mot minh trong 24 ngay; ngudi thir hai lam mot minh trong 48
ngay thi xong cong viéc.

Bai toan 12. Hai voi nudc cing chay vao mot bé (khong co nudce) trong 49 gid 48 pht thi dy bé.
A . , A [ \ \ e , . .3 3 3 A r IS X N
Néu m¢ voi thr nhat trong 3 gid va voi thu hai trong 4 gio thi dugc 2 bé nudc. Hé1i moi voi
chay riéng thi trong bao 1au s& day bé.
Huéng din:
Dit 4n: x , y 1a thoi gian voi thi nhat, thi hai chay riéng ddy bé ( x , y tinh bang gio).

Trong 1 gio voi thir nhat chay dugc — be; voi thu hai chay dugc 1 bé.
X Yy
(Bai toan duogc xét nhu bai toan 11).
Loi giai

Goi x, y thir tw 1a s gio d€ voi tht nhét, voi thir hai chay riéng day bé (x>0, y>0).

: 24 .
Tacod 4 gio 48 phut =? gio

R e . A 5 1 A \ J . 5 1 A \ 5 . \ e 5
Moi gio voi thtr nhat chay duge — (bé); va thtr hai chdy dugoc — (b€) va cd hai voi chdy duoc
X

1.1 (bé).
Xy
Ta c6 phuong trinh l—i-lzL hay l+l:i
Xy ﬁ x y 24
5
N ’ A 5 . N , . a9 . 3 2 , . 3 4 3
Voi thir nhat chay 3 gio; voi thir hai chay 4 gio duoc 2 bé, ta c6 phuong trinh: —+—=Z
X oy

1 1 5

__1__:%
Vay, ta co6 hé: x

3 4 3

— =

x y 4
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u+v:i 3u+3v=
Ta c6 hé: suy ra
3u+4v:z 3u+4v=

Ta tim dugc: x=12;y =8 (théa man diéu kién x>0, y>0.
Tra 1oi: Voi thir nhat chay mot minh trong 12 gid ddy bé, voi thir hai chay mot minh trong 8
gid day bé.

Bai toan 13. Hai nguoi cung lam chung mdt cong viéc trong 15 gio thi dugce P cong viéc. Néu nguoi thu

nhat lam mot minh trong 12 gid; nguoi thir hai trong 20 gid thi ca hai lam duoc 3 cong viéc.
Hoéi mdi ngudi 1am riéng thi trong bao lau s& xong?
Huéng din: Xem 1oi giai bai todn 12 .
Loi giai
Goi x, y 1a thoi gian dé ngudi thir nhat va nguoi thir hai 1am riéng xong cong viée

(x>0, y>0), x; y tinh bing gid; trong 1 gid ngudi thi hai 1a x dugc L cong viéc,
Y

. ) A \ 1 A A
nguoi thtr nhat lam dugec — cong viéc.

X
15~l+151:l
i : y 6
Ta c6 hé phuong trinh: -
12.-—+20—=—
X y 5
5 1 1 1A
bat u=—;v=—(u>0,v>0), taco hé:
X y
15u+15v = 2 |aov=l pol
6 60u +60v =— 3 120
1© 3& 1<:> 1
12u +20v =— 60u+100v=1 12u +20v =— u=—-
5 5 360

Ta tim dugc: x=360; y=120.
Tra 1oi: Nguoi thir nhit lam mot minh trong 360 gio thi xong cong viée, ngudi thir hai lam
mdt minh trong 120 gid thi xong cong viéc.
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BAI TAP CUOI CHUONG I
A. TRAC NGHIEM
A s Al s - 1A . Sx+7y=-1
1. Cap s6 nao sau day la nghiém cua hé phuong trinh: ?
3x+2y=-5
A (-151). B. (-3;2). C.(2;-3).

D. (5;5).
2. Trén mt phing toa 4o xOy, cho cac diém A(1;2); B(5;6); C(2;3); D(-1; —1). Puong thang

4x—3y =1 di qua hai diém nao trong cac diém da cho?

A. 4 va B, B. BvaC; C.CvaD;
D. D va 4.
A < lasx_096y:0,3
3. Hé phuong trinh
2x+y=-2
A. Co nghiém1a (0; -0,5). B. Co nghiém l1a (1;0).
C. Co nghiém 1a (-3 ; —8). D. V6 nghiém.
A . 0,6x+0,3y=1,8
4. H¢ phuong trinh
2x+y=-6
A. C6 mot nghi¢m. B. V6 nghi¢m.
C. C6 v6 s6 nghiém. D. C6 hai nghiém 1a (1; 0).

Huwéng din - Pap s6
1. Dung MTCT.
Chon B.
2. Chon C.
3. Chon C.
2x+y=6

4. Hé viét lai dudi dang: . Vay hé v6 nghiém.
2x+y=-6

Chon B.
B. TU LUAN
1. Giai cac hé phuong trinh:

0,2x+0,1y=0,3

a
)12 3x+y=5

2x+5y =10
—x+y=1 {
5 y

3=t
{27772

6x—4y=2
2. Giai céc hé phuong trinh:

) 0,5x+2y=-2,5 b Sx-3y=-2
a ; 5
0,7x-3y=8,1 14x+8y =19
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2(x—2)x+3(1+y):—2
) {3(x—2)x—2(1+y)=—3

3. Gidi cac h¢ phuong trinh:

: V2x =By =-1 4x-3y=-10
a ; b 5
(145 2= L
2x-3=0
4. Tim ¢ & hé phuong trinh: 3 ¢ nghiém duy nhat.
x+(a—1)y:E

5. Hai nguoi cuing 1am mot cong viée trong 7 gid 12 phut thi xong. Néu nguoi thir nhat lam trong 6 gid;
nguoi tha hai lam trong 3 gio thi cd hai nguoi lam duogc 3 cong viéc. Héi néu moi nguoi lam mdt minh

thi trong bao 1au sé xong.
6. M6t manh vuon hinh chit nhat ¢6 chu vi 140 m. Ba 1an chiéu rong 16n hon chiéu dai 14 10 m. Tinh
chiéu dai va chiéu rong ctia manh vuon.
7. Hai loai quang chtra 75% va 50% sat. Tinh khéi lugng ciia moi ll¢i quang dem tron dé duge 25 tin
quing co chita 66% sit.
8. Mot 6 t6 du dinh di tir 4 dén B trong mot thoi gian nhét dinh. Néu xe chay véi van toc 35 (km/h) thi
dén cham 2 gio. Néu xe chay voi van toc 50 (knvh) thi dén sém 1 gio.
Tinh quing dudng va thoi gian du dinh di lac dau.
9. Hai nam trudc day, tudi ciia anh gap doi tudi ciia em, con 8 nim trude day gap 5 1an tudi em.
Hoi hién nay anh va em bao nhiéu tudi?
Huwéng din - Pap sé

2x+5y =10 2545y =10
l.a
) §x+y:1 {2x+5y:5

H¢ vo nghi¢m.
b) Dap sé: (x;y)=(2:1).

3 1
“x-y==— [3x-2y=1
Xyz {Xy

c) 32
6x-dy=2 ¥72=l
xeR
Hé 6 vo sb nghiém: 3y—1.
y= >

2. a) Dung phuong phép cong dai so: Dap sb: (35 -2).
(1 3
b)Papso: | —; = |.
) Bap ( 5 2}
¢) Dung phuong phap dit an phu:

2u+3v=-2

u=x-2;v=1+y.Tacohé:
3u-2v=-3
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u=-1

Ta tim duoc: {
v=0.

bap sé: (x;3)=(1;-1).

V2x—3y=-1 2x /6y =2
(1+x/§)x—\/§y=\/§
(1+ﬁ)x=£+ﬁ©{x_ﬁ
J2x—By=-1 y=+3
He c6 nghiém duy nhit: (/2 ;3).

3.a)Taco

=

W

. |4x-3y=-10 4x-3y=-10 13y =26 x=-1
b) Ta co: & & =
2x+5y =8 4x+10y =16 4x-3y=-10 y=2
H¢ c6 nghiém duy nhéat: (—l ; 2) .
2x-3=0 x:3 x:3
. 2 2
4. Ta co: . 3 & 3 =4 3 3
wHer =y a2 {aey=3-3a )

Hé c6 nghiém duy nhat khi va chi khi phuong trinh (*) c6 nghiém duy nhit < a—-120<a=#1.
5. 7 gio 12 phuat =? gio

Goi x,y 1a thoi gian dé nguoi thir nhat va nguoi thir hai 1am mot minh xong cong viée (x >0, y> O) (

x , y tinh theo gio).

| U |
Mot gio nguoi thir nhat lam duge — cong viée, mot gid nguoi thlr hai lam duge — cong viéc.

X y
1 1 5
_+_:£
Ta c6 hé phuong trinh: o
6 3 2
—_—t—=—
x y 3
Datuzl;v=l(u>0,v>0).Tac()héphu0’ngtrinh:
X y
u+v=i 3u+3v=£ 3u=l uzL
36 4 12
2<:> = = :
6u+3v=— 6u+3v=— u+v=— V=—
3 3 36 18

Vay x=12; y=18.

Tra 1oi: Nguoi thir nhat 1am mot minh trong 12 gid; nguoi thir hai lam mot minh trong 18 gio thi xong
cong viéc.

6. Goi x,y 1an luot 1a chiéu dai va chiéu rong cua manh vuon (x >0; y> 0) ;(x, y tinh bf?mg m). Chu

vi 1a 140 m, nén ta c6 phuong trinh:
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2(x+y):140<:>x+y=70.

Ba lan chiéu rong 16n hon chiéu dai 10 m, nén ta ¢ phuong trinh 3y —x =10

Vay, ta co hé. {

x+y=70
3y—x=10

o

4y =80
x+y=70

y=20
=
x=T70-y

|

x=50
y=20

Tra 1oi: Chiéu dai va chiéu rong cua manh vuon lan luot 1a 50 m va 20m.

7. Goi x , y la khdi luong ctia mdi loai quing chira 75% va 50% sit (x>1; y>0 ( x, y tinh bang tin).

Ta c6 h¢ phuong trinh:
x+y=25 X+y=25 x+y=25
<33 1 33 <
75%x +50%y = 25.66% Zx+§y:7 3x+2y =66

|

2x+2y =50
3x+2y =66

x=16
=
x+y=25

x=16
=
y=9

Tra 1oi:
Loai quing 75% sét can 16 (tan);
Loai quang 50% sit can 9 (tin).

8. Goi x(km) 1 quing duong AB(x >0);y(km/h) 1a van téc dy dinh cta 6 t6 (y >0).

Thoi gian dy dinh di hét quing dudong AB 1a ﬁ( h).
Y

Néu di van téc 35 km/h thi thoi gian di luc nay la %( h).

Néu di van tbc 50( km/h) thi thoi gian 1a SX—O( h).

I
35
Theo bai ra, ta c6 hé phuong trinh: Y
X X
y 50

Cong vé voi vé (1) va (2), ta duge:

XT3 & 15x=5250 <> x=350 (Nhan)
35 50

Thé x =350 vao (1), ta tim dugc y =43,75 (nhén).

Tra 15i: Quing duong AB dai 350( km ); thoi gian dy dinh 14 4i535

9

=8 (gio).
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9. Goi x,y lan luot 12 tudi cia nguoi anh va nguoi em(x >y >0 va xeN; yeN).

x—2=2(y-2) x=2y=-2
=
x—8=5(y—8) x—=5y=-32

Ta c6 hé phuong trinh: {
Trir vé cho vé hai phuong trinh, ta duge 3y =30 < y=10.

Thé y =10 vao phuong trinh (*),tacé x—2.10=-2 < x=18.

Vay tudi cta hai anh em 12 10 va 18 .
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Chuong II. PHUONG TRINH VA BAT PHUONG TRINH BAC NHAT MOQT AN
Bai 4. PHUONG TRINH QUY VE PHUONG TRiNH BAC NHAT MOQT AN
PHAN A. KIEN THUC CAN NHO

1. Phuong trinh tich
Dé gidi phuong trinh tich (ax +b)(cx +d) =0, ta giai phuong trinh ax +b=0 va cx+d=0. Sau

d6 14y tit ca cac nghiém cia chiing.
Ta c6 thé viét: (ax+b)(cx+d)=0 < ax+b=0 hodc cx+d=0.

2. Phuong trinh chira 4n & miu

- Piéu kién xac dinh ciia mot phuong trinh:

Dbi v6i phuong trinh chtra 4n ¢ miu, ta thudng dit diéu kién cho 4n tt ca cac miu thirc trong
phuong trinh déu khac 0 va goi d6 1a diéu kién xac dinh (viét tit 1a PKXP) cta phuong trinh.

- Cach giai phuong trinh chira 4n & mau:

D¢ giai phuong trinh chita 4n & méu ta thuong thyc hién cac budc sau:
Buée 1: Tim diéu kién x4c dinh ctia phuong trinh.

Buée 2: Quy dong mau hai vé clia phuong trinh roi khir mau.

Buoc 3: Giai phuong trinh vira tim dugc.

Buée 4 (Két luan): Trong cac gia tri tim dugc cta an & Bude 3, gia tri ndo thoa man diéu kién
xac dinh chinh 1a nghiém cta phuong trinh da cho.

B. PHAN LOAI CAC BAI TAP
I. Phuong trinh tich

Bai toan 1. Giai phuong trinh:
a) 3x(x—1)—2(x—1)=0
b) x*—4—(x+5)(2-x)=0
) 2x° +4x” =x"+2x
Hudng dan: Bién d6i twong duong dua vé dang A(x)-B(x)=0.
Loi giai
a) Ta co

(1) c>3x(x—1)—2(x—l):0

Trang: 1.
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& (x—l)(3x—2) =0
< x—1=0 hodc 3x-2=0

< x=1 hodac x=—
3
. A A 2
Phuong trinh (1) c6 tap nghiém: § = {l;g} .

b) Ta cod
(2) & (x—2)(x+2)+(x+5)(x-2)=0
& (x-2)(x+2+x+5)=0
<:>(x—2)(2x+7)=0
< x—2=0 hodc 2x+7=0
< x=2 hoac x=——
2

Phuong trinh (2) c6 tap nghiém: S= {2;—%} .

¢) Ta ¢6

(3) & 2x* (x+2)—(x* +2x)=0

< 2x° (x+2)-x(x+2)=0

& (x+2)(2¢° -x)=0

& x(x+2)(2x-1)=0

& x=0 hodc x+2=0 hodc 2x—1=0

< x=0 hodc x=-2 hoac x:%

Phuong trinh (3) c6 tap nghiém: S = {0; —2;%} .

Bai toan 2. Giai phuong trinh:

a) X’ —1=x"—x (1)
b) 2x—5)Y —x*—4x—-4=0 ()
0) (x=2)(x*+3x-2)—x +8=0 (3)

Trang: 2.
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d) (x-3)>-9=0 4)
Loi giai

a) Ta co
(1)<:>(x—1)(x2+x+1)—x(x—l)=0
<:>(x—1)(x2+1):O
& x—1=0 hoic x* +1=0
ox=1 (xX*+1=0 vénghiémvi x’ >20=x"+1>0)
Phuong trinh (1) c6 tap nghiém: S:{l}.
b) Ta cod
(2) & (2x=5>—-(x+2)*=0
<:>(2x—5+x+2)(2x—5—x—2):0
<:>(3x—3)(x—7)=0
< 3x-3=0 hoac x-7=0

< x=1 hoac x=7

Phuong trinh (2) co tap nghi¢m: S = {1;7} .
c) Tacod

(3) & (x-2)(x* +3x-2) = (x—2)(x" +2x+4) =0

@(x—Z)(x2+3x—2—x2 —2x—4)=0
< (x-2)(x-6)=0

< x—-2=0hoac x-6=0

< x=2hodc x=6

Phuong trinh (3)c6 tap nghiém: S = {2;6}.
d) Ta c6

(4) & (x-3)"-3"=0

< (x-3+3)(x-3-3)=0

< x(x-6)=0

< x=0 hodc x-6=0

< x=0 hodac x=6

Trang: 3.
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Phuong trinh (4) c6 tap nghiém: § = {0; 6}.

Bai toan 3. Giai phuong trinh:

a) x’+x-12=0 (1)
b) x* +3x+2=0 (2)

c) 2x’+3x* —8x-12=0 (3)

d) X’ —4x’ —x+4=0 4)

Huréng dan: Phan tich da thirc & vé trai thanh nhan tir ta dua vé phuong trinh tich.

Loi giai

a)Taco (1) & x* —3x+4x-12=0
<:>x(x—3)+4(x—3):0

& (x-3)(x+4)=0

< x—3=0 hodac x+4=0

< x=3 hodc x=-4.

Phuong trinh (l) co tap nghiém: § :{3;—4}.
b) Tacod: (2) & x> +x+2x+2=0
(2)c>x(x+1)+2(x+1)=0

< (x+1)(x+2)=0

< x+1=0 hodc x+2=0

< x=-1hodac x=-2

Phuong trinh (2) c6 tip nghiém: § ={-1;-2}.
¢)Tacod: (3) & 2x° —8x+3x" —12=0

© 2x(x* —4)+3(x* -4)=0

& (% —4)(2x+3)=0

o (x-2)(x+2)(2x+3)=0

< x—2=0 hodac x+2=0 hodc 2x+3=0

< x =2 hodc x=-2 hodc x=—%

Phuong trinh (3) c6 tdp nghiém: S = {2; —2;—%} )

Trang: 4.
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d) Ta c6: (4) < (x*—4x*)—(x—4) =0
<:>x2(x—4)—(x—4):0
& (x—4)(x*~1)=0
<:>(x—4)(x—1)(x+1)=0
< x—4=0 hodac x—1=0 hodc x+1=0

< x=4 hoac x=1 hodc x=-1

Phuong trinh (4) c6 tap nghiém: S = {4;1;—1}.
Bai toan 4. Giai phuong trinh:
a) ¥ —x*—x-2=0 (1)
Huéng ddn: Phan tich vé trai thanh nhan tir.
Loi giai

a) Tacod (1) Sx -2 +x"=2x+x-2=0
o x° (x—2)+x(x—2)+(x—2):0
<:>(x—2)(x2+x+l):0

< x-2=0 hoic x*+x+1=0

b) x* =3x’ +3x° —x

=0

2)

2
S x=2 (Vix2+x+1:(x+%j +%>O nén phuong trinh x* +x+1=0 v6 nghiém)

Phuong trinh (1) c6 tap nghiém: S = {2} .
b) Ta cod
(2) < x(x' =3x" +3x-1)=0

< x(x=11 =0
< x=0 hodac x-1=0
< x=0 hodac x=1

Phuong trinh (2) c6 tap nghiém: § ={0;1}

Bai toan 5. Giai phuong trinh:

a) x'+2x° —4x-4=0 (1) b) x* +6x°+8=0

¢) X +6x* +11x+6=0 (3)

2)

Trang: 5.
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Loi giai

a) Taco (1) < (x* —4)+(2x’ —4x)=0

(¥ -2)(x* +2)+2x(x* -2)=0
( )(x +2x+2)
<:>(x—x/§)(x+x/§)(x2+2x+2)=0

S x-2=0 hoac x++/2=0 hodc x* +2x+2=0

<:>x:\/§ hoac x:—\/E

(Vi x> +2x+2=x>+2x+1+1=(x+1)> +1> 0 nén phuong trinh x° +2x+2 =0 vo nghi¢m)
Phuong trinh (1) c6 tap nghi¢m: S ={\/§;—\/E}.

b) Ta cod

Q) ©x*+2x" +4x° +8=0

& x* (x*+2)+4(x +2)=0

(&7 +2)(x +4)=0

< x*+2=0 hoic x*+4=0

(hai phuong trinh cubi ciing déu vo nghiém vi x> >0=x"+2>0, x*+4>0 )
Phuong trinh (2) ¢6 tap nghiém: S=.

c) Tacod

(3) ©x +x" +5x" +5x+6x+6=0

<:>xz(x+l)+5x(x+l)+6(x+1):O

& (x+1)] (+ +3x)+(2x+6) | =0
<:>(x+1)(x+3)(x+2)=0

< x+1=0 hoac x+3=0 hodc x+2=0

< x=-1 hodc x=-3 hoac x=-2

Phuong trinh (3) ¢6 tap nghiém: S = {-1;-3;-2}.

Bai toan 6. Giai phuong trinh:

a) (x" +2x+2)(x* +2x+3)-2=0 (1)

Trang: 6.
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b) (20° +3x—1) —5(2x> +3x+3)+24=0  (2)
c) (x+1)(x+2)(x+3)(x+4)—24=O 3)

Huéng din:
a) Nhan xét vé cac biéu thirc: x* +2x+2va x* +2x+3
Taddt: t=x>+2x+2 :>x27+2x+3=t+1
Ta goi la phuong phép dat an phu.
Loi giai

a)Pat: t=x"+2x+2 = x" +2x+3=1+1

Ta c6 phuong trinh: #(t+1)-2=0
St +t-2=0
St -1+t-1=0
S (E-Dt+D)+t-1=0
S (E-1)(E+2)=0
< t=1 hoac t=-2
+Véit=1,tacod: x*+2x+2=1
S (x+1)2 =0
&S x+1=0
&S x=-1
+Voit=-2,tacH: x* +2x+2=-2
& X +2x+4=0 vonghiém vi x> +2x+4=(x+1)>+3>0 véi moi x
Phuong trinh da cho c6 tap nghiém: S = {—1}
b) Pit: t=2x"+3x-1=2x> +3x+3=t+4
Ta c6 phuong trinh: > —5(t+4)+24=0
S -5t+4=0
St -4t—t+4=0
St(t-4)-(t-4)=0
S (t-4)(t-1)=0
<t—4=0hoac t—-1=0
< t=4 hodc =1
+Néut:4,tacé: 2x° +3x-1=4 < 2x* +3x-5=0
< 2x(x-1)+5(x-1)=0
< (x-1)(2x+5)=0
< x—1=0 hodc 2x+5=0

< x=1 hodc x=—75

+Néur=1,taco: 2x*+3x-1=12x+3x-2=0
&2 +4x—x-2=0
< (x+2)2x-1)=0
< x+2=0 hoac 2x-1=0

1
< x=-2 hoac x=5

Trang: 7.
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Phuong trinh (2) da cho c6 tap nghiém: S= {—2;%}

¢) Taco: 3) < [(x+D(x+4)][(x+2)(x+3)]-24=0
& (" +5x+4)(x* +5x+6)-24=0
Piat t=x"+5x+4= x> +5x+6=1+2
Ta c6 phuong trinh: #(t+2)—-24=0
S +2t-24=0
S +2t+1-25=0
& (t+1)=25=0
S (+1-5)+1+5)=0
S (t-4)(t+6)=0
& t=4 hoac t=-6
+Néu r=4,tacd: X’ +5x+4=4=x"+5x=0
< x(x+5)=0
< x=0 hoac x=-5
+Néur=-6,tacd: x>’ +5x+4=-6=x*+5x+10=0

@(x+§)2+1—5=0
2 4

Phuong trinh nay v nghiém vi vé trai luon duong véi moi x.

Phuong trinh (3) da cho ¢6 tap nghiém: S ={0;-5}

Ban hay gidi bai todn sau:

Gidi phuong trinh: (x + 1)(x + 2)(x + 4)(x + 5) -40=0
(Goiy: Taco: (x+1)(x+5)=x>+6x+5
(x+2)(x+4) =x"+6x+8
Pat £ =x"+6x+5
IL. Phwong tinh c6 tham s6

Bai toan 7. Cho phuong trinh: x° +x” +mx—4 =0
a) Tim m biét phuong trinh c6 mot nghiém 1a x =-2.
b) Giai phuong trinh véi m vira tim dugc ¢ cau a).
Loi giai
a) Vi x =-2 la nghiém ctua phuong trinh da cho nén thay x =—-2 vao phuong trinh, ta dugc

(=2)° +(=2)> +m(=2)—4 = 0

< —-8+4-2m-4 =0
< m=-4
b) Véi m =—4, ta c6 phuong trinh: x° +x* —4x—4 = 0
o (x+1)—4(x+1) =0
& (x+1)(x7-4)=0
< (x+1)(x-2)(x+2)=0
< x+1 = 0 hoac x—2 = 0 hoac x+2 =0
< x=-1 hoac x = 2 hodc x= -2
Phuong trinh da cho c6 tap nghiém: S = {—1; 2; —2}

Trang: 8.
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Bai toan 8. Cho phuong trinh: 4x” +4mx+m’* -25=0

a) Tim céc gia tri ciia m biét phuong trinh c6 mot nghiém x = -2
b) Giai phuong trinh véi moi gia tri tim dugc cau a).
Loi giai

a) Vix =-2 la nghi€ém cua phuong trinh da cho nén thay x = -2 vao phuong trinh ta duoc:

4(=2)" +4m(-2)+m*>-25 = 0
<16-8m+m* =25 = 0
oSm'—8m-9 =0
Sm’-9m+m-9 =0
< mm-9)+(m-9)= 0
< (M-9)(m+1)=0
& m=9 hoic m=-1

b)

+ Néu m =9, ta c6 phuong trinh:
4x* +36x+81-25=0
S 2x+9)°-5=0
< (2x+9-5)(2x+9+5) =0
< 2x+4)(2x+14) = 0

< x=-2 hodac x=-7

Vay vé1 m =9, phuong trinh c6 tap nghiém: § = {—2; —7}

+Néu m =—1, ta c6 phuong trinh:
4x* —4x+1-25=0
S 2x-17-5=0
< 2x-1452x-1-5) =0
< (2x+4)(2x-6) =0
< 2x+4=0 hodac 2x—-6=0
< x=-2 hodc x=3
Vay véi m =—1, phuong trinh ¢6 tap nghiém: S ={-2;3}
II1. GTAI PHUONG TRINH CHUA AN O MAU
Bai toan 9. Giai phuong trinh

x+2 x-2 4 x+1 x+2 4
a - == (1) b) - + 2
x—2 x+2 x" -4 x—1 x+3 x"+2x-3
1 3 5 x—1 1-2x 1
c - = 3 d + =
)x—S ~)c2—6x-|-5 x—1 3) ) X X +x x+1
Huong dan: - Tim bKXD
—TimMTC N
- Quy dong va khir mau

Loi giai

a)Tacod: x* —4=(x-2)(x+2)

PKXD: x*-4#0& (x-2)(x+2)#0
Sx-2#0vax+2+0
Sx#E2vax#E-2

MTC: x> -4

=0 (2)

(4)

Trang: 9.
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(x+2)° (x-2)° 4
N -4  xX-4 x-4
Khtr mau ta duoc:

X +4x+4-x"+4x—4=4

1
S8 =4 x= E(théa man DKXD)

Taco (1) =

Tap nghiém cua (1): S = {%}

Chii y: x*—4#0 < x#2 va x #—2 khong duoc viét:
< x#2 hodc x#-2
b)Taco: x*+2x-3z20< (x—1)(x+3)#0
< x—1#20 vax+3#0
Sx#lvax#-3

MTC: (x-1)(x+3)

(x+1)(x+3)_(x+2)(x—1)+ 4 _0

(x=Dx+3) (x=-D(x+3) (x-1D(x+3)

Khir mau ta dugc: x* +3x+x+3—x"+x—2x+2+4=0
< 3x =-9 & x =-3 (khong théa man DKXD)

Tap nghiém cta (2): Sz{@}

c)Tacd x* —6x+5 = (x—l)(x—S)

PKXD: (x—l)(x—5)¢0<:>x¢1;x¢ 5

MTC: (x—1)(x—5)

x—1 3 _ 5(x-=35)
(x—D(x=5) (x=1)(x=5) (x—I)(x—5)
Khir mdu ta duge: x — 1 — 3 = 5 (x-5)

—4x = =21

Tacod (2) <=

Taco (3) &

X= % (théa man BKXD)

Tap nghiém cua phuong trinh (3) : S = {%}

d)Taco x* +x =x (x+1)

DKXD: x(x+1)#0 x#0; x = -1

MTC: x (x+1)

(x—l)(x+1)+ 1-2x  x

x(x+1) x(x+1)  x(x+1)

Khrmiutaduoc: X’ +x —x -1 +1-2x =x ©x*-3x =0
<:>x(x—3) =0
< x = Ohodc x = 3

Vi x # 0 nén ta lay nghiém x = 3

Téap nghiém cta (4): S = {3}

Taco (4) &

Bai toan 10. Giai phuong trinh:

2 2
1 +2x -5 4 ) b) 2 3 3x X )

x—1 x*=1 x*+x+1

a)

x—1 x*=1 x*+x+1

Trang: 10.
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“Ix*+4 51
x+1 X =x+1 x+1

C) 3)

Loi giai
a) Taco : x’— 1 = (x—1)(x"+ x+ 1)

PKXD: (x—1)(x" + x+ 1) # 0
. 1y 3 T
xz-1WVix +x+1= x+5 +Z>0 vo1 moi x thudc R)

MTC: (x—l)(x2+ X+ 1)

X +x+1 N 2x* -5 _ 4(x-1)
(x-D(x*+x+1) (x=-Dx*+x+1) (x=D(x"+x+1)
Khir mau ta duoc: x°+ x +1 + 2x* —5= 4x — 4

S3xP-3x =0
<:>3x(x —1) =0

Taco: (1)

<x=0hodicx -1 =0
< x= 0 hoac x=1

Ddi chiéu véi didukién x # —1,ta léy nghiém x =0
Téap nghiém cua (1): S = {0}
b)Taco: x’ - 1 = (x—l)(x2+ X+ 1)
PKXD: (x—1)(x" + x+ 1) # 0
1Y 3
x#E-lvix’+ x+1= (x+—j +Z>Ovc'yi moi X thudc R
MTC: (x—l)(x2+ X+ 1)
Quy dong khtr mau, ta duoc:
2.( X+ x+ 1) — 3x =x(x—1)
S2x°+ 2x+ 2 - 3x'=x"—x
S2xP=3x-2=0

S2x—4x +x-2=0
<:>(x—2).(2x+1) =0

< x— 2 = 0hodc 2x+1 =0
< x = 2 hodc xz—% (théa man DKXD)
Tap nghiém cua (2):S = {2;_%}

c)Tacod: X’ + 1 = (x+1)(x2—x+ 1)

PKXD: x+1# 0

Trang: 11.
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2
1 ) . A
Sx#E -1 WVixX-—x+1 :(x——j +%>0Vél moi x thudc R)

MTC: (x+1)(x" = x+ 1)
Quy dong khir mau ta duoc
—Ix*+ 4 = 5.(x+1) — (xz—x +1)
~Tx*+ 4 = 5x+5- x"+x -1
—6x°—6x = 0
—6x (x+1) =0

&x=0hoacx +1 =20

< x = 0(khong théa man DPKXDP) hoac x =-1 (thoa man BPKXD)

Téap nghiém cta (3): § = {0}

Bai toan 11. Giai phuong trinh

13 1 6

a + = 1
) (x—3)(2x+7) 2x+7 x*-9 M
1 1 1
+ =— 2
X’ +4x+3 x*+8x+15 6 @
2 1 x—4
c + = 3
) 4—x* x*=2x x*+2x ®)
Loi giai

a) Ta co: x2—9:(x+3)(x—3)
DKXD: x+3#0;x—3#0 va 2x+7#0

<:>x¢—3;x¢3véx¢—%

MTC: (x+3)(x—3)(2x+ 7)

Quy dong va khir mau, ta duoc:
13(x+3)+x2 -9= 6(2x+7)

13x+39+x> -9 =12x+42
X’ +x-12=0
(x+4)(x—3)=0

x=-4 hoac x=3

Dbi chiéu voi PKXD, ta ldy x = —4 1am nghiém
Vay tap nghiém cta (1) 1a S ={-4}.

b) Taco: x* +4x+3=(x+1)(x+3);x° +8x+15=(x+5)(x+3)

PKXD: x+1#0;x+3#0 va x+5#0=> x#-1;-3;-5.

Trang: 12.
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MTC: (x+1)(x+3)(x+5)
Quy dong va khir mau ta dugc:

6(x+5)+(x+1)=(x+1)(x+3)(x+5)
¥ +9x° +11x-21=0

¥ =1+9x* =9 +11x—11=0

(x=1)(x* +x+1+9x+9+11)=0
(x=1)(x* +10x+21)=0
(x=1)(x+7)(x+3)=0

x—1=0 hodc x+7=0 hodc x+3=0

x=1 hodc x=-7 hoac x=-3.

Péi chiéu PKXD, ta ly: x =1;x=—-7 lam nghiém
Vay tap nghiém cua (2) 1a S ={1;-7}
Cach giai khac: PKXD: (xem cach gidi trén)

1 1

, ! 1
Tae0 @) = 3) (v +3)(x+5) 6

1 1 1 1
+

x+1 x+3 x+3_x+5

1
6

1 1

x+1 x+5 %
Quy dong va khir mau ta dugc: x*+6x—7=0
¥ —x+7x-7=0

x(x=1)+7(x-1)=0

(x=1)(x+7)=0

x=1 hodc x=-7

¢) Ta c6:

X =2x=x(x-2)

X +2x=x(x+2)

4—x =—(x—2)(x+2)

Trang: 13.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

PKXD: x#0;x#2 va x# -2
MTC: x(x—Z)(x+2)
Quy dong va khir mau, ta duoc: —2x+x+2 = (x—4)(x— 2)
—x+2=x"—-6x+8
X =5x+6=0
(x—2)(x—3)=0
= x—-2=0 hodac x-3=0
x=2 hoac x=3
Pbi chiéu voi PKXD, ta 1dy x =3 1am nghiém cua (3)
Vay tap nghiém cua (3) la: S ={3}.
Bai toan 12. Giai phuong trinh

1 B 3 4
4%x* —12x+9 9-4x* 4x*+12x+9

2 1 + 2 1 + 2 l + 2 1
X +5x+6 x +7x+12 x"+9x+20 x"+11x+30

a)

(1)

2)

1
8
Huwong dén: Phan tich cac mau thtrc thanh nhan tu, (0 phuong trinh (2) xem céch gidi cua bai
toan 11).

Loi giai

a) Ta co:

4x* +12x+9=(2x+3)’

9—4x* =—(4x* =9) =—(2x+3)(2x-3)
4x* —12x+9=(2x-3)’

DKXD: 2x+3#0 va 2x-3#0

3 . 3
SSX#E—— VAX#E—
2 2

MTC: (2x+3)" (2x-3)’

Quy dong va khir mau ta duoc:
(2x+3)" +3(4x” —9) =4(2x-3)’
4x% +12x+9+12x" =27 = 4(4x” —12x+9)

60x =54

Trang: 14.
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Y . ; 9
Doi chiéu voi BPKXD, ta lay x = 0

Vay tap nghiém cua (1) la S = {%} .
b) Ta co:

x2+5x+6:(x+2)(x+3)
x2+7x+12:(x+3)(x+4)
x? +9x+20:(x+4)(x+5)

x? +11x+30:(x+5)(x+6)

bKXD: x#-2;-3;-4;-5;-6
Khi do6:

1 N 1 N 1 . 1
(x+2) x+3) (x+3)(x+4) (x+4)(x+5) (x+5)(x+6)

1 1 1 1 1 1 1 1 1
- + - + + + - =—
(x+2 x+3 (x+3 x+4J (x+4 x+5j (x+5 x+6j 8

1 1

(2)=

1
8

x+2 x+6 %
8(x+6)-8(x+2)=(x+2)(x+6)
x> +8x-20=0

x> +10x—2x-20=0
x(x+10)=2(x+10) =0

(x+10)(x—2):O

x+10=0 hodc x-2=0

x=-10 hoac x=2

Doi chieu BPKXD, ta thdy x =—10 va x =2 déu thoa man.

Vay tap nghiém cua (2) 1a S ={-10;2}.
Nhan xét:

+) Ban c6 thé giai phuong trinh sau theo cach trén:

1 1 1 1 2x+1

2t ) ) (x+2) (42)(x3) (x43)(x+4)  x(x+4)

Trang: 15.
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+) Ban hay dat ra vai bai toan twong tu nhu bai todn 4b).
Bai toan 13. Giai va bi¢n luan phuong trinh sau:

x+m x+3 2m+5

Q) = (1) b)m-5+72=0 ()
0 2" 3)
x—1

Huédng din: Xem tom tat cach giai & phan A .

Loi giai
a) DPKXD: x—-1#0va x-2#0&<x#1 va x#2
MTC: (x—l)(x—Z)
Quy dong va khir mau, ta dugc:
(x+m)(x—2)=(x+3)(x—l)
X' =2x+mx—2m=x"—x+3x-3
(m—4)x:2m—3 (*)
+Néum-4=0=m=4
Tacod (*) < 0x=5 (v6 nghiém)

+Néu m—-4-0=>m=4

2 _
Tacod (*) = x= m-3

m—4
Vixglvaxz2= 23 1w 213 40

m—4 m—4

=>m#—1 va 2m-3#2m—8§
=>m=#-1
Pap sb:

+) m# -1 va m#4. Tap nghiém cua (1): S= . m_43}'
m_

+) m=-1 hoac m=4. Tap nghiém cua (1): S=O.
b) BPKXD: x # 2. Khi do, ta co:
(2):(m—S)(x—2)+2m+5:0(:>(m—5)x=—15 (*)

+Néu m=5.Tacd (*)<:>x:_—15
m-—5

Vix#2= ¢2(m¢5)
m->5

—15#2m—-10

m#——

Trang: 16.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9
% 5, o A A
Dép s0: +) m = 3 hoac m=5. Tép nghiém cia (2): S=C.

)Néu m=5 va m# —%. Tap nghiém ciia (2): S = {51—5} .

c) bKXb: x#1
Quy dong va khir mau, ta duoc:

2m—2:(m—1)(x—1)<:>(m—l)x:3m—3 (*)
+Néu m-1=0=m=1
Taco (*) < 0x=0 (ludn ding v6i moi x)

+Néum-120<m=1
Ta cod (*)<:>x=3

Pap s6: + Néu m =1. Tap nghiém cua (3): S=R
+Néu m# 1. Tap nghiém ctia (3): S ={3}.

Bai toan 14. Tim m dé phuong trinh sau v nghiém:

1-x N x—=2 _ 2(x—m)—2

X—-m XxX+m m’ —x’
Huwéng din: Tim DPKXD va dua phuong trinh vé dang ax +b=0, xét a=0.
Loi giai
Taco: m* —x* = —(x2 —mz) = —(x—m)(x+m)

DKXD: x+m#0va x—-m#0< x#1tm
Quy dong va khir mau, ta dugc:

(1—x)(x+m)+(x—2)(x—m):2—2(x—m)
(2m—1)x=m-2(*)

+ Néu 2m—1=o@m=l

Ta cod (*) < 0x= _?3 (v0 nghiém)

. 1 -2
+Neu m#—, taco ( *)<:>x=m—
2 2m—1
, m-—2 5
Xétx=mesS——=mSm-2=2m" —m
2m—1

2m* -2m+2=0=>m*-m+1=0

2
[m - %) +% =0 (khong xay ra vi vé trai luén duong)

Trang: 17.
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-2
Xét x=—mc>m—:—m<:>m—2:—2m2+m
2m—1

om’=leom=+]
. ) ) 1
Dap so: Phuong trinh v6 nghiém khi m = 5 hodc m=4=1.

Nhan xét: Qua cach gidi trén, ta c6 phuong trinh da cho c6 nghi¢m khi m # ) va m==l].

(Phuong trinh c6 nghiém x = m=2 ).
2m—1

2m 8m

Ne o s \ 2 . . A X
Bai toan 15. Tim m d¢€ phuong trinh sau c6 nghi¢m: - =7
X—m X+m X —m

Loi giai

Ta cé: x* —m* :(x—m)(x+m)
PKXD: x-m#0va x+m#z0< x#+tm
Quy dong va khir mau, ta dugc:

x(x+m)=2m(x—m)=8m’
x'—mx—6m° =0

x> +2mx —3mx—6m*> =0
x(x+2m)=3m(x+2m)=0
(x+2m)(x=3m)=0
x+2m=0 hodc x-3m=0
x=-2m hoac x=3m

Néu 2m#m va 2m#-m=>m#0

Tuong ty: 3m#=tm=>m =0

Phuong trinh c6 nghiém (x =-2m;x = 3m) khi m=0
Nhan xét: véi m =0 phuong trinh da cho vo nghiém.

Trang: 18.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

Bai 5. BAT PANG THUC VA TiNH CHAT

A. KIEN THUC CAN NHO
1. Bt dang thic

o Nhic lai thir tw trén tap s6 thuc
Trén tap sb thuc, voi hai s a va b ¢6 ba trudong hop sau:
a) S6 a bangsd b, kihiéu a=b;

b)Sb a lénhonsd b, kihidu a>b;
¢) S6 a nho hon sb b, ki hiéu a <b.
v S6 a 16n hon hodc bang sb b, tirc 1a a > b hodc a=b, ki hiéu a>b.
v S6 a nho hon hodc bang sb b, tirc 1a a <b hodc a=b, ki hiéu a<b.

e  Khai ni¢m bat ding thirc
Ta goi hé thirc dang a > b (hay a <b,a >b,a <b) 1a bat dang thic va goi a 1a vé trai, b 1a vé phai
ctia bat ding thtc.
Chii y: Hai bat dang thic 1<2 va —3< -2 (hay 6>3 va 8>5) dugc goi 12 hai bat dang thiic cling
chiéu. Hai bit dang thirc 1<2 va -2 > -3 (hay 6 >3 va 5<8) duogc goi la hai bat déng thirc nguoc
chiéu.

e  Tinh chit bic cdu: Néu a<b va b<c thi a<c.
Chii y: Tuong tu, cac tht ty 16n hon (>), 16n hon hodc bang (>), nho hon hoic bang (<) ciing ¢6
tinh chat bac cau.

2. Lién h¢ giira thir tu va phép cong

Khi cong cung mot s vao hai vé cia mdt bat dang thic ta duge mot bat dang thirc méi cung chiéu
v6i bat dang thire da cho.
Véibaso a,b,c, taco:

v Néua<b thi a+c<b+c;
v Néu a<b thi a+c<b+c;
v Néua>b thi a+c>b+c;
v Néua>b thia+c>b+c.
3. Lién h¢ giira thir tw va phép nhan

o Khi nhan ca hai vé ctia mot bat dang thirc voi cing mot sé duong, ta duge bat dang thirc mdi cling
chiéu véi bat dang thirc da cho.

Véibasd a,b,c va ¢>0, ta co:
Néu a<b thi ac<bc;
Néu a <b thi ac<bc;

Néu a>b thi ac>bc;

AN N NN

Néu a>b thi ac>bc.

o Khi nhan ca hai vé cua mdt bat dang thire voi cung mot so am, ta duoc bat dang thirc méi ngugc chicu
v6i bat dang thirc da cho.

Trang: 1.
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Véibasd a,b,c va <0, ta co:
v Néu a<b thi ac>bc;
v Néu a<b thi ac>bc:
v’ Néu a>b thi ac<bc;
v Néu a>b thi ac<bc.
B. PHAN LOAI CAC BAI TAP
I. Lién hé¢ giira thir tw va phép cong
Bai toan 1.
a) Néu x > y . Ching minh rang x+y>2y.
b) Cho a > b . Ching minh rang 2a+b>a+2b.
Huéng din: Ap dung tinh chit a>b=a+c>b+c.
Loi giai
a)Taco: x>y=>x+y>y+y hay x+y>2y
b)Tacé: a>b=a+a>b+a
=2a>b+a
=2a+b>b+a+b
Hay 2a+b>2b+a (dpcm).
Bai toan 2. Vi m bat ki, ching to:
a) l+m<2+m;
b) m—1<m;
) m(m+2)<(m+1)*
Huéng din: Ta c6 thé dung phép bién ddi twong dwong va ap dung tinh chat ¢ phan 4.
Loi giai
a) Talubncod: 1<2=1+m<2+m (dpcm).
b) Tacd: —1<0&= —1+m<0+m
hay m—1<m (dpcm).
c) Tacod m(m+2)<(m+l)2
oSm'+2m<m’+2m+1
< 0 <1 (luén dung)
Ban c6 thé viét:

Taco: O<l=>m* +2m+0<m’ +2m+1

Trang: 2.
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= m(m+2)<(m+1)* (dpem).
Bai toan 3.
a) Chuing minh rang: (x+1)* >4x;
b) Chimng minh rang: x* +* +2>2(x+y);
¢) Chtng minh rang: (x—y)* < 2(x2 +y2).
Huéng din: Ap dung tinh chit 4 va bién d6i twong dwong.
Loi giai
a) Ta co:
(x+1)> > 4x
< xP+2x+1>4x
< x’+ 2x+1+(—4x) > 4x+(—4x)
S xP=2x+120
& (x—1)> >0 (ludn ding véi moi x e R)
Nhin xét: Phép bién doi trén, ta c6 thé thay do 1a viéc "chuyén vé mot s6 hang thi doi dau".
b) Tacod: x> +y° +2>2(x+y)
SX+Y +222x+2y
& (&7 =2x+1)+ (¥ —2y+1)20
& (x=17 +(y=1)* 20 (ludn dang véi moi x,yeR)
c) Taco: (x—y)* < 2(x2 +y2)
S X =2xp+y’ <2x7+2)°
S0<2x° +2y" —x +2xp —y?
S0<x +2xp+)°
<0< (x+ ) (ludn ding véi moi x,y e R)
Bai toan 4.
a) Chimg minh rang néu x+4y =1 thi 5(x2 +4y2) >1.
b) Chiing minh rang néu x+y =1 thi 2(x2 +y2) >1.
Huéng din: a) Tacod x+4y=1=>x=1-4y.

Thay x vao bat dang thirc cdn chirg minh va bién dbi twong duong.

Trang: 3.
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Loi giai

a)Taco: x+4y=1=x=1-4y

Thay x vao bat dang thirc 5(x2 +4y2)21 ta co:

S| (1-4y) +4y" |21

& 5(1-8y+16y° +4y7)>1

©5(20y° -8y +1) =1

<100y* —40y+5>1

&100y> =40y +5-1>0

&100y* =40y +4>0

< (10y—2)* >0 (ludn dung).

b)Tacd: x+y=1=y=1-x

Thay y vao bit dang thirc 2(x2 +y2) >1 ta dugc:

2[ ¥ +(1-x) |21

& 2(x* +1-2x+x7) 21

S 27 +2—-4x+2x" >1

S4x’ —4x+2-121-1

& (2x—1)* > 0 (ludn dung).
Bai toan S.

a) Chung minh rang: (x+ y)> < 2(x2 +y2).

b) Cho x> +y° =1, chimg to (x+y)* <2.
Hwéng din: a) Bién doi trong duong.

b) Ap dung bat dang thirc ¢ cau a).
Loi giai

a) Taco: (x+y)* < 2<x2 +y2)

S X+ 2xy+ T <2x7+2)°

S0<2x° +2y* —x" -2xy -y’

S0<x—2xy+y’

<0< (x—y)* (ludn dung).

b) Thay x* +y* =1 vao bat dang thirc & cau a), ta duge: (x+y)’ <2.1< (x+y)’ <2.

Trang: 4.
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Bai toan 6.
a) Chimg minh rang: (2x+ y)* < 5()c2 +y° ) .
b) Chiing minh rang: (x+ y)* > 4xy .
Huéng din: Bién ddi trong duong.
Loi giai
a) Taco: 2x+y)’ < 5()62 +y2)
& 4x7 +dxy+ Y <5x°+5)°
& 0<5x +5y* —4x* —dxy—y°
S0<x’ —dxy+4y°
<0< (x-2y)” (ludn ding).
b) Tacoé: (x+y)* > 4xy
& X +2xy+ 7yt > 4xy
S X+ 2xp+y  —4xy =0
S xP-2xp+y* =0
& (x—y)” >0 (luon dung).

I1. So sanh hai sé
Bai toan 7. Cho a—b=5.So0sanh a va b.

Huéng din: Tacd a—b=5<a=bh+5

Pua vé so sanh b va b+5.

Loi giai
Tacd: a—-b=5=a=5+b
Tathdy: 0<5=b+0<b+5
=b<b+5hayb<a.

Bai toan 8.
a) Sosénh a va a+1.
b) Cho x+1<y+1.Sosanh x va y.

Loi giai
a)Tacd: 0<l= O+a<l+a hay a<a+1
b) Tacd: x+1<y+1

=>x+l-1<y+1-1

=>x<y

Trang: 5.
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Bai toan 9.
a) So sanh 4x° —4x+5 va 4.
b) So sdnh x> +2x+3 va 2.
Huéng din: Pua vé téng hodc hiéu binh phuong.
Loi giai
a) Taco: 4x” —4x+5=4x> —4dx+1+4=2x-1)" +4
Vi (2x-1)’20< 2x-1)>+4>0+4=4

Vay 4x’ —4x+5>4
X , . 1
(Dau "=" x4y ra khi sz).

b) Tacé: x* +2x+3=(x+1)"+2
Vi(x+1)°’20=(x+1)°+220+2=2
Vay x> +2x+3>2
(Dau "="xay ra khi x=-1).
Tir két qua bai toan trén, ta c6 bai toan sau:
Tim gia tri nho nhét ciia biéu thuc:
M, =4x> —4x+5.
M, =x*+2x+3.
I11. Bai toan cuec tri (Tim gi4 tri 16n nhat, nhé nhat cia biéu thirc)
Bai toan 10. Tim gié tri nho nhét ciia biéu thuc:
a) A=x"—4x+5;
b) B=x"+y"-2x-2y+2;
c) C=x"+2y"+2xy+6y+9.
Huéng din: Xem Loi giai bai toan 6 va 9.
Loi giai
a)Taco: A=(x-2)"+1>1 (vi (x—2)>>0,v6imoi xeR)
Vay gié tri nho nhit ciia 4 bang 1.
Dau"="xayra ©x-2=0<x=2.
b) Tacd B=(x—1)"+(y—1)° >0 (xem bai toan 6)
Vay gia tri nho nhit cia B bang 0.
Diu"="xayra < x—1=0 va y—1=0

Sx=y=1.

Trang: 6.
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c)Tacod: C=(x+y) +(y+3)> =0
Viy gia tri nho nhit cia C bang 0.
Dau"="xdyra < x+y=0va y+3=0
&S x=3vay=-3.
Ta con c6 thé tim gia trj nho nhét cua biéu thic:
M =x>+2y" +2xy+6y+10.

Bai toan 11. Tim gia tri nho nhét cua biéu thic:
M =x"+y’biét x+y=1.
Huwéng din: Xem bai toan 4.
Loi giai
Taco: x+y=1=y=1-x
Thay y vao biéu thirc M, ta duoc:

M =x"+(1-x)

=x+1-2x+x*=S+0<+1

=2x?—2x+1

L £ ;o1
Vay gia tri nho nhat cia M bang 3

. 1
Dau “=" x4y ra @x—5=0 vay=1-x

1
@x:y:z

Bai toan 12. Cho x>0;y >0 va x” + > =2. Tim gi4 trj 16n nhét ctia biéu thirc: 4=x+ y
Huéng din: Xem 10i giai bai 5.
Loi giai
Theo két qua bai toan 5a) ta cé: (x+ y)* < 2(x2 + yz)
Vi X+’ =2=(x+y)'<22=4

= x+y<2 (vix>0;y>0)

Trang: 7.
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Vay gia tri 16n nhit cia A4 bang 2.

Dau"="xayra < x+y=2 va x* +y’ =2

(tatim duge: x=y=1)

Nhan xét: Ta c6 thé xét khong can diéu kién x>0,y >0.

Trang: 8.
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IV. Lién hé¢ giira thir tw va phép nhan

Bai toan 13. Chtig minh rang:
a)Neéu a>b thi 2a-3>2b-4.
b)Néu a>1 thi a>—a>0.
¢)Néu 0<x<1 thi x> <x.
Hwéng din: Ap dung tinh chit: a<b va ¢>0= ac<bc

a>bvab>c=a<c.
Loi gii
a) Tacod: 2>0 va a>b = 2a>2b (nhan 2 vé véi 2)
=2a-3>2b-3

Laico: -3>-4=2b-3>2b—4
Vay 2a—-3>2b-3 va 2b—-3>2b—-4

= 2a—-3>2b-4 (dpcm)

b)Tacé: a>1val>0=a>0
Vaya>lvaa>0=aa>la

=a’>a

=a'-a>a-a=0
= a’ —a>0 (dpcm).
¢) Tir gia thiét ta co: x>0 va x<1

= x.x <x (nhan hai vé véi x>0 )

= x* <x (dpcm).
Nhan xét:
+) V61 0 < x <1 tuong tu ta chimg minh dugc:

x<xhxt<x?
Vay: 0<x<l=0<..<x'<x <x’<x<l1

+)Véi x>1,tacoh: I<x<x’<x’ <x*<--

Bai toan 14. Cho a > b > 0. Chimg minh a*> > b>.
Huwéng din: Ap dung tinh chat: ¢ >0 va a>0= ac > bc va tinh chat bic cau.
Loi giai
Tacod a>b va a>0= a.a>ab hay a* >ab
Tuong tu: a>b va b>0=>ab>bb hay ab>b’
Vay a’ >ab va ab>b> = a’> >b*> (dpcm)
Nhan xét: Chirng minh tuong ty, ta cling co:

Trang: 9.
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a>b>0=da’>b*:a" >b*; vv...

Bai toan 15.
a) Cho a <b.Ching minh 2-3a>1-3b.
b) Cho a>b. Ching minh 2(1—a)<2(1-5).
Loi giai
a)Taco a<b va -3<0=>-3a<-3b=>1-3a>1-3b

Laico 2>1=2-3a>1-3a
Vay 2-3a>1-3a val-3a>1-3b

= 2-3a>1-3b (dpcm).
b) Tacé a>b va -1<0
=-a<-b
=>1l-a<1-b
:>2(1—a)<2(1—b) (dpcm).
Bai toan 16. Cho a<b va c<d = a+c<b+d
Loi giai

Tacoa<b=a+c<b+c (1)
Laicé c<d=c+b<d+b (2)
Tir (1) va (2) theo tinh chat béc cau, ta c6:

a+c<b+d (dpcm)

Nhén xét: Tinh chit ndy c6 thé phat biéu nhu sau:
"Ta c6 thé cong vé véi vé hai bat dang thie cing chiédu:

a<bvac<d =>a+c<b+d

Hoac a>bvac>d = a+c>b+d
Bai toan 17. Cho a.,b,c,d 13 cac s6 duong a>b va c¢>d.
Chimg minh rang ac > bd .
(Ta c6 thé viét: Néu a>b>0 va ¢ >d >0 thi ac>bd : Nhan vé vi vé hai bat ddng thirc cung
chiéu voi diéu kién cac vé déu duong).
Loi giai

Taco a>b vac>0=ac>bc (1)

Laicod ¢>d va b>0= bc>bd (2)

Tir (1) va (2), theo tinh chét bic cdu, ta co: ac > bd (dpcm).

Nhén xét: Néu 0<a <b va 0<c<d thi ac <bd (chitng minh tuong tu).

Trang: 10.
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Bai toan 18.
a) Cho a >0 va b >0. Ching minh rang %+222.
a
a+c
b+c’

b) Cho 0<a <b va ¢ >0.Ching minh rang: %<
, C s 1 1
¢) Cho a > b > 0. Chung minh rang: —<—b.
a

d) Cho a>0;b>0.Ch1'rngminhr5ng1+L2 4 .
a b a+b

Huéng dan: C6 thé bién ddi twong duong.

Loi giai

>2

2 2
a) Ta co: g+222©a b
b a ab

via>0 vab>0= ab>0 néntaco:

2 2 2 2
a +b 22<:>aba +b
ab ab

>2.ab

& a’+b*>2ab
& a’-2ab+b* >0
2 A ,
< (a-b) 20 (luén dung)

9 o Lb+e) <2 (bte)

b) Ta co: 4 <
b+c b b+c

<:>a(b+c)<(a+c)b
<:>a(b+c)<(a+c)b
& ac<be(vie>0)

< a < b (ludn dang, theo gia thiét 0<a<b )
Nhdn xét: Ta c¢6 thé lam nhanh hon, bang cach "nhan chéo”.
a+c

Tacé:%< <a(b+c)<b(a+c) (vit b>0;b+c>0)

b+c
< ab+ac<ab+be
& ac < be

< a<b.

Trang: 11.
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c¢) Ta co: l<i<:>l b<i. b vib>0)
a b a b

<:>2-a<1.a(via>0)
a

< b<a (lubn dang vi theo gia thiét a >b>0 ).

d)Tacé:l+lZ 4
a b a+b

<:>(a+b)(l+%j24 (via>0;b>0=>a+b>0)

a

<:>a-l+£+é+b-ls4
a b a

©ﬂ+2+224
a

o %i >2 (day la bai toan a))
a

Nhn xét: Ta c6 thé viét: (a+ b)(h%j >4 (a>0;b>0).

a
Bai toan 19. Cho £ << 5> 0; d > 0. Chimg minh ring £ < 27€ . €
a b+d d
Loi giai
Ta chiing minh iy arce
b+d
That vay: < are
b b+d

<a(b+d)<b(a+c)(vib>0;d>0=b+d >0)

< ab+ad <ba+bc

< ad <bc
a c . NN SR
©g<g(V1b>0;d>0Vaglathletdacho)

atc C
< —

Chtrng minh tuong tu: V6i b >0, d >0, ta cod .
b+d d

Trang: 12.
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Bai toan 20. Cho 2x+1<2y+1.Sosanh x va y?
Huwéng dén: Dung phép bién dbi twong duong.

Loi giai

Taco 2x+1<2y+1&<2x+1-1<2y+1-1

& 2x<2y
1 1
S2x-—<2y-—
2 S
S x<y.

Bai toan 21. Cho 1-3a>1-3bh.Sosanh a va b ?
Huwéng din: Bién d6i tuong duong.
Loi giai

Tacd: 1-3a>1-3b<= —-3a>-3b @(—%j(—?)a)é[—%j(—%) < a<b

Bai to4n 22. So sanh a,b biét: 2a+5<2b+5.
Loi giai

Tacd: 2a+5<2b+5<2a<2b
Sa<b.

Bai toan 23. S6 a 1a s6 am hay duong, néu: —3a >—5a?
Loi gidi

Néu a<0 va -5<-3=-5a>-3a
Trai gia thiét: —3a > —5a

Néu a=0=(-3).0=(-5).0 (khong ding)
Vay a>0 (lac do taluon cd6 -5<-3=—-5a>-3a)

Bai toan 24. Cho x> 0,x #1. So sanh x+l va 2.
X

< 1
Huong dan: Cho x=3:>3+§>2.

Ta chung minh: x+12 2(x>0).
X

Loi giai

Trang: 13.
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1
Ta ching minh x+—>2 (x>0,x#1)
X

2

Ta co: x+122<:>x +122

X X

<P 41> 2x (Vix>0)
S xT-2x+120

& (x—1)° >0 (ludn dung)

Vi x¢1:>(x—1)2>0:x+l>2.
X

Nhan xét: Bai toan sau day cling dugc xét tuong tu:

4x* +1

So sanh va 4 (véi x>0).

X

V. BAI TOAN CUC TRI

. r 3 . . 5 A 5 < A J 1 I
Bai toan 25. Tim gia tri nhd nhat cua bicu thuc 4 =x+—; véi x>0.

x
Huwéng din: Xem bai toan 24.
Loi giai
N r 1
Theo bai toan 11,taco voi x>0:x+—=>2.
R
Vay gié tri nho nhit cia 4 bang 2.
Dau "="xayra < x=1
4x* +1
Tuong tu: ————~ >4 (x>0)
x
Sdx’+124x
S 4x? —4x+120
o (2x-1) 20
Ay M= 2 1
Déu "=" xay ra <:>x:5.
e ; 2 1
Bai toan 26. Tim gia tri nho nhat cua bi€u thic P=———.
—x"+2x-5

Huong din: —x* +2x-5=—(x" -2x+1)-4=-4—(x-1)" <-4

Loi giai

Trang: 14.
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Taco: P= =

Viy gia tri nho nhit cia P bang —%.

Dau "="xayra < x=1.
Bai toan 27. Tim gia tri nho nhét cua biéu thirc P = x> + .
Huwéng din: T x+y=1= y=1-x.Thé y vao biéu thirc P.

Loi giai
Taco: x+y=1=>y=1-x.
Thé vao P, taduoc: P=x’ +(1 —x)2
=2x" —2x+1

:2(x2 —x)+1

=2 xz—Zx‘l+l 1 +1
2 4) 4

1 11
=S|l xXx—=| +t—2—
2 2 2
A . . 5 A 5 M 1
Vay gia tri nhd nhat cua P bang )
Aanm_ngz 1 \ 1
Dau "= xayra@ngvax-i-y:l@x:yzg

Ban c6 thé xét bai toan sau:
Tim gi4 tri nhé nhét cua biéu thirc: P =4x+y* voi 4x+y=1.
(Taco 4x+y=1=y=1-4x.

Thay y vao P,tadugc: P=4x"+(1-4x)* =20x" —8x+1

:>5P21:>P2§.

. . .1
Vay gia tri nhé nhat cua P bang g

An_n 2 1 A 1
Dau "=" xay ra <:>ng va yzg

(Ban can suy nghi mot chut dé xét 5P).

Trang: 15.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9
Bai toan 28. Tim gié tri 16n nhat cua biéu thic P =

Huwéng din: Ap dung bat dang thirc (a+b)* > 4ab .
(Xem bai toan 3a) §1 Lién hé giita thir ty phép cong: (x+ 1)2 > 4x
Loi gidi

Taco: (x+1)° > 4x (Xem bai toan 3.a; §1)

MZ4:> X 231
X (x+1) 4

Vix>0=>

s : 1
Vay gia tri 16n nhat cia P bang rk
Dau "="xdyra < x =1

1 ..
(le)2 <— (v6i x> 0)

Nhdn xét: Ban c6 thé suy nghi dé tim cach chimg minh:

1
Céch khac: Dt y=x+1= P=2"—~.

y

2
R SR , X+
Bai todn sau: Tim gia tri nhé nhat cta bi€u thic P = ( ) (x > O) .
X

2
el X +2x+1
Loi giai nhu sau: P=——=x+2+—.
X X

Ta cod x+122:>P:x+%+224.
X

Vay gia tri nho nhit cua P bang 4.
Dau"="xayra < x=1
Ban hay gidi bai todn sau:

x*+1

(x>0)

Tim gi4 tri nho nhét cia biéu thirc: P =
X

Loi giai

2 _1\2
=4x 4x+1+4x=(2x 1) 4>

P >4

X X
Vi x>0 va(2x—1)" >0.
Vay gié tri nho nhit cia P bang 4.

z . 1
Dau "="xayra < x = 5"

Trang: 16.
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(x+y)2
4

Bai toan 29. Chig minh rang: xy <

Huwéng din: Bién d6i tuong duong.
Loi giai
(x+ y)2

Ta co: xy <
=Ty

& dxy < (x+y)2

S dxy <xP+2xp+ 9
S0<x =2xp+y°
& 0< (x—y)* (ludn ding)
Dau"="xay ra < x=y.
Nhan xét:

+ Cho x+y=_S (khong d6i), ta c6 két qua: Néu hai s6 c6 tong khong ddi thi tich cua chung dat
gia tri 16n nhat khi hai sb bang nhau.

+ Cho hai s6 duong c6 tich khong dbi thi tong cta chiing dat gia tri nho nhat khi hai s6 bang
nhau.

Ap dung:
Cho hinh chir nhat ¢6 chu vi 20 (m) , tim hinh chir nhét c6 dién tich 16n nhét.
Huwéng didn: Goi x 1a chiéu dai cua hinh chit nhat,

chiéu rong sé la: % —x=10—x (10 mla ntra chu vi hinh chir nhat)

Dién tich hinh chir nhat la: (10— x)x
Vay tich (10 —x)x dat gié tri 16n nhit < 10—x=x

<= 2x=10
Sx=5

Khi x=5=10—-x=5

Vay trong cac hinh chit nhat ¢6 chu vi 10 m (khéng d6i) thi hinh vudng cé dién tich 16n nht.

N [ . 5 A 5 s R Ja 1
* Cho x> 0. Tim gia tri nho nhat cia biéu thirc x+—
X

1 .
Taco: x-—=1 (khong doi1)
X

1 L % 1
Vay x+— dat gié tri nhé nhat < x =—
X

=

Trang: 17.
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Vi x>0,néntaldy x=1.
T S 1. .
Gia tri nhé nhat cua x+— bang 2 (véi x=1).
X

Bai todn twong tu:
Tim gia tri 1on nhét ciia biéu thuc P = x° (1 - xz)

x2+1

Tim gia tri nho nhit cua Q = (x>0).

X

Trang: 18.
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Bai 6. BAT PHUONG TRINH BAC NHAT MQT AN
A. KIEN THUC CAN NHO.
1. Khai niém bat phwong trinh bic nhat mét an.
* Bit phuong trinh dang ax+b <0 (hodc ax+b>0,ax+b<0,ax+b >0 ) trong d6 a,b 1a hai s6 da cho,

a#0 dugc goi la bat phuong trinh bac nhét mot an x.

* Nghiém cua bat phuong trinh:

-8 X, la mot nghi¢m cua bét phuong trinh A (x) <B (x) néu 4 (xo) <B (xo) 1a khing dinh dung.
- Giai mot bat phuong trinh 13 tim tt ca cic nghiém ciia bat phuong trinh do.

2. Cach giai bat phwong trinh bic nhit mét an

* Bét phuong trinh bac nhat mot 4n ax+b < 0(a #0) duoc giai nhu sau:

ax+b<0
ax<-b.

. b
-Néu ¢ >0 thi x<——.
a

. b
-Néu a <0 thi x>——.
a

Chii y: Céc bat phuong trinh ax+b > 0,ax+b<0,ax+b>0 dugc giai twong tu.

B. PHAN LOAI CAC BAI TAP
I. Giai bat phwong trinh
Bai toan 1. Giai bat phuong trinh:

a) x—5>4 (1) b) 8x+2<7x-1 (2)

c) 3x>-4x+1 3) d) 3x+4>2x+3 4)

Loi giai

a)Taco(l) ©x>4+5<x>9.

Vay nghiém ctia bat phuong trinh (1) 1a x> 9.

b) Taco (2) & 8x—-Tx<-1-2x<-3

Viy nghiém cua bat phuong trinh (2) 1a x < -3.

c)Taco(3) @ 4x-3x>1<x>1

Vay nghiém ctia bat phuong trinh (3) 1a x > 1.

d)Taco (4) ©3x—-2x>-4+3x>-1

Viy nghiém cua bat phuong trinh (4) 14 x> —1.

Bai toan 2. Giai bat phuong trinh:

a) —4x<12 (1) b) —x>2 )
¢) 3x<4 3) d) 5-2x>0 (4)
€) 2—5x<27 (5) f) 3—4x>31 (6)

Trang: 1.
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Loi giai
a) Taco (1) < (—4x):(-4)>12:(-4) < x> -3
Vay nghiém ctia bat phuong trinh (1) 12 x > -3.
b) Taco (2) < (—x) : (-1)<2: (1) x<-2
Vay nghiém cua bat phuong trinh (2) 13 x < 2.

c) Taco (3) <:>x<g

Vay nghiém cta bat phwong trinh (3) 1a x < % .

d) Taco (4) < —2x>-5.
& (-2x):(-2) £(-5):(-2)

5
&S x<—.
2

Vay nghiém ctia bat phuong trinh (4) 1a x < % .

e) Tacd (5) < —5x<27-2

< —5x:(=5)=25:(-5)

S xz2-5
Vay nghiém ctia bat phuong trinh (5) lax>-5
f) Tacod (6) < —4x>31-3

< —4x:(—4)<28:(-4)

S x<-T7
Vay nghiém ctia bat phuong trinh (6) lax<-7

Bai toan 3. Giai bat phuong trinh:

2 1
—x>-6 1 b)3——x>2
a) 3" (1) ) 2"
4
O 6-2x<d () g ¥
5 5
Loi gidi
a) Ta co (1)<:>—x—>—6%

< —x>-9

Vay nghiém cua bat phuong trinh (1) la—x>-9

(2)
(4)

Trang: 2.
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b) Ta co (2)@—%x>2—3

o (—%xj.(—4) <(=1).(—4)
<> x<4

Vay nghiém cua bat phuong trinh (2) lax <4

¢) Tacd (3)<:>—§x<4—6

10
o x>—
3
A T . . 10
Vay nghiém ctia bat phuong trinh (3) lax > 3
d) Ta co (4)<:>5.6_4x <5.1
& 6-4x<5
& —4x <-1

< —4x:(-4)=(-1):(—4)

@le
4

. 1
Vay nghiém ciia bat phuong trinh (4) lax > 2

Bai toan 4. Giai bit phuong trinh:

Huwoéng din: Quy dong miu thirc ¢ ca hai vé
Loi giai
2(1-2x)-2.8 1-5x
8 8

a)Taco (1)<

< 2-4x-16<1-5x
& Sx—4x<1+14
< x<15
Vay nghiém cua bat phuong trinh (1) lax<15

3(x-1)-12  4(x+1)+8.12

b) Tacod (2
) ()C> 12 12

by 3—Lx>2
4

(2)

Trang: 3.
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< 3x-3-12>4x+4+96
< 3x—4x>100+15

& —x>115

< —x.(-1)<115.(-1)

& x<—115

Véy nghiém ctia bat phuong trinh (2) la< x < -115
Bai toan 5. Giai bat phuong trinh:
a) 2x+1>2(x+1) (1) b) 5+5x<5(x+2) (2)
¢) 3(x-2)(x+2)<3x*+x  (3) d)(x+4)(5x-1)>5x"+16x+2  (4)
Hwéng din: Rut gon va dua vé dang ax+b >0 hodcax+b<0
Loi giai
a) Tacod (1)< 2x+1>2x+2

< 2x—-2x>2-1
<:>0x>l(sai)

Vay khong c6 gia tri nao clia x thoa man bat phwong trinh di cho.
b) Tacod (2) < 5+5x<5x+10

& 5x-5x<10-5
& 0x < 5(Zu6n dung Vx e ]R)

Véy nghiém ctia bat phuong trinh (2) 1a tap hop R
c)Taco (3) = 3(x2 —4) <3x*+x

<3 —12<3x% +x
< -12<x
S x>—12

Vay nghiém ctia bat phuong trinh (3) la x>-12
d) Taco (4) < 5x* +20x—x—4>5x> +16x+2

< 19x—-16x>2+4
<3x>6

&S x>6:3

= x>2

Vay nghiém ctia bat phuong trinh (4) 1a x> 2

Bai toan 6. Tim x, sao cho:

a)(x—l)x<0 (1) b)(x—2)(x—5)>0 (2)
c)f:§>0 (3) d);‘:>0 (4)

Trang: 4.
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Huéng din: Ta X:c't dau mot tich hodc mot thwong. Khong nhan hai nhi thirc ¢ bai a); b).
Khong nhan hai vé vi mau bai c); d).
Loi gidi
a) Truong hop 1: x>0va x-1<0&<x>0va x<l< 0<x<l1.
Trwong hop 2: x<0va x—1>0< x<0 va x>1 (khong ton tai x)
Vay nghiém cua bat phuong trinh (1) 1a 0<x <1
b) Truong hop I1: x—=2>0va x-5>0<x>2 vax>5< x>5.
Truong hop 2: x—2<0va x-5<0&&x<2va x<5&x<2.
Vay nghiém ctia bat phuong trinh (2) la x>5 hodc x<2
c) Truong hop 1: x+2<0va x-3>0
x <=2 va x>3 (khong ton tai x)
Truong hop 2: x+2>0va x—-3<0
x>-2vax<3
& -2<x<3
Vay nghiém ctia bat phuong trinh (3) la 2<x<3
d) Tuong tu b).
Vay nghiém cta bat phwong trinh (4) lax >-1 hoac x<-5
Bai toan 7. V6i gia tri ndo cua x thi:

) )
372X |5n hon gié tri phan thitc >

a) Gia tri phan thic

5—-x 4x+5

1
b) Gia tri phan thirc - 5 nho hon gia tri phan thirc ?

5-2x 5x-2
>
3

Hwéng din: a) Tim x sao cho

Loi giai

a) Xét bat phuong trinh > _62x > 5x3— 2 (*)

5-2x S 2(5x—2)
6 6

& 5-2x>10x—-4

& 2x—-10x>-5-4

< -12x>-9

-9 3

SX<——x<—
-12 4

Taco(*) <

. 3
Pap s6: x<—
P 4

Trang: 5.
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. 1,5- 4x+5
b) Xét bat phuong trinh - 5 P x2+ (*)

2(1,5-x) 5(4x+5)
<
10 10
< 3-2x<20x+25
< 2x—-20x<25-3
< -22x <22

Taco(*) <

= x> 22 &S x>-1
—22
Pap sb: x> -1
I1. Bai toan c6 tham s
Bai toan 8.
a) Tim m dé phuong trinh x—3=2m+4 c6 nghiém duwong?
b) Tuong tu phuong trinh 2x—5=m+8 c6 nghi¢m am?
Huwéng din: Giai phuong trinh bac nhit mot an.
Loi gidi

a)Taco x-3=2m+4 < x=2m+7
, 7
Xét x>0<:>2m+7>0<:>m>—5

b) Taco 2x—5=m+8<s 2x=m+13 < x = 713

m+13

Xét x<0&= <0em+l13<0e= m<-13.

Bai toan 9. Giai va bién luan bat phuong trinh:
m(x—m) >x—1 (*)
Hwéng din: Pua vé dang ax+b>0.
Loi giai
Ta co (*)@ mx—-m>>x—-1<mx—x>m’ -1
< (m-1)x>m’ -1 (**)

+) Truong hop 1: m—1>0 & m>1

2

S x>m+l

Taco (*) < x> e
m—1

+) Truong hop 2: m—1=0 < m=1

Ta co (*)<:> 0x >0 (khong ton tai x)

+) Truong hop 3: m—1<0 < m<l1

Trang: 6.
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2

Tac()(*)<:>x<m S x<m+l

m-—1

Pap s6: «m>1: Tap nghiém cia (*) S = {x|x >m +1}
«m=1: Tap nghiém cia (*): S =
em<1: Tap nghiém cua (*): S = {x|x <m +1}
Nhdn xét: Bat phuong trinh ax+b > 0, ta phai xét ba truong hop: a <0; a =0 hodc a >0
* Ban c6 thé giai bai toan sau:
Giai va bién luan bat phwong trinh: mx +1> mx +m’
Bai toan 10. Mot ngan hang ap dung 13i sudt giri tiét kiém ki han 12 thang 1a 7,5% ndm. Ba Ngan du
kién giri mot khoan tién vao ngan hang nay va can sb tién 1di hang nam it nhat 1a 50 tri¢u dé chi tiéu. Hoi
s6 tién ba Ngan can giri tiét kiém it nhat 1a bao nhiéu (1am tron dén triéu dong)?
Loi gidi
Goi x (triéu d@)ng) 1a s6 tién ba Ngan can gui tiét kiém. Ta c6 sd tién 13i gui tiét kiém x (triéu
d6ng) trong mot nam 1a 0,075x (triéu dong)
Mubn c6 s6 tién 13i it nhat 1a 50 triéu dong/ nam thi ta phai co:
0,075x>50
x>50:0,075
x>666,(6)

Vay ba Ngan can giri ngan hang it nht 667 triéu dong.

Trang: 7.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

BAI TAP CUOI CHUONG II
A. TRAC NGHIEM:
1. Nghiém cta bt phwong trinh —2x +1< 0 1a:

1 1
A x<—. B. x>—. C. x<—.
2 2

A1 e . , . X 3 X
2. biéu kién xac dinh cua phuong trinh + =

2x+1 x=5 (2x+1)(x-5)

1 | .
A X#*——. B. x#—— vax#-5.
2 2

C. x#-5. D.xi—%hoécx;tS.

3. Phuong trinh x—1=m+4 c6 nghiém 16n hon 1 voi:

A m>-4. B. m<4. C.m>-4.
4. Nghiém ciia bat phuong trinh 1—2x > 2 —x la:
1 1
A x>—. B. x<—. C. x<-1.
2 2

5. Cho a > b. Khi d6 ta co:

A. 2a>3b. B. 2a>2b+1. C. 5a+1>5b+1.

Huwéng din - Pdp sé

1.—2x+1<0<:>1<2x<:>x>%.

Chon B.
Cach khac: -2x+1<0&< 2x< -1

(-2%):(=2)>(-1):(-2)

1
SX>—.
2

2. bKXD: 2x+1#0 va x-5=%0
I
<:>x¢—5 va x#5

Chon D.

. x-1l=m+4d=x=m+4+1l>x=m+5
Xét m+S5>1om>—4.
Chon C.

4. 1-2x22—-x< x>l x<-1
Chon C.
5.a>b=5a>5b=5a+1>5b+1

Chon C.
B. TU LUAN

D. m<—4.

D. -3a<-3b-3.

Trang:1.
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1. Giai cac phuong trinh sau:
a) Bx—1%—(x+2)’=0; b) x(x+1)=2(x*-1).

2. Gidi cac phuong trinh sau:

X 2 x? 1 X 3

a - = ; b - =
) x-5 x+5 x*-25 ) x+1 X -x+1 x +1
3. Cho a <b, hdy so sanh:
a) a+b+5 voi 2b+5; b) 2a-3 véi —(a+b)-3.
4. Giai cic bat phuong trinh:
a) 2x+3(x+1)>5x—(2x—4); i) (x+1)(2x-1)<2x* —4x+1.
, . \ X \ LX)
5. a) Chirng minh rang: néu x>0 va y >0 thi —+=2>2.
y X
b) Chting minh bit dang thuc: a*+1> a(a2 + 1)
6. Giai bat phuong trinh:
-1 x-2 —
a) (x+2° +3(x+1)2x° -4 (1) py Il XT2 XT3 g
2 3 4
7. Giai bat phuong trinh:
a) (x+1)(2x—2)—3 > —5x—(2x+1)(3—x) (1)
b) (x—3)’+4(2-x)>x(x+7) (2)
8. a) Cho —3a >2a. Ching té a am.
b) Cho 2x+y=5.Chingtd x> +y° >5.
9. Tim gia tri nhé nhat cta biéu thirc: A= |2 —x| +3.
10. Giai bat phuong trinh:
ALy by *=2 <0,
x+1 x—1
Huéng dén gidi

1.a) Bx=1)°=(x+2)*=0
e[(Bx-1)-(x+2)}{(Bx-1)+(x+2)]=0
<:>(2x—3)(4x+1)=0

< 2x-3=0hoac 4x+1=0

& x=— hoac x=——.
2 4
b)x(x+1):2(x2 —1)

<:>x(x+1)—2(x—l)(x+l):0

Trang:2.
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& (x+1)[x-2(x-1)]=0
<:>(x+1)(2—x):0
< x+1=0 hodc2-x=0
& x=-1 hodc x=2

2. a) DPKXD: x #15. Khi do:

2
X 2 X

- =———. MTC:x*-25
x-5 x+5 x"-25

<:)x(x+5)—2(x—5):x2

< xP+5x-2x+10=x*

<:>3x:—10<:>x:—% (nhan)
) , A 10
Phuong trinh ¢6 nghiém x = 3

1 3 X _ 3 *)
x+1 x*—x+1 x*+1
MTC: x* +1:(x+1)(x2 —x+1)

b)

PKXD: X’ +120= X #-1< x#-1.

Khi do:

(*) <:>(x2 —x+l)—x(x+1) 3

S xt—x+l-x*—x=3

& 2x=2< x=-1 (loai)

Vay phuong trinh (*) v6 nghiém.
3.a)Taco: a<b=a+b<b+b=a+b<2b

=a+b+5<2b+5.
b)Tacoé: a<b=-a>-b
=>-a-a>-b-a

= -2a >—(a+b)

:>—2a—3>—(a+b)—3

Trang:3.
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4. a) 2x+3(x+l)>5x—(2x—4)

S 2x+3x+3>5x-2x+4

<:>2x>1<:>x>%

Vay nghiém ctia bat phuong trinh 1a x > % .

b)x+1)(2x—1) <2x* —4x+1

S22t —x+2x-1<2x* —4x+1

< 5x<?2

2

<>XxX<—

5
s cos 2
Vay nghiém cuia bat phuong trinh la x < g

5.a) Ta co: TiYso
y X
2 2 2 2

P T 22<:>xyx T
xy X

22xy(vix>0vay>0=xy>0)
S+ 22xy e xt —2xp+y> 20
& (x—y)* 20 (ludn dung)
b) Ta co: a4+12a(a2+1)
sat+l2a’ +a
sSat-a+1-a>0
ea*(a-1)-(a-1)=0
<:>(a—l)(a3—1)20

<:>(a—1)2(a2+a+1)20

2
Ta thay a2+a+1:a2+2a%+i+l—%:(a+lj 33350

Trang:4.
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Via’+a+1>0 véimoi aeR, (a—=1)>>0 véimoi acR.
Vay (a1 (@’ +a+1)=0 véimoi aeR.

6.a) (1) & x’ +4x+4+3x+32x" -4

S Tx+72-4

= Tx2>2-11
11

S x> ——
7

. 11
Vay nghiém cua bat phuong trinh (1) 1a x > =

b) (2) @6(x—1)—4(x—2)£12x—3(x—3)
& 6x-6-4x+8<12x-3x+9
S 2x+2<9x+9
& —Tx<7T
S x=-1

Vay nghiém cua bat phuong trinh (2) 1a x> —1.

7.a) (1) < 2x" —2x+2x-2-3>—5x—(6x+2x" +3—x)

S22 —5>-5x—6x+2x" -3+x

& 10x2>2

&S x> —
5

Vay nghiém ctia bat phuong trinh (1) 1a x> %
b)) ©x*—6x+9+8—4x>x" +7x

< -17x>-17

< x<l
Vay nghiém cta bat phuong trinh (2) 1a x <1,

8.a)Tacd: -3a>2a=>-3a-2a>0=>-5a>0=a<0
b) Vi 2x+y=5=y=5-2x

Trang:5.
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Vay x> +y° =x> +(5-2x)
=x” +25-20x+4x"
=5x —20x+25
=5(x2 —4x+4)+5

=5(x-2)"+5>5 (i (x-2)>=0)
Dau “="xayra khi x=2,y=1.
9.Tacod [2—x|>0 véimoi x=[2-x[+323

Vay gié tri nho nhit ciia A bang 3.

Dau "="xayrakhi 2-x=0&x=2.

10.a) Truonghop I: x—1>0 va x+1>0=>x>1vax>-1=x>1.
Truong hop 2: x—-1<0 va x+1<0=>x<lva x<-1=x<-1.

Vay x>1 hodac x<—1.
b) Truong hop 1: x—2>0 va x-1<0
< x>2 va x<1 (vo nghi¢m)

Truong hop 2: x-2<0va x—-1>0 <o x<2vax>1ol<x<2

Pap sd: 1<x<2.

Trang:6.
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Chuong III. CAN BAC HAI VA CAN BAC BA

Bai 7. CAN BAC HAl VA CAN THUC BAC HAI

A. KIEN THUC CAN NHO

1. Céan bac hai

- A . 5 A A A \ A 2
* Can bac hai cua s6 thuc khong am « 1a so thuc x saocho x” =a.
Nhan xét:

- S6 am khong c6 can bac hai;

-S6 0 c6 mdt cin bac hai duy nhat1a 0;

- SO duong a c6 ding hai can bac hai doi nhau 1a +/a (can bac hai so hoc cua a) va ~a.

* Tinh chat cta can bac hai: Va® =|a| v6i moi so thyc a .

2. Can thire bac hai:
* Pinh nghia

Cin thirc bac hai 1a biéu thtrc ¢6 dang JA trong 46 A 1a mot biéu thirc dai s6. A dugc goi 1a

biéu thuc lay can hoac bi€u thirc dudi dau can.

JA xac dinhkhi A 14y gié trj khong am, ta thuong viét 14 A >0. Tanéi A >0 1a diéu kién x4c

dinh (hay diéu kién c6 nghia) cia VA .
* Hang ddng thirc VA? =|A|

Tuong ty nhu cén béc hai cua mot s6 thuc khong am, véi A 1a mot biéu thirc, ta cling co:

+V6i 420, tacd JA20,(/4) = 4;

4 =4

B. PHAN LOAI CAC BAI TAP
I. Tim ciin bic hai ciia mt s6
Bai toan 1. Tim cac can bac hai cua 4;%;3 .
Loi giai
Tacd: 4>0 nén 4 c6 hai can bachaila 2 va —2 vi 22 =4 va (-2)’ =4

2
Tacé:E>Onéngcéhaicénbéchailéivé—ivi ii =E.
9 9 3 3 3) 9
Tac6 3>0 nén 3 c6 hai cin bac hai la /3 va —/3. Vi (£4/3)? =3.

Bai toan 2. Giai phuong trinh:
a) x’ =4; b) x* =2; c) x*=-2; d) x*=0.

Hwéng din: Nghiém cua phuong trinh x* =a (v6i @ >0) 1a cic cin bac hai cia a.

Trang: 1.
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Loi giai
a) Tacod 4>0 nén 4 c6 hai cin bac haila 2 va -2 vi (£2)* =4.
o x=2
Viy x" =4 = .
x=-2

Téap nghiém cua phuong trinh x* =4 1a § ={-2;2}.
b) Ta cd 2>0 nén 2 c6 hai cdn bac hai la 2 va —/2 vi (£4/2)* =2.

Vay x2=2:>[

Tap nghiém ciia phuong trinh x* =2 1a S = {—\/5 2 } .

¢) Taco: —2<0 nén —2 khong cé cin bac hai = phuong trinh x> =2 v6 nghiém.

Vay S=0.

d)Taco ¥’ =0=>x=0.

Tép nghiém phuong trinh x* =0 1a § ={0}.

(Ban ding nhdm véi S =& va S = {0} ).

Ta c6 thé giai cach khac nhau sau, chang han.
x-2=0 x=2

*x2:4<:>x2—22:0:>(x—2)(x+2)20 3[ [

= .
x+2=0 x=-2

x=~2

*xX=2= 22 -2=0=x*—(v/2)’ =0 :(x—\/z)(x+\/5)=0:>L:_\/§.

Bai toan 3. Tim can bac hai s6 hoc cua so sau:

a) 144; b) %; c) 1,21; d) (-1,69)".

Huwéng dan: Goi x (khong am) 1a can bac hai s6 hoc cta s6 a, ta c6: x* =a, ta dua vé bai toan 2 .
Loi gidi
a) Goi x(x>0) la can bac hai s6 hoc ctia 144, ta co: 144 >0, nén 144 ¢6 mot can sb hoc 1a
12, ta viét: /144 =12 vi 122 =144.
4

§>0
b) Ta co: E=i vi 5 .
Vo 73 (4] 10
3 9
,L1>0
¢) Tacd: J1,21=1,1 vii .
) {(1,1)2 =1,21

d) Ta cé /(~1,69)* =/(1,69)> =1,69 vi 1,69 >0.

II. Phuwong trinh dang: JA=8B

Trang: 2.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

B>0
A=B"
(Thuc chit cta van dé 1a ta dd binh phuong hai vé, vi (\/Z ) = A).

Cach giai: J4=Bo {

Bai toan 4. Giai phuong trinh:

a) Jx =3; b) Vx-2=1; ¢) Vx =x; d) V6—4dx+x’ =x+4.

Loi giai
32> 0 (ludn @u
a) Ta c6: vx =3 3{ 32( uon ding) = x=9. Tap nghiém: S ={9}.
X =
1> 0 (luén dan
b)Tacc')\/x—2:1:>{ 2(‘; e o3, Tép nghiém: § = {3} .
X — =

X=x X' —x=0 x(x-1

x>0 x>0 x20 x=0 )
¢)Tacd JVx=x = , = = )=0 = . Tap nghiém: S ={0;1}
= x

x+4=0
d)Tacd V6—4x+x* =x+4 :>{

6—4x+x’ =(x+4)

x>—4
x>—4 x=>—4 5 R i 5
= ., = = 5 =>x=——. Tapnghiém: S§=<-=
6—4x+x =x"+8x+16 12x=-10 x:—g 6 6

Bai toan 5. Giai phuong trinh:
a) VX’ =1 —+/x-1=0; b) Vx+4 —x*+5x+4=0.

Hwéng din: Ta dua vé dang J4=+B

[VB=0 [B>0
Taco & .
Loi giai
x—1>0 x>1
a) Taco: Vx’ —1-Jx-1=0=+/x"-1=+vx-1 =1 | =
x —1=x-1 x —x=0
x>1 x>1 x>1
= = = =x=1.
x(x—l)zO x=0vx-1=0 x=0v x=1

Tap nghiém: S ={1}.

>

B B nhung & bai toan nay, ta khong nén dat x> —1>0.

, A
Chii y: TacéthéxétJZ:JE@{A

Trang: 3.
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Ta xét bai toan b) sau day:

+4>0
b) Tacod: Vx+4 —Vx* +5x+4=0 =Jx+4=+x"+5x+4 :>{ *

X' +5x+4=x+4
x>—4 x>-4 x>—4 x>-4 x=0
=9, = = = = .
X +4x=0 x(x+4)=0 x=0v x+4=0 x=0vx=-4 x=—4
Tap nghiém: § ={-4;0}.
Ta c6 thé xét bai toan tuong ty sau ddy:  Vx® —1++/x—-1=0
Vi Vx? =120 va Jx-1>20=+x"-1+/x—-120.

x2_1:0 2—1:0
ay Vx —=1++/x-1=0=> :>x =>x=1.
Vay Vx* —1++/ 0

Jx-1=0 |x-1=0

Ban hay giai phuong trinh sau:

D Va2 —9+Jx-3=0 Pap s6: x =3
2) Jx?—3x424Jx—1=0 Pap sb: x=1
3) {x—2<1=ﬁ Dap sb: x=4.

II1. Tim diéu kién x4c dinh cia biéu thirc

Bai toan 6. Tim x d¢€ cho can thure sau c6 nghia.

a) N—2x+1 b) ! c) iz d) -3

x+2 X x*+1

Huéng dan: J4 ¢6 nghia<s A>0; icé nghia< 4 #0.
Loi giai
a) V—2x+1 xac dinh(c6 nghia) => 2x+1>0=2x<1= x< % .

1

>0
b) |—— xdcdinh ={x12 D x+2>0=x>-2.
x+2
x+2#0
1
¢) 4/ xacdinh = {x =>x#0.
X 2
x #0

d) / 2_3 xé4c dinh = 2_3 >( (khong ton tai).
x +1 x°+1

Bai toan 7. Tim x dé cén thuc sau c6 nghia.

a) Vx+l—x b) Jx(1-x) 0 ;”
—X

Trang: 4.
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Hudng dén: Ta tim diéu kién cho tit ca cac cdn bac hai xac dinh.
Loi giai

>0 >0
a) Jx va1-x xac dinh :{x :>{x

I-x>0
L x20 . |x=0
b) \/x(1—x)xdc dinh = x(1-x)>0 :{1—)@0 hoic {1 <0

=0<x<1

I1+x>0 I+x<0
c) fo xac dinh= 1+x20:> g hodc * =>-1<x<2
2—x 2—x 2—-x>0 2—-x<0

Bai toan 8. Tim x dé biéu thirc sau xac dinh :

a) |/(x—1)(x-3) b) Vx* -1 S

Huéng din: Xem 10i giai bai toan 2.

Loi giai
a) \/(x—1)(x-3) Xécdjnh:(x_l)(x_3)20j{x—li(()) ot {x_lg
X 2
b) Va? 1= J(x—1)(x+1)
Vay +/x* —1 x4c dinh :{X‘IZO hodic {x—lso

x+120 x+1<0

x-1 , .. x—1 x—120 . [x—-1<0 .
c) xac dinh = 20> hoac = x>2 hoac x<1
x=2 x=2 2>0

= x>3hoac x<1

= x21 hodc x<-1

x—2> x—2<0

IV. Riit gon biéu thirc

Bai toan 9. Rut gon:

Huéng din: Ap dung hing déng thire: v/4> =|4].
Loi gidi
a)Taco: A=|3-2/=-(v3-2) ;vi 3-2<0
Vay A=2-+/3.
b) Ta c6 : B:‘2—x/§‘=—(2—\/§)=\/§—2;(vi 2-45<0).
¢) Taco: C=[3-1-3=(V3-1)-3=-1(vi V3-1>0).

Bai toan 10. Rut gon:

Trang: 5.
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a) A=3+242 -\3-22 b) B=y7-43 +7+ 43
¢) C=~23+8J7 =7 d) D=+11-632 -3++2
Huwéng din: ) Taco 3+2v2 = 1+2.132+2 =12 +2.142+(v2) =(1++2)

—3+242 =,/(1+J§)2 =|1+J§|=1+J§.

( Cac biéu thuc khac duge lam tuong ti ).

Loi giai
a) Ta c6 : A=2+22+1-2-242 41 =\/(\5)2+2.\E.1+12—\/(\6)2—2\5.1“2
S (B N () ()2
b)Taco: B=y4-225+3+4+2205+3 = [(2-+3) + (2443
=2 3|+[2+VB|=2-3 + 243 =4

) Taco: C=y16+2.47+7 -1 = (4+\ﬁ)2—ﬁ:‘4+\ﬁ‘—\ﬁ —4+7-T=4
d)Taco: D=9-23V2+2-3+2 :,/(3—\/5)2—3+\/§=‘3—\/§‘—3+\/§
=3-42-3+2=0
Bai toan 11. Rat gon bidu thirc:  a) A= Vx> —12x+36 —x

b)B=x—1-2Vx—2 +4/x—1+2Jx—2 ) C= yx+2dx—1 +yx—2vx—1

Huéng din:

a) taco: x* —12x+36=(x—6)" = /(x~6)" =|x—6|
b), ¢) Pua cac biéu thirc trong mot diu can tré thanh binh phuong cua mot téng hodc mot hiéu.
Loi giai

_6_ A 26 . ~
a)TaCé3A=«/(x—6)2—x=|x—6|—x :{x X,neu x j{ 6,n€ux>6

—(x—6)—x,n€ux<6 6-2x,néux <6

b) Tacd: B= \(x—2)-2Vx—2.1+1+yx—2+2J=2.1+1

= ((x=2-1) o (Va2 1) SN2 1|+ Va2 4

Truwong hop 1:
Néu Vx-2-120=2Jx-221=x-221=x23tac6 B=Jx—2—1+/x-2+1=2x-2
Truwong hop 2:

Trang: 6.
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Néu Jx—2-1<0=>x-2<1=0<x-2<1=>2<x<3 Taco:

B=—(\/XT2—1)+(\/XT2+1)=2

Vay: Néu x>3,tacdO B=2/x-2

Néu 2<x<3taco B=2
¢) Ta co C=\/(\/ﬁ+1)2 +\/(Jﬁ—1)2 :‘\/ﬁ+l‘+‘«/ﬁ—l‘

Truwong hop 1:

Néu Vx—-1-1>0=>x>2 Tacd C=2Jx-1
Truwong hop 2:
Néu Vx—-1-1<0=>x-1<Jl >0<x—I<1=>1<x<2

Ta co: C=«/ﬁ+1—(\/ﬁ—l)=2

Vay: Néu x>2 taco C=2vx—1
Néul<x<2taco C=2

Céch giai khac: (d6i v6i bai toan c).

u>0 u=0
Bétu=\/x—1:>{ 5 :>{

u =x-1 x=u’+1

Khi d6, ta c6: C =i’ +1+2u +u> +1-2u = \(u+1) +y(u—1) =|u+1|+[u—1]
Truwong hop 1:
Néuu-120=u21=Vx-121=x22  Taco: C=2u=2/x-1(u=0=u+1>0)
Truwong hop 2:
Néu u-1<0=u<l=+/x-1<1
u>0=Vx-1>0 = x>21=Jx-1<1=x-1<1=x<2
Viay 1<x<?2
Ta co: C=u+l—(u—1):2
(Ban c6 thé giai lai bai toan b, theo cach nay)
Bai toan 12. Tinh gia tri ctia biéu thirc

a) A=—4x—2+~9x" —6x+1, voi x=2014

b) B=~x> —4x+4+/x> +dx+4, véi x=2015

Hwéng din: Pua biéu thirc dudi ddu cin trd thanh binh phwong mot tong hodc mot hiéu va ap dung hang

dang thic V4> =|4].

Trang: 7.
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Loi giai
a) Taco: A=—4x-2+(3x—1)" =—4x—2+[3x

Thay x=2014 vao biéu thirc trén, ta dugc:

A= —4.2014—2+|3.2014—1| =—4.2014-2+3.2014-1=-2014-3=-2017

b) Tacod: B =\/(X—2)2 +\/(X+2)2 =|x—2|+|x+2|

Thay x =2015 vao biéu thirc trén, ta duoc:

B=|2015-2|+|2015+2|=2015-2+2015+2 = 4030
V. Gidi phwong trinh
Bai toan 13. Giai phuong trinh
a) Vx’ =5 b) V25x% =10 ¢) Vox? =2x+1 d) Va2 +6x+9 =3x—1
Huwéng din: Bién d6i biéu thirc dudi ddu cin tré thanh binh phuong ciia mot tong hodc mot hidu va ap
dung hing dang thirc \/E = |A| .

Loi giai

5>0(ludn ding)

x=35

=>x=15

a) Ta co: \/x72:5:>|x|:5:>{

Tap hop nghiém: § = {—5; 5} .

10>0 (luén dﬁng)

b) Ta cé: V253" =10=> \J(5x)’ =10:|5x|:102>{5 = x =12
X

Tép hop nghiém: S = {—2; 2} .
¢) Taco: V9x* =2x+1 = 4/(3x) = 2x+1=>[3x = 2x +1(*¥)
Diéu kién 2x+120 < xZ%l

3x=2x+1 x=1

Khi do: (*) = = -1 o A 1A -1
3x=—(2x+1) x:? thoa man diéu klenx27

Tap hop nghiém: S = {—%; 1} .

VI. Tim gia tri 16n nhat, nhé nhat cia biéu thirc

Bai toan 14: Tim gia trj 16n nhét, nho nhat cta biéu thic:
a) Vx© +/x* —4x+4 b) \/x—2+2\/x—3 +\/x+6+6\/x—3

Huwéng din: Ap dung hing dang thic VA* =|4]

Trang: 8.
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va |A|+|B| > |A+B| ddu "="xayra = AB>0 (A va B cing du hoic bang 0).
Loi giai
a) Taco: A=|x|+|x—2|=|x[+[2-x| 2|x+(2—x)| =2
Vay gia tri nho nhit cia A bang 2.
Déau "=" xdy ra, chang han x =0
(Khi d6 thod man diéu kién x(2-x)>0)
Chu ¥: Ta khong can tim hét tat ca céc gia trj clia x thoa man x(2—x)>0. Néu ta co:
x(2—x)20:>0£x£2).
Ta c6 thé giai cach khac.
Ta co A:|x|+|x+2|
Trwong hop 1:
Néu x>2= A=x+x-2=2x-2
Voi x22=2x24=2x-22>2
Gié tri nho nhit ciia A bang 2.
Trwong hop 2:
Néu 0sx<2=>A4=x—(x-2)=2

Truong hep 3: Néu x<0= 4=—x—(x—2)=-2x+2

Vix<0=-2x>0=>-2x+2>2
Vay két hop cac két qua ciia ba trudng hop, ta co: gia tri nho nhét ciia A bang 2.

Diu "=" xayra < x=0
b) Ta ¢6: B:‘\/BHH\/EH‘

Diéu kién: x—3>0= x >3 khi d6 biéu thirc trong cac diu gia tri tuyét d6i déu duong.

Taco: B=+x-3+1+/x-3+3=2/x-3+4
Vix23=2Jx-320=2/x-3+4>4
Vay giai trj nho nhét cua B bang 4.

Diu "="xdyra = x=3.

Chu ¥: Tir két qua trén, ta co bai toan giai phuong trinh:

Jx—2+20x—3 +4/x+6+6Jx—3 =4,

Trang: 9.
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Chuwong ITI. CAN BAC HAI VA CAN BAC BA

BAI 8. CAN BAC HAI VA CAN THUC BAC HAI

A. KIEN THUC CAN NHO
1. Khai cén bac hai va phép nhan

Lién h¢ gitra phép khai can bac hai va phép nhan:

Véi A, B 1a cac bidu thitc khong am, ta c6: N A~NB =~/4B .

Ch y: Két qua trén ¢ thé mo rong cho nhiéu biéu thirc khong am, chiang han:

JANBAC =VAB.C(v6i420,B>0,C>0).
2. Khai can bac hai va phép chia

Lién h¢ gitra phép khai can bac hai va phép chia:

NeuA B 1a céc biéu thirc véi A>0,B>0 thi —:\/7

B. PHAN LOAI CAC BAI TAP
I. Khai can bac hai ciia mot tich

Bai toan 1. Tinh:
a) /90.4,9 b) /12,1.360 ©) /2.5.14,4 d) y2°.(-3)°
Hwéng din: Ap dung quy tic khai cin mot tich:
JE=JZ.\/E(azo,bzo),(\/Z)2 VA4 = 4(420)
Loi giai
a) Ta co: 1/90.4,9 =~/9.49 =/9./49 =3.7=21
b) Ta ¢6: 4/12,1.360 =/121.36 =/121/36 =11.6 =66

¢) Ta co: /2,5.14,4 =/36 =6

Cach khac: /2,5.14, —‘/5 144. E_S 12. —:
d) Taco: 2°.(-3)" =J(2*) |/(-3) =4]-3|=12

Bai toan 2. Rut gon roi tinh:

a) \25° —24° b) V17° -8 c) V117° -108? d) /6,87 =3,2° e) /21,8 -18,2

Huwéng din: Ap dung hang ding thirc: a® —b* = (a—b)(a +b)

Loi giai

a) Ta c6: V/25° — 247 = [(25-24)(25+24) =1.49 =7

Trang: 1.
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b) Ta cé: V172 ~8” =,[(17-8)(17+8) =+/9.25 =3.5=15

¢) Ta c6: 1172 ~108” = /(117-108)(117+108) =+/9.225 =3.15=45

d) Ta c6: 1/6,8° ~3,2% =,(6,8-3,2)(6,8+3,2) =/3,6.10 =36 = 6

e) Ta co: /21,87 ~18,2% = [(21,8-18,2)(21,8+18,2) = /3,6.40 =36 /4 = 6.2 =12
Bai toan 3. Rut gon:

a) 4=+/5-26 b) B=+7+2410 +1/7-210 ¢) C=/8+215 -5

Hudéng din: Ap dung quy tic nhan céc can bac hai Va/b =+/ab (a=0,6>0)

Loi giai

9 Taos: V3-2452+2 = (V3) ~232+(+2) = (VB-+2) =[V3-v2|={3-+2

b) Taco: B=v5+2J52+2+5-2452 +2
= J(N3) 42542+ (V2) +[[V5) 24542 +(+2)

542+ (5V2) =BR[N =245

¢) Taco C:«/5+2\/§+3—ﬁ=\/(\E)z+2.£.ﬁ+(\@)z 5
= (V5 +B3) —V5 =[5+ -5 =13

I1. Nhan cac can bac hai

Bai toan 4. Tinh:

a) A=\V3 442 N3 -2 b) B=\3 142 143 -2
0) C=4+7 +4—7 d) D=\3-5 345

Hwéng din: Ap dung quy tic nhan céc cin bac hai:

JANB=V4B (4>0; B>0)

Céc bai b), ¢), d) ta phai binh phwong hai vé, r0i sau d6 khai cin bac hai.

Loi giai
a) Ta co A:\/x/g—i—\/z.\/\/g—\/z:w[(\/g)z—(\/z)z =J3-2=1
b) Nhan xét v3—~/2>0 =+/3 -2 >0; J3+42>0.

Vay B>0.

Trang: 2.
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Ta xét B :(Jﬁ+ﬁ+x/ﬁ—ﬁ)z

(B2 | 425 BE 2 + (VB2 |

:ﬁ+ﬁ+z¢(ﬁ+ﬁ).(ﬁ—ﬁ)+ﬁ—ﬁ =23+2.1 (xem bai toin a)
—242J3 = B=+2423

¢) Nhan xét: C > 0.

Ta xét C2 :(\/4+«/7+\/4—\/7)2 :(m)2+2\/4+ﬁ.\/4—ﬁ +(\/4—ﬁ)2

=4+\/7+2\/(4+\/7).(4—\/7)+4—\/7 —8+2J16—7 =8+2J9 =8+6=14
= Cc=A14

d) Nhan xét D <0 vi y3—+/5 <345

Ta xét D? :(\/3—\/5—\/3+J§)2 :(m)z—z\ﬁ—ﬁ.\/ﬂﬁ +(\/3+«/§)2

—3-5- 2\/ 5).(3445) 43445 =6-29-5=6-22=2

=D=-J2(vi D<0).

Chi y: Cac biéu thirc VA ++/B va /4 —+/B dugc goi 1 hai biéu thirc lién hop.

Bai todn 5. Tinh:  a) A= (6 +10)~/4—+15 b) B=(3+5).(V10-+2) 35
¢) C=(4++/15).(\10-6) 415

Hwéng din: Ap dung ca hai quy tic khai cin mot tich va nhan cac cin bac hai.

3

) Taco: A=(v6++10 )f«ﬁwm+gqﬁxﬁ
— (V3244542 ) 415 = (V3 +5) 2415
= (V345 [2(4—V15) = (V3 +45) 82415
= (V3 4+5)5- 2II+3—(I+I) (V5-3)=(+5) ~(\3) =5-3=2
b) Ta co: B
[

345).(VI0—V2) 35 =(3+V5).(V5-1)v243-5
(5~ l>ﬁ (e 8) (5 (1) =355

_I_
2

)

Trang: 3.
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=(3+5).(6-25)  =2(3+5)(3-45)
0) Taco: C=(4+15). (V10 —V6) 415 =(4++15).(V5—3) 2445
= (44V15).(V5 —3)AB— 215 =(4415).(v5 VB =(4+15).(8-2415)
=2(44+15)(4=15) =2(16-15)=2.1=2.

II1. Phan tich thanh nhan t&

o
I

2(9-5)=2.4=8.

Bai toan 6. Phan tich thanh nhan tr

a) A= Jxy +2Jx =3y =6 (x>0; y>0) b) B=ab-+bJa ++a +1
¢) C=a—3ab +2b d) D=2x—"7Jxy +5y

Huwoéng din: Ap dung quy tac khai cin mot tich: VAB = JANB vacac phuong phéap phan tich da
thirc thanh nhan tir da hoc ¢ 16p 8: Nhém céc s6 hang, dung hang dang thic, thém bot mot vai s6
hang dé 1am xudt hién nhan tir chung.

Loi gidi
@) Taco: A=l +2x =3y —6 =x(\Jy+2)-3(y +2) = (Vx =3)(\y +2)
b) Taco: B=ab+bva++a+1=|(Va) b+ba|+(Va +1)

= ba(Va+1)+(Va+1) = (Va +1)(bva +1)
¢) Taco: C=a—3ab +2b :(JZ)Z —JZ.JE—zJE.JZ+2(JZ)2 =(Va—b)(Na —24b)
&) Tacs: D=2x—Tay +5y =2(Vx | ~2xfy 55y +5(\y)
N N R N I N

Bai toan 7. Phan tich thanh nhan t

a) A=a—~Ja—6 b) B=a’ —b* ) C=xx+py
Huéng din: Xem cach giai bai toan 6

Loi gidi
a)Tacc'):A:a—x/;—6:(\/;)2+2\/2—3\/;—6
=Va(Va+2)-3(Ja+2)=(Va+2)(Va-3) ; (a>0)
b) Ta cb: B:x/?—x/l?z(\/gf—(x/?)s
= (Va—Vb)(Va* +anb+b*) = (Va —b)(a-+ab +b); (a=0; b>0)
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c)Taco: C= x\/;—ky\/; = (\/;)3 +(\/;)3
:(\/§+\/§)(\/x7—\/}.\/}+\/y7):(\/§+\/})(x—\/5+y); (x>0; y>0)

IV. Chirng minh mét dang thirc
Bai toan 8.
a)Cho vx+5++8—x=5 (1)  Chingminhring \/(x+5)(8—x)=6. (-5<x<8)
b) Cho Vx +V1—x =1 (2) Chimg minh ring Vx—x> =0.  (0<x<1)
Hudng din: Binh phuong hai vé dang thirc da cho va tinh tich cta hai cin thirc.
Loi giai

a) Binh phuong hai vé ciia dang thirc (1) ta duge

(Vxt5+48—x) =25 x5+ 2 F5B—x +8—x =25
= (x+5)(8—x)=25-13 = J(x+5)(8—x)=6 (dpcm)

Chu y: Em c6 thé giai bai toan sau:

1)Cho Jx+5+v8—x=5  Haytinh \[x+5)(8—x) va V-’ +3x+40.
(Tacod (x+5)(8—x)=—x"+3x+40)

2)Cho Vx+5—+x=1.  Haytinh J/x+5+x.

Nhan hai vé cua dang thirc Jx+5-Jx=1véi Jx+5+x (Ia biéu thirc lién hop cua

Jx+5—+/x).

Pidukién x>0=x4+5>0=/x+5+/x>0.

Ta cé: Vx+5—+/x =1 :>|(\/m+\/;)(\/m&)m+x/;

x>0

x+5—x=~[x+5+/x x>0
= =
x>0 Jx+5+4Jx=5

Vay Vx+5++/x=5.

Ban hay giai bai toan sau:

Cho 25— x* —/15—x> =2. Tinh 25— x> +/15—x* . (Dépsd V25— x> —/15—x* =5).

b) Binh phwong hai vé dang thuc (2) ta dugc:

(VxtvT—x) =P = x4 2xal-x +1-x=1= [x(1-x) = 0 = Vx5 =0. (dpem)
Chii y: Ta c6 thé giai bai toan sau:

Trang: 5.
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Giai phuong trinh Jx41T—x=1. Papsd x=1)
Bai to4an 9. Cho (x—l— 1+ x* )(y+ 1+y? ) =1 (% Ching minh ring x+y=0.
Huéng din:
Nhan hai vé ctia déng thirc (*) 1an luot véi cac biéu thirc lién hop ciia x + \/l—l—ix2 va y+ W
Sau d6 nghi dén viéc 1am xuét hién téng x + y bang cach cong hai vé.
Loi giai
V6i x=0 va y=0suyra x+y=0.

Giai sir x = 0, nhan hai vé clia dang thire (*) véi y1+x” —x , ta dugc

( 1+x° —l—x)(x/l—l—_xz—x)(y+\/l+y2)=\/l—l—x2 —Xx

:>(y+\/1+y2):\/1+x2 —x (%)

Tuong tu, nhan hai vé cua dang thirc (*) véi |14+ )* —y , ta duoc

(x+\/1+x2):\/1+y2 —y o (#*%)

Cong (**) véi (***) ta duge

)H—)H—x/H—x2 —i—\/H—yz :\/I—HC2 +\/1—|—y2 —X—y :>2(x+y):0:>x+y:0. (dpcm)
V. Giaii phwong trinh
Bai toan 10. Giai phuong trinh

a) VAx—20 ++/x+5 —%\/9x—45 =4 (1)

b) V16—32x —VI2x =3x +/9-18x  (2)

)V —9—Vax—12=0 (3)

Huéng din: a) Ap dung quy téc khai cin mot tich v AB =V AB (4>0; B>0) va cong thuc

b>0
\/;:b@{ -

a=>b’
Loi giai
a) (l) = 4(x—5)+\/x—5—§w/9(x—5):4 :>\/Z.\/x—5+\/xT—§\/§.\/;:4

2>0

:>2.\/x—5+\/x—5—x/x—5:4 =24x—5=4=>+x— :2:>Jl s 4:>x:9
X — =
b)Ta co (2):>,/16(1—2x>—\/4.3x =+/3x +w/9(1—2x)

Trang: 6.
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= 41— 2x — 243x =3x +3J1—2x

x>0 - 1
=1-2x =33 =1 = = = y=—
o o {1—2x:9.3x x= ¥

¢) Taco (3)=\/(x—3)(x+3) —/4(x~3) =0 ;»i

x>3 (*+)
Giai (*) ta dugc Jx—3 =0 hoiic /x+3=2

x=3 hodc x=1.
Két hop v6i (**) suyra x =3.

Bai toan 11. Giai phuong trinh:

a) VI—x ++/x =1 b) Vx+5-+x =1 ¢) Vx+3++/x+8=5
Huéng dan:

Binh phuong hai vé véi diéu kién can thiét va rit gon, ta dugc phuong trinh chita mot cin thirc.

Loi giai
a) Biéu kién: {1 =0<x<1

Binh phwong hai vé phuong trinh (1) ta dugc:

Iyt 21— x x4 x=122J0—0)x = 0= JI—x)x =0:>(1—x)x=0:{1_x:0:>[le

x=0 x=0

Pbi chiéu diéu kién, ta c6 tap hop nghiém: S={0;1}.

b) Ta cé: (2) = Jx+5=1++/x (*)

x>0 x>0 x>0
:{x+5:(1+\/;)2:{x+5:1+2\/;+x:>{2\/;:4:x:4
- Cach giai khac (Dung biéu thirc lién hop)
Nhén hai vé ctia phuong trinh (2) voi Jx+5++/x
(Véi didukién x>0=>/x+5+/x >0 ), ta co:
Wx+5+V0)Ex+5 Vo) =Vx+5+4x = (45 = (x) =Vx+5+Jx = Vx+5+/x =50+%)
Cong vé voi vé (*) va (*¥), ta dugc:
2Wx+5=6=+x+5=3=x+5=9= x =4 (théa min diéu kién x > 0)

V1. Chirng minh dang thire

Bai todn 12. Chimg minh ring: | ax + by |<~v/a’ + b’ \/x2 +y® v6imoi a,b,x,y € R

Trang: 7.
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Bét ding thirc Bunyakovsky.
Huéng dan: Binh phuong hai vé bt dang thtrc cdn chimg minh va bién dbi twong duwong.

Loi giai

Taco: |ax+by[<+a2+b’ ~\/X2+y2

= (ax+by)’ S(a2+b2)(x2+y2)

= a’x’ +2abxy+b’y’ <a’x’ +a’y’ +b’x* +b°y’
= (ay—bx)> >0

Bit déng thie cudi cung ludn dang véi moi a,b,x,y thuoc R.

. b
Dau " ="xayra <:>ay—bx=0<:>g:—,x¢0,y¢0
Xy

(v6i x =0 va y =0, bt dang thirc ludn dung).
Bai toan 13. Chimg minh ring +/a ++/b < \/m voi a>0;b>0.
Huéng dan: Binh phuong hai vé va rat gon nhu bai toan 12 .
Loi giai
Ta co: \/Z+\/ZS\/2(ai+b):>a+2\/2-\/g+bs2(a+b)
= a—2Ja\b +b>0= (Ja —/b)* > 0 (luén dung).
Nhan xét: Ta c6 thé ap dung bat dang thirc Bunyakovsky & trén nhu sau:
Taco: 1-va+1-+b=1-va+1-b<VI2+12-atb
= a+\/3£«/§-\/m:>\/2+\/gs\/m (dpcm).
Bai todn 14. So sanh \[x+ y va Jx +/y(x>0,y>0).
Huéng dan: Ta ching minh \/m <~Jx + \/§ bang cach binh phuong hai vé nhu da lam & bai
todn 12 va 13 .
Loi giai
Vé6i x>0,y>0, taco: m<\/;+\/;
Sx+y<(Wx+ ) =xry<x+2dxfy+y
= 24/xy >0 (luon dang véi x>0,y > 0)

Nhan xét: Ban hiy dé y cac két qua da biét sau day:

\/x-y:\/;-\/; (x=0,y>0)
Jx+y<\/;+\/;(x>0,y>0)

Bai toan 15. So sanh:

a) V3+2 va V2 +6 b) V2 ++/3 va /10 ¢) ~2014 ++/2016 va 242015

Trang: 8.
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Loi giai
a) Taco: (V3+2)2=3+2:\3-2+4 =7+4/3.
Laico: (V2 +4/6) =242 6 +6+2 =8+212 =8+2-/4 -3 =8+43
Vi7<8=7+4V3<8+43 = (3 +2) <(V2+6) =3 +2<2++/6
b) Ta co: J2 +43 <10
= (V2+3)2<10= 242423 +3<10 = 246 <5< (246)* < 25 = 24 < 25 (ludn ding).

¢) Ta c6: +/2014 ++/2016 < 2+/2015

= (v2014 ++/2016)* < 4.2015 = 2014 +2./2014.4/2016 +2016 < 8060 = 2+/2014.2016 < 4030

=+/2014.2016 <2015 = 2014.2016 < 2015> = 4060224 < 4060225

Ta c6 thé ching minh bai toan tong quat sau:

Voi neN, taludn co: Vn+n+2 <2Jn+1
Bai toan 16.
a) Tim gia tri 16n nhét, nho nhat cua biéu thic y = Jx+1-x
b) Tim gié tri 16n nhat cta biéu thic y = Jx-2+J4-x
¢) Tim gi4 trj 16n nht cua biéu thirc A = Jx—2+ y—1,v61 x+y=>3.
Huéng dan: a) Xét gia tri 16n nhit, nho nhat caa y°.
b) Ap dung bat dang thirc Bunyakovsky.
Loi giai
a) Véi didu kién: x>0 va 1-x>0< 0<x<1

Khi do y>0.Taxét y* :
Y =x+2Jyx(1-x)+l-x < y* =1+2x(1-x)
Vi (Jx(I-x)20=1+x(1-x) >1

Vay y* <l=y>1
Gi4 tri nho nhit cia y bang 1 .

x=0

Dau "=" xdy ra < {

2
R e A LT e B I
Vay: y221+2-%=2:>y3\/5

Gi4 tri 16n nhit cta y bing /2 .

Trang: 9.
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. 1 1
Dau"="xdy raox-—=0x=—
2 2

Cach khac:
Theo bét ding thirc Bunyakovsky, ta co:

x4 1mx = 1x + 1 1mx KV 4 (o) +(=x)? =42

=>y< 2 (tiép tuc nhu cach giai trén)

b) Piéu kién: 2<x<4.
Theo bat dang thirc Bunyakovsky, ta co:

LoVx—2+1a—x <2417 J(Wx—2) "+ (Ja—x)? =242 =2

= y < 2. Vay gia tri 16n nhit cia y bang 2 .

Vx—-2 4-x
1 1

Déu “="xay ra < Sx—2=4-x&x=3

¢) bidukién x>2 va y>1

Theo bét ding thirc Bunyakovsky, ta c6:

Lx=2+1Jy—1<sVP+P + x—2+y-1=2-Jx+y-3
Vix+y=5=4<2:45-3=2

Viy gia tri 16n nhat cia A bang 2 .

. Jr—2=.[v— -3
Dau "=" xay ra :>{ X=2=y 1:>{x

x+y=5 y=2
Bai to4n 17. Tim x, biét:

a) VOx —36x +/121x <8  b) Jx—1+5/4x—4-J9x-9<4 ) x*—4-/x-2>0

Huéng dan: Ap dung quy tic khai can mét tich.

Loi giai

a) (1) =3Jx —6/x +11Wx <8 =8/x<8=Jx<1=0<x<1.

x=120
1
b) 2) = Vx—-1+10vx-1-3Jx-1<4 :>8\/x—1<4:>\/x—1<5:> | 1:>1£x<%
xX—1<—
4

¢)(B) = Vx-2Hx+2-1)>0
Diéu kién: x—2>0(x—2=0 : khong théa mdn)  =x>2.
Khido: 3) = Vx+2-1>0=>vVx+2>1=x+2>1= x>—1 (luén théa man véi x >2 )

Vay x> 2.
VII. Lién hé giira phép khai can bac hai va phép chia

Trang: 10.
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4 2
Bai toan 1. Tinh: a) 6 b) 0,25 c) 2i
8,1 1,44 49
Loi gidi

I %zg
e (1555

c)Taco\/ \/100 \/IOO &:13.

7 7

Bai toan 2. Rat gon biéu thic:

y , | b* 25a*
a) A= ,voi x>0,y #0 b) B=2a",|-—,a<0 ¢) C=5ab,|——,a<0,b>0
X y 4a b

Loi giai
/.2
a)Tacé:A=Z. al =1-@
x /y“ X y

Vix>0=|x|=x.Vay 4= Xlz=l(y¢0)
X Y

Y
4 2
b) Taco B=2a’ bz 2, b
4a 2|al
2
c) Tacod: C=5ab 25—'f,)1:5'c1b5|a|
b o
2
Via<0=|ak-ab>0=[p=b'. —_25b_f

Bai toan 3. Rut gon

2
a) A= W v6i a>—%;b<0

b) B=(x—y). (xiyy)z voi x<y<0.

0 C=(2x—y).\/ 4

4x* —dxy+y°

Loi giai

. [4a+12a+9 {(2a+3) |a+3|
a)Taco: A= = =
b’ NE 5]

Trang: 11.
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Vi a>—%:>2a>—3:>2a+3>0:>|2a+3|=2a+3;

b<0=|b|=-b
VéyA=2a+3:—2a+3
-b b
b) Taco: B=(x-y). xyz—(x—y). Vo =(x—y) aid
(x=») (x—») =]

Vi x<y:>x—y<0:>|x—y|:—(x—y).

o _

. ——\/E(V(')’ix<y<0:xy>0)
~(x-y)

Vay B:(x—y)

J4 2(2x— 2,néu'2x >
:(2x—y). ( y)_ d

4
Taco: C=(2x-y). - -
c) Tacod ( X J/)\/ (2x—y)2 |2x—y| —2,néu'2x<y

4x* —dxy +y’

Bai toan 4. Tinh:

J15

a) —— b) ﬁ C)
VI8 J27 J60

Loi giai

V2 [2 \F 1
a)Tacdti—=,[—=,[—=—
Jis Vig Vo 3
b) Tacc’):ﬁz‘/i:\/I:l
\27 27 9 3

15 [15 \F 1
co)Tacoti—=,[—=,]—=—
J6o Veo V4 2

Bai toan 5. Tinh:

a) A=(2\/%—3\/E+4\/%):\B;

28 2542

1 2-2d7 7
‘“ﬂg‘ NN RN v

Loi giai

a)Taco:

Trang: 12.
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(2430 - 35 + 450 5 = V20 WVAS 4RO

N NN
:2\/2;0—3\/4;5+4\/§=2JZ—3J§+4JR:4—9+16:11
b) Taco:

2.8 252 248 10 =
B= N TR R T (m_l)_\/ﬁ (\/ﬁ 1)

10
J“ BRI
J10

c)Taco:

7 221 1 VT 7 (V171 )
e m+ﬁ_(ﬁ+ﬂJ ia
_1+7

~J14=Vi4-J14=0
N
Bai toan 6. Rut gon biéu thirc :
a) A=(3Jﬁ—4@+5ab):@ v6i a>0.b>0.
b)Bz(\/gjtx/x?—%@):\/g(V(’)’ix>0;y>0).
Loi giai
a)Tacé:A:(S\/ﬁ—4\/E+5ab):\/E 3\/\/j 4? \S/CE

=3\/%—4F+5,/(ab) = 3Ja —4Jb +5ab
ab ab ab
Tacs = [* f 2 [ - 2=lel-2

Vi x y>O:>|X|

VayB=x+y-2

Bai toan 7: Rut gon biéu thirc:

\/7
a) A= (x>0,y>0)
iy 70

JX2y +4/xy? +Vx +4fy
b) B= 0 0
) B Sidy (x>0,y>0)

Trang: 13.
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Jam ++/bn —+/an +~/bm

c)C= a,b,m,n>0
: NPV )
Hudng din: Phan tich cac tir s6. mau s6 thanh nhén tir va rat gon.
Loi giai:
2
() +y ey Vi

a)Taco: A= —= |-

(W) ey Ry Wy
(Vo2 Jy 435y )+ (Vx4 )

b) Taco: B= \/;+\/§
() () (ke
i ey ke W
¢) Ta co: C=M+M_\/E+M
' Ja++b
_NaWm-vVn)+Vbm-vn) _ (m-vVn)a+vb)  —
I T S s S
Bai toan 8. Rut gon biéu thirc:
_ x4kl
a)A—\/;_l X_\/;(x>0,x¢l)
b) B= 4=4x 2 3 (x 2 0,x #49)

+ —
Xx—2Jx =35 x—-7 Jx+5

(:)C:X y+y\/;' ! (x>0,y>0,x#y)

NN

Hudéng dan: Tim mau thirc chung, quy dong cac phan thirc va thyuc hién cac phép toan vé phan

thire
Loi giai
a) Ta co: A:(\/;) _2\/;+1: (\/;_1) :\/;—1
x(Vx-1) Yx(Vx-1) W
Cach khac:

Ta c6 thé dat u:\/;;u20:>u2:x

Ta duoc: A=L—2?_1
u-1 u —-u

(Dén day ta lam phép toan vé phan thirc di biét ¢ 16p 8, ban hdy ty lam tiép)

* Néu cho x =3, ta ¢6 bai toan: Tinh:

Trang: 14.
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V3 2431
V3-1 3-43

b) Ta c6: x —2vx —35=x+5Vx —=7/x =35
Z\/;(\/;+5)—7(x/;+5)
=(Vx+5)(vx-7)

_4-4x+2(x +5)-3(x -7)
Wx +5)x =7)

C4-4x+2Vx +10-3Vx 421 5Ux 435 5(x-7) -5
Wx +5)x=7) Wx+5x-7) x+5Wx-7) Jx+5

Nhan xét: Ta c6 thé dat u = x/;,u >0 = x = u’ va dua vé biéu thuc sau:

. ( Ta ciing 6 thé cho x mot gia trj khac).

Vay B

4-4 2 .
=— v, -3 (Tiep tuc nhu bai toan a)
u ' -2u-35 u-7 u+S

T két qua B= (x>0,x#49)= B <0, ta c6 bai toan:

xX+5

4—4x 2 3

+ J—
x=2dx =35 Jx-7 Jx+5

1) Chung t6 rang B <0 voi x> 0;x # 49,

Cho B=

2) Tim céc gia tri x sao cho B nhén gia tri nguyén.

(Pap sb x=0)

c)TacézC:M(g@:&iﬁ =W+ =) = (x)' =) =x-y

Bai toan 9. Giai phuong trinh:

N -1
oYX o) b T =2 (2
x—1 x+1
Huwoéng din: Ap dung quy tic chia hai cin thirc bac hai va cong thirc:
B>0
Ji=B <o
A=P’
Loi giai
2) Ta co: L= XL i didu kien x+1>0va x—1>0)
Jx-1 x—1

=>x2-lvax>1=>x>1)

Trang: 15.
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x>1 x>1
Vay D=7 [y 41 =1<122>0 (luén ding)
x—1 x+1

—=4
x—1

x>1 x>1 x>1 5
= = = =>x==
x+1=4(x-1) x+1=4x-4 3x=5 3

2>0
x_
b)Taco: ,[— =2=< x—
) x+1 =1y
x+1

x—l=d(x+1) |x=-1 |¥F7
= F5=>x=——
x+1#0 3x=-5 xz—g

Chu y: Phuong trinh (2) c6 dang ~/4 = B, ta chi dat didu kién B >0, khong cn ditra 4>0.

Bai toan 10. Giai phuong trinh:

2 2
a) —“x"'le_3:x+3 (1) b) —*”5_4);"'3:)6_1 (2)
Xx— x—

Hwéng din: Ap dung quy tic chia hai cin béc hai ﬂ = \/% , voi diéukién 4>0 va B>0

JB
Loi giai
Taco x* +2x-3=x"—x+3x-3=x(x-D+3(x-1)=(x-1)(x+3)

Bién d6i vé trai cua phuong trinh (1), ta duogc:

Vx*+2x-3 _ (x—1)(x+3) _ /i3

x—1 x—1

(voi (x—l)(x+3)20 vax—1>0=>x>1)

Vay véi x> 1, taco: (1) = /%(’;*3):“3
x_

x>1 {x>l

, =
x+3=(x+3)

=>Vx+3=x+3=>
x+3=1

(vi x>1=> x+3>0, ta chia hai vé phuong trinh trén cho x+3 )
x+3=1 x=-2

= =
x>1 x>1

Vay phuong trinh (1) vé nghiém.

Tap hop nghiém cua (1): S =9

Trang: 16.
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b) Tacd: x* —4x+3=x"-3x—x+3=x(x-3)-(x=3)=(x-3)(x-1)

A s x> —4x+3>0 (x=3)(x-1)>0 x=3>0
bicu kién: = =

x-3>0 x-3>0

x>3 x>3
Vay ()=1 [ —4x+3 =1 [(x=3)(x-1)
——=x-1 - - =x-1
x—3 x-3
x>3 x>3 x>3 x>3
= = = =
Vx—-1=x-1 x—1=(x-1) x—1=1 x=2

Phuong trinh (2) v6 nghiém.
Téap hop nghiém cua (2): S=&.

2
Chu y: Ban hay xem céach giai phuong trinh sau: L);-|_3=x—1 (*)
x—
Loi giai:
x—1>0 x>1
Tacod (" )=1 42— = (x=3)(x-1
( ) X 4x+3:(x_1)2 (x )(x ):(x_l)z
x=3 x=3
x>1 x>1
=>ix#3 =<ix#3 Sx=1x=2
x—1=(x-1) x—1=0
x—2=0
x*—4x+3

(Ta khong céan dat diéu kién 3 >0, ma chi can dit x—1>0 ).
x —
Bai toan 11. Giai bt phuong trinh:
2
- Vx -4
a) |—L <1 b) X
x—1 x-2

Huéng din: a) Ap dung cong thirc \/A < B <0< A< B.
b) Ap dung quy tac chia hai can bac hai.

>1

Loi giai:
s x—1<0 1-x>0
, x—1 I-x>0 x<1
a) Taco: (1) = =< 1 =< 1 = = =x<0
1 —x<1 —x<1 I<1-; x<0
-——<l  l-x 1-x
x—1
by T cor ) o JEDETD) | (=2)(x+2)
aco:(2) > >l= _
2 2x 2
x>

x—2>0:>x>2:(x—2)(x+2)>0:{ =x>2

Jx+2>1 {x+2>1 {x>—1
= =

x>2 x>2 x>2

Trang: 17.
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2
R aiqae . x4
Ta c6 the giai bai toan tuong tu sau: ,/ 3 >1 (%)
x f—

2 _
(Tacéz(*):x _4>1:>(x 2)(x+2)>1:{x¢2 :{x;tz

x—2 x—2 x+2>1 x>-1

Bai toan 12. Giai bat phuwong trinh:

2) 21—6—\/2—x<2,V(')’i0<x<2 (1)
—X
*-16 5
b) (|- ~Jx-3>—2— véi3<x<8 2)
) x-=3 Jx-3
o) (x+3)¥0% 5 3)
NV8—x
Huéng din:
16 16 4

2 2—-x :\/Z—x B V2—x

b) Biéu kién x—3>0 nén ta c6 thé nhan hai vé caa (2) voi Vx—-3>0.

¢) bit didu kién 6-x>0 va 8—x>0=>x<6=> V6=X 50
J8—x
Loi giai:
4 2—x>0
a)Taco: (1) = -V2-x<2=>
J2—x 4-(\2-x) <2(vx-2)

x<2 x<2
= =
4—(2-x)<2¥2-x X+2<2V2-x (%)
()= x? +8x+16-20<0 = (x+4)’ <20 = \/(x+4)* <~20 =[x +4| <20
= - 20<x+4<@ :>—4—\/%<x<\/%—4

Két hop diéukién 0<x<2,taldy 0<x<2.
b) Pidukién x—3>0=x>3

2 2
— [x'-16 , x*=1620 x*=16>0
Te@ = V¥ 2o TV o T N

Y2 -16 x>3
xX-3 ——+x-3>5
x>3 Vx=3 Vx? =16 > 8—x(*)

Véi x<8=8—-x>0

Binh phuong hai vé bt phuong trinh (*), ta dugc:

=5<x<8

3<x<8 >3<x<8 3<x<8 3<x<8
2 2:> 2 2:> =
x"—16>(8—x) x —16>64—16x+x 16x >80 16x >80

Trang: 18.
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N 6—x>0 <6 J6 —
o bidukien: 107 V150 c6 Knide XX >0
8—x>0 x<8 V8 —x
; x<6 x<6
Vay (3) = = = -3<x<6
x+320 x>-3
Ban héy tu giai cac bai toan sau:
Tim x, biét:
a) (x+3) 6=x50 b)(x+2) BEIPY)
8—x 5-x
6—

Y >0=x>8 holic x<6

Huéng dan: a) Diéu kién .

Khi do /g_XZO.TL‘rdé ()= x+320= x> 3
—X

Vay -3<x<6 hodac x>8
b) Bap s6: x <-2.

=

Bai toan 13. Chiing minh rang:

a)a
Va-1

2 2
X +2 59 2x° +1 51

> C) ——2>
Vxt +1 Vax? +1

>2, véia >1 b)

Huéng din: Dung phép bién doi tuong duong hoic 4p dung quy tic chia hai can bac hai.

Loi giai:
a)Tacovoi a>l=a-1>0=>+a-1>0

© >r=a>al=a-1>2da-1-1= a1 -2da-1+120= (Va-

a—1

Bét déng thirc cudi cing ludn diung Va >1.
Dau" = "xay ra o> Ja-1-1=0=a=2
Cach giai khac, ta co:

>2 22

a—1 a-1 a—1 Va-—1

a N 1+1 (\/ )+1>2:\/—+

Ap dung bét dang thirc Cauchy cho hai s6 duong va—1 va ta co.

1
Va-1

Ja—1+ >2-\Na-1-

1
=2 (d
\/ﬁ (pcm)

1
Vva-1

2

(Cothé dat t =+Ja—1=t* =a—1, ta chimg minh: T+7x+t *1

22,Vt>0j

~1)>>0

Trang: 19.
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a va-1

1
>2,tasuyra <—
Vva-1 Y a 2

Vb-2 1

2) Tuong tu, ta con co: <——;Vb>2
s b 22

;Va>1

Nhdn xét: 1) Tir bat ding thirc da cho:

a1 bh—2 1 1
+ <—+
a b 2 2\/5
2 >2 = x*+22>2x*+1,vi x* >0,Vx
x*+1
2 2
:>x2+1>0,Vx:>(\/x2+1) +122Jx +1 :>(\/x2+1—1) >0 (lubn ding, Vx )

T (1) va (2), ta c6 bai toan: Chung minh rang NVa>1Lb>2.

2

b) Ta co:

Cach giai khac:
Pat u=vxX’+L; vi X’ 20=> x> +121=u>0=u’ =x> +1.
Bét dang thirc can ching minh c6 dang;

u’+1

>2 = +122u Viu>0)=u’ +1-2u>0= (u—1)* >0 (luén diing)
u

OPit u=Va +Lu>0=u =4’ +1= 4% =i -1 =22 =L

Bét dang thirc can chirng minh trd thanh:

2
“ 1+1 2

2—21:>uz+1 >1=u* +122u (vu>0) = (u—1)> 20 (luén ding)
u u

2
Cach giai khac, ta co: L >1

Vax® +1

2 2
S e N S 2 O SN SNy ov S S

—2>2=
Jax® +1 Jax’+1 Aax +1 Jax® +1

. L . 1
Ap dung bat dang thirc Cauchy cho hai so duong /4x* +1 va ﬁ ta c6 dpcm.
4x" +1

Bai toan 14.

r ‘ 2 Vx—1
a) Tim gié tri lon nhat cua biéu thirc: P = al ,Xx>1.
X
. . x*+2
b) Tim gié tri nhé nhat cua bicu thirc O = ﬁ ,VxeR
x +1

Huéng din: Xem bai toan 13.

Lo giai
-1 1
a) Ta chiing minh dugc T < E,Vx >1 (theo bai toan 13, a)
X
. 1
Vay gid tri 16n nhat cia P bang 5"

Trang: 20.
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Dau"="xay ra >vx-l=1=>x-1=1=x=2.
\Ny—2 < 1

2 22
Ban hay giai bai toan sau:
Tim gié tri 16n nhat cta biéu thuc:

Ta con co: ,¥>2 (xem bai toan 13; b)

q=Yx-l “y_z(le;yZZ) B=\/x_1+\/y_2+\/z_3(xzh)’225223)
X y X y z
Co Nz—2 4 yza/x - 3+zx\/y 4 (x23y24222) D:a\/b—1+b\/a—l(a21;b21)
x>z ab
Pap sb: maxA—lJrL maxB = 1 —smaxD =1
pso: 2 2 2 2f 2f 2J— N—

Bai toan 15.

a) Chirg minh rang l+ ,(voi a>0,b>0)1

r

b) Cho a,b,c 1a do dai ba canh cua tam giac va P = atbte

(ntra chu vi)

Chtng minh ring: a) \/(p—a)(p—b)sg b) ! + ! Zi

p—-a p-b c
Huwoéng din: Ap dung bt dang thirc Cauchy.
Loi giai

. L . 1 1
a) Ap dung bat dang thirc Cauchy cho hai s6 duong — va 5 ta co:
a

11 11

p b>2 \/_(dpcm)

(Ta c6 thé bién doi tuong dwong nhu sau:

é%z\/i_:‘”b = ‘\’/+_b22:>a+b22\/5:>(\/2—\/3)220
b) Ta cod

p_a:a+b+c_a:a+b+c—2a:b+c—a>0

2 2 2
- Tuong tu: p—b>0

Theo bat dang thirc Cauchy, ta co:

(r—a)p—b) < p—anrp—b _ 2p—a-b _ a+b+c—a->b _

<
2 2 2

- Tuong tu:

Trang: 21.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

1 1 / 1 2
+ >2 2
p—-a p-b (p—a)p-b) (p—a)p-b)

Theo ching minh trén, ta co:

b <& ! 52
Jp—a)(p )<2:3J@—@w—m>c

L1 4

p-a p-b ¢

Vay

Nhan xét: Tur cac két qua trén, ta c6 thé giai bai toan sau:

(p—a)(p—b)(p—c)s%bc

1 1 1 (1 1 lj
+ + 22| —+—+—
p—-a p-b p-c a b c

(v6i a, b, ¢ 1a @6 dai ba canh ctia tam giac, p la nira chu vi).

Trang: 22.
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Bai 9. BIEN POI PON GIAN VA RUT GON BIEU THUC CHUA CAN THU'C BAC HAI
A. KIEN THUC CAN NHO
1. Pura thira s6 ra ngoai ddu ciin
-Néu ¢ 1amot sb va b 13 mét sb khong am thi Va2 b = a | b .
- Chu y: Phép bién d6i trén goi 13 phép dua thira s6 ra ngoai dau can.
2. Pua thira s6 vao trong diu cin
-Néu @ va b 1a hai s6 khong am thi alb = m.
-Néu «a 1asé amva b 1a sb khong am thi aJb = —\/ﬁ .
Chu y: Cac phép bién dbi trén goi 1a phép dua thira s6 vao trong dau can.

3. Truc ciin thirc & miu

A AVB

- Véi cac biéu thitc 4,B va B>0,tacd —

JB B
- Véi cac biéu thirc 4, B, C ma A >0,A = B>, ta co:
C CN4-B) C CH4+B)
JA+B A-B* 'J4-B  A-B*
- Véi cac biéu thitc 4, B, C ma 4>0,B>0,4# B, ta c6:
C CcWNa-JB) ¢ c(W4+B)
JA+B A+B  J4-B A-B

4. Riit gon biéu thirc chira ciin thirc bic hai

Khi rat gon bi€u thirc ¢ chira can thirc bac hai, ta can phoi hop cac phén tinh (cong, trir, nhan, chia) va
cac phép bién do6i di hoc (dua thira s6 ra ngoai hodc vao trong dau cin, khir mau cta biéu thirc lay can,
truc can thirc & mau).

B. PHAN LOAI CAC BAI TAP
I. Pua thira s6 ra ngoai diu ciin

Bai toan 1. Pua thtra s6 ra ngoai dau can:

a) V180x*;x <0 b) V25x° ;x>0 ¢) V9a’h;a>0;6>0 d) 72x*y*;y <0

Loi gii
a) Taco: V180x* =v/2°-325x° =23[xv/5  vi x<0=>|x|=x.
Vay V180x> = —6x4/5 .

b) Ta c6: ¥25x° =+/5> - x’x = 5|x|-V/x Vi x20=|x|=x.
Vay v25x° =5xx .

¢) Ta co: \9a>b =+/3*a* b =3a|\/b via>0=d|=a.

Trang: 1.
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Vay \/% =3ab.
d) Ta co: \/72x4y2 = \/23 3 xty? =,[2°0 .37 (x2)2 Y =6x" |y|\/§ vi y<0=|y|=-y
Vay \72x'y” =—6x")2 .

Bai toan 2. Pua thura s0 ra ngoai dau can:

a) A=~22+122 b) B=+32+1247 ¢) C=+18-6+/5

Huéng din:

a) Ap dung phép dua thira s6 ra ngoai déu can: v'4>- B =|4|v/B; B> 0
Taviét 2241242 =2(11+6§2) =2(3 +2.3:v2+(2)?)
Loi gidi
a) Ta c6: Az\/2(32+2.3\/5+2):m:]3+«/§|-\/§=(3+\/§)\/§
b) Taco: B=y2(16+637) =y20+2:347+7) =\23+7) =p+V7N2=(G+VTW2
©) Taco: C=3(6-2v5) =y3(1-2.1:V5+5) =3(1-+5)" =[1-V5]\B=(5-113
(Vi 145 <0 = [1=5|==(1=5) =5 -1).

Bai toan 3. Pua thura s0 ra ngoai dau can:

8 : 1
————— VOi x<2y b) B=
X" —4xy+4y 1-5x

a) A= \/3x2(25x2—10x+1) Vi OSx<%

Huong dan: Xem 1oi giai bai toan 1, sau khi dua thira so ra ngoai dau cén, ta rit gon néu dugc.

Loi giai

a) Tacd: A= | 4.2 = 2 2.vix<2y=x-2y<0
(x—2y) |x—2y|

:|x—2y|:—(x—2y):2y—x

242

Vay: 4= .
dy 7

’ 1 2 2 1
I :B=——. -1 = 15x -1
b) Ta co - 3x"(5x-1) 1_5x|x| |5x |\/§
x20:>|x|:x;

1
¥<o=5x<l=50-1<0 = [5x—1]=—=(5x—1)=1-5x

Vay B=x/3.

Trang: 2.
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Bai toan 4. Rat gon biéu thirc:

a) A=9a —16a ++/49a véi a>0. b) B=5V1+x+v4x+4—-~/9+9x v6i x>—1.
Hwéng din: Dua thira s6 ra ngoai ddu can va rat gon.
Loi giai
a) Taco: A=3Va—-4Ja+7Ja=6Ja (véi a=0).

b) Taco: B=5V1+x +/41+x) =91 +x) =51+ x+24/1+x =31+ x =4/l +x.

Bai toan 5. Rut gon:

L oNa Ay
Na\b

(Vx +D(x =) - x +»)
(=¥ +x)

—Jab véi (a>0;b>0)

b) B= voi (x>0;y>0,x#y).

Huéng dan:

Ap dung: V@' =\a*-a =|a]Ja hodc V@' =Va*-a = ava = (JayVa = (Jay

Loi giai
a) Ta co:
yoNaardv's o laNa+lplVb ava +bb
Py ey e i oy e L
_Way +(by = _ (Ja+vb)a-+ab+b)
T e ey

=a-2ab+b=(a-~b)

- Ban c6 thé giai bai toan tuong tu:

* Rut gon biéu thirc

py Yo +b
Na+b

)
) e

Chi y:

+ab ; (a>0,b>0)

\/ﬁ; (a>0,b>0,a+b)

2a(1-a) a
20+J3a JaYl+a) l+a

b) Vé6i x>0,y >0,x# y, ta co:

W —y) (r+fy) DV =+ y)
(x— y>(Jx_3 +x) (x=»)(xv/x +x)

Trang: 3.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

_ (V- 1
x(x-)Wx+1)  Vx

I1. Pua thira so0 vao trong dau cin

Bai toan 6. Pua thura s6 vao trong dau can:

a) 3v2 b) 2./6 c) -3v/5 d) -2
Huéng din:
Ap dung ANB =4’ B (420,B>0) ; AVB =—J4*B (4<0,B>0).
Loi gigi

2) 3W2 =32 =18 b) 2v6 =2* 6 =124

¢) =35 =325 =-/45 d) 42 =—#.2=-J32
Bai toan 7. Pua thira s6 vao trong diu cin:
a)a13 , a<0 b)a\/g;a>0 ¢) x _723 cx<0 d) 2x zy—x;x>0,y20

Huéng dan:

Ap dung AVB =N A*B(420, B>0); 4VB=—4*B (4<0; B>0)

Loi giai
a) Tacod, voi a<0=>a+13=—13a".
C 7
b) Ta co, véi a>0:>a\/:: =+7a.
a

c) Taco, véi x<0= x, / _23 —23(x —/-2

. 2x)?
d) Taco,volr x>0,y>0= (;CJ:\Qxy.
X

Ta c6 thé xét bai toan sau:

1) Dua thira s6 vao trong déu can: 2x DAy

2x

xy >0
x#0

2
Truong hop 1: x>0 va y >0, ta co: 2x‘/ ,/ x =,/2xy . (Xem bai toan d).

Truong hop 2: x<0 va y <0, taco: 2x,/ —/2x

Trudc hét, ta tim diéu kién dé biéu thirc c6 nghia: l >0 {

Trang: 4.
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a—-b

2) Pua thira s6 vao trong dau can: P
a— a

Huong dan: Diéu kién < a

a=b., {le
<
a-b#0

x=0hodacx=2

Va a a-b ( a jz a-b a
i a-b a a-b) a a-b

II1. Giai phuwong trinh
Bai toan 8. Gidi phuong trinh:

a) 24/3x —/48x ++/108x +~/3x =5 (1)
b) V50x—25 ++/8x—4 —3Jx =/72x-36 —/4x (2)
¢) Vx’ =9 —/4x-12=0 3)
d) V2x* +8x+8 ++/x+2=0 4)
Huwoéng din: Rt gon biéu thirc bang cach dua thira sé ra ngoai dau can.
Loi giai
a) Ta co: (1) = 23x —v16.3x +4/36.3x +3x =5 = 23x —4Bx +63x +/3x =5
120
:>5\/§=5<:>\/§=1 :{3 1<:>x=%
x:

b) Taco: (2) = ,[25(2x—1) +/4(2x—1) ~3v/x = [36(2x~1) - /4x
= 5V2x —1+2V2x -1 -3Jx =6:/2x -1 -2/x

:>\/2x——=\/;=>{ =0

X
=x=1
2x—1=x

x=>3

Jx=3Jx+3-2Jx-3=0

¢) Taco: (3) = J(x—3)(x+3)—/4(x~3) =0 :»{

3

x23 x>3
~ W3 (Va3 -2)=0 :{x=3hoacx:1<:>x:
d) Ta co: (4) = 2(x+2)" +/x+2=0

Pidukién: x+2>0=>/x+22>0 va 2(x+2) 20 = 2(x+2) +Vx+220

Diu"="xayra =>x+2=0x=-2.

+ (Ban c6 thé giai twong tu nhu bai toan c¢)

@) >V +2x+10 = /(x+1) +9249=3 = x+2=0 hodic \2(x+2)+1= 0= x=-2

Trang: 5.
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IV. Giai bat phwong trinh
Bai toan 9. Giai bat phuong trinh:

a) Vox —/36x +/121x <8 (1) b) Vx—1+5/4x—4-Jox-9 <4 (2)
¢) V2x* —12x+18 +4/x-3>0 (3) d) Vx* =4 —4x+8>0 4)

Hwéng din: Bién dbi biéu thirc nhu bai toan 8 .

Loi giai
a)Taco: (1) = 3/x-6Jx+11/x <8 =8J/x<8=>Jx<l=0<x<1

b) Taco: (2) =8Jx—-1<4=2Vx—-1<1 =+/4x-4<1=0<4x-4<1 :1£x<%

¢) Ta co: (3) :>4/2(x2—6x+9)+ x=3>0 :>\/§.,/(x—3)2+ x=3>0
:>\/x—3[ 2(x—3)+1}>0

Vix-320= 2(x—3)+1>0 (x =3 khong thoa man)

Vay: (3) =>x-3>0=>x>3.

d) Taco: (4) = [(x-2)(x+2)-2Vx+2>0  =x+2(Vx-2-2)>0
Véi diéu kién x+2>0=+x—2-2>0 (x+2=0 khong thoa min)
Khido: (4) =>vx—-2-2>0 =vx-2>2=x-2>4=x>6

Két hop diéu kién x> 2, taldy: x> 6

Ban c6 thé giai bat phwong trinh sau:

1) Vx? =9 - [4(x+3) <0 2) VP =9 - f4(x+3) >0

Huéng din: Xem 16i giai bai toan d)
Bai toan 10. So sanh:

a) 24/3 va 32 b) 443 va 52 ) —63/2 va =53

Huoéng din: Dua thira sé vao trong diu can.
Loi giai
a) Ta cé: 332 =32 =/18;23 =223 =12
Laico: 12<18 =12 <+/18. Vay 24/3 <32
b) Ta co: 5\/§=\/E=\@;4«/§=\/E:m
Lai c6: 48<50=>/48 <+/50. Vay 44/3 <52
¢) Ta co: 6\/§=@=m;5\/§:\/§:ﬁ
Lai co: 72<75=+72 <75, Vay 63/2 <53 = —642 > -543..

V. Truc cin thirc ¢ mau

Bai toan 11. Truc can thirc 6 mau:

Trang: 6.
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22 +2 0 3443
542 23

a) S b) L
38 3420
. A AJB
Huwoéng dan: Ap dung cong thtic —=——(B >0
g p dung g \/E B ( )
Loi giai
5 58 5242 5\2

38 38 38 12

1 20 25 5

3020 320 60 30

(2\/§+2)x/§ 44242 2(2+\/§) 2442

52 52 52 5

a) Ta co:

b) Ta co:

c¢) Ta co:

d) Ta cé: 3443 (3+\/§)\/§ 3343 3(\/§+1) B+l
B NE 2.3 2.3 2.3 2
Chii y: Ta c6 thé giai bai toan truc cin thirc & miu bang cach khac:

5 5 5 52 52
3J8 3442 62 62 12

(Bai toan b) ciing giai trong ty nhu thé)

Bai toan 12. Truc can thirc & mau:

2 2
2 2 b a+bJa o ¢ 0 2
\/; b\/g 2613 2a5
x A A\/—
Hwong dan: Ap dung cong thirc: B>0
g p dung cong T —=(B>0)
Loi giai
a) Piéu kién a >0, ta co i=M
Ja a

b) bBiéu kién a > 0,b#0.

. a+b\/g_(a+b\/g>\/g_a a+ab_«/;+b

Ta co o " =T, (a>0,b=0)
3 2
¢) bidukién a>0. Taco: a _@ 23a =4 '\/3271:@
J2ad 2a 2a 2a
d) Pidu kién a >0, ta co: 20° _2aN2a 24’4 vaa _1 pa
«/2a5 24’ 2a a
Bai toan 13. Truc cin thic ¢ mau:
N by 2 o 243 8 210 -5 N 243 -6
J3+1 V2-1 2-3 4-+10 V82

Trang: 7.
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(/s
JA+B  4-B
Loi giai
3 3V 533 333
ﬁ+1_(ﬁ+1)(ﬁ_1)_ 3.1 2

2 _2(\/§+1)
2o 21

243 (2+J§)2 :4+4*/§+3=7+4J§_

' 2—\/5_22_(\5)2 4-3

Huéng din: Ap dung cong thic

(AzmA¢Bﬁ.

a) Ta co:

b) Ta c6

=2(\/§+1).

c) Taco

(2410-5)(4+V10) 515+20-20-5410 _3vi0 _ J10

d) Ta co:
16-10 6 6 2

256 _(23-V6)(V8+2) 2 paaf3-as-246

e) Ta co: =
: J8-2 §—4 4

:4\/€+4\/§—4\/§+2\/€:2\/€:£.

4 4 2

Bai toan 14. Truc can thirc 6 mau:

a b) p 5 a+-a p—2\/;
3++/a 2\/;—1 1++a

Huéng din: Xem cach giai bai toan 6 .

a)

Loi gidi
a(3-Va) a(3-a)

a
a) Ta co: = = a>20vaa#9
) 3+\/Z 3¥—a 9—-a ( )

» _p(z\/;+1) p(2\/;+1)

2\/5—1_(2\/;)2_12 4p-1

awg_(m&)(l—&)_\/E(1+JE)(1—JE)_J;(1_C,)_\F
1+\/Z_ l-a - l-a " 1-a ¢
Nhin xét: Ta c6 thé giai cach khac.

a+-a _\/Z(\/Z“)

= =a (rt gon phan thirc bang cach phén tich da thirc thanh nhan tir).
1++/a 1++/a

b) Ta co:

c¢) Ta co:

. =2 _r(Vr-2)
a co: p\/;22/2;: p\/;fz =Jpr.

Bai toan 15. Truc cin thirc & mau:

dT

Trang: 8.
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2) 4 b) 2 C); d)L G)L
NEENG V6 -+/5 V10 +47 J5+43 23+42
Huéng dan: Ap dung cong thuc: \/Zi\/g:C(\/ij\/E)(AZO,BZO,AiB)
Loi giai:
a) Ta o6 ﬁjﬁﬁ(f_‘f):z(ﬁ—ﬁ)
b) Ta co: \/gi/g = 2(\/6E_+5\/§) = 2(J6 ++/5)
.3 3GM0-1) =
c) Ta co: el 107 =J10 -7
2 253 o
d) Ta co: \/§+\/§— < 3 =J5-3
o Tacs: — 10 __ 10233 -2) _10(2ﬁ—ﬁ)zzﬁ_ﬁ

2B @By-G2y 122

Bai toan 16. Truc can thirc & mau

a) ﬁ(g>b>0)

1
C) ———
Ja+1+a
Huéng dan: Ap dung cong thic
C  _CH4zvB)
JiiJB A-B

2ab
by ——
N

b
> d
(@20) )\/a+b+\/a—b

(a>0,b>0)

(a>b>0)

(420,B>0,4+ B)

Loi giai:

2ab 2ab(\/g—\/z)
\/§+\/Z_ a->b

c) ! = a+1_\/2:x/a+l—x/;,(a20)

a+1++a a+l-a

b) Ta co: ,(@a>0,b>0).

b b(Na+b—~Ja-b) a+b-~Ja-b
= = b 0 .
V Jarbivdah  (arh—(a—b) ;@20
Bai toan 17 .
a)““‘/§ b) —%  (a>0,h%1) 91 P
J2-3 aJa +1 1442 +43 1++2 -1

Loi giai

\/2+\/§: (2++/3)? :2+«/§:2+\/§‘
V2= Je-Vmes) V43

a) Ta co:

Trang: 9.
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a  _ a(a\/;—l) _ a(a\/;—l)
aa+1 (aa) -1 a*—1

I _(B+D-v2_B+41V2 _(B1-VD)B-D_2-6+42
14243 (B+1)-2 23 +)) 23 +D)R3-1) 4
2 V2 W1+42 +1) N
= =142 +1
V1442 -1 (W1+42)2 =12

Bai toan 18. So sanh (khong ding may tinh bo tai va bang sd)

a)\/ﬁ—\/ﬁvé\/ﬁ—\/ﬁ b) 1/%\/51 Vzi\/z2 0

Hudng dan: Xét cac biéu thire lién hop cua cac biéu thirc da cho, ching han: J12 =11 va

VI2 411,43 -1 va /3 +1.

b) Ta co:

(a>0,b%1).

c¢) Ta co:

d) Taco

Loi giai:

a) Taco: (V12 —IDHE12 +11)=12-11=1= 12 - f—ﬁ

Tuong ty, ta co: \/_ \/_ =
J_1+J_

Vi V12 +411 >11 4410 & V12 >4/10 < 12> 10 (hién nhién) nén

0 < i g = 2T <TI0

Nhan xét::
1) Tirkét qua V12 =11 <V11-410 =12 +10 <2411

e Mot cach tong quat voi n € N * taco: vn+2++/n <2vn+1 (xin ban tu chimg minh)
e Néu lay n=2014, ta c6 bai toan:

So sanh yx—1-2vx—1+1 =/(Jx—1)=24x—1+1 va 2422015, v.v..)

2)Tacod: Vn+2—~/n+1= !

Jn+2++/n+1

Vi véy, ta c6 thé n6i day 1a phép "truc can thirc & tir s
b) Hoc sinh tu giai.

Bai toan 19. Chting minh rang:

~1,Vx>1 >J2,Vx>1,x#3

x—2
vt D i A

Vx>y>z>0

c) J < z
\/x+y—\/x—y Jx+z—x-z’

Trang: 10.
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\/K-C_F\/E=C(\/§¢B\/—) (A4>0,B>0,4 % B)

Loi giai

Huéng dan: Ap dung cong thic

x=2  _ (x-2)(x-1-1) ETo122)

a) Ta co:
x—1+1 (x-1)-1

Vix>Lx#2=>/x-120=>+x-1-1>-1 (Néu x:2:>x—_2:0>—1,hiénnhién)

Vx=1+1

Vay 222 > _1vx>1.
x—1+1

Nhdn xét: Ta co bai toan kho hon. Tim gia tri nhé nhit cta biéu thic
X—2+

\/_+1

(Bai toan co thé giai cach khac nhu sau:

>1. Dap s6: minP =1 (véi x=1)

Ta co: —1=>x-2>-1 1+1) (vi 1+1>0,Vx>1
J—+1 (Nx=1+1) (vivx )

S x+Vx-1-120 = (x=1)+vx-12>0,Vx>1 = x—1(x/x—1+1)>0 (hién nhién ding

Vx2>1)
Nhung bai toan tim gié tri nho nhét ciia P thi ta phai truc cin thirc & mau.

x-3  (x=3)Wx—-1+2)  (x=3)x—1++2) —
\/x—l—\/i_ (,/x_l)Z_(\/E)z - 3 _\/ﬁ+\/52\/§

(Vix>2Lx#3)=>+x-120

(Em hay suy nghi xem, ta khong lam cach hai nhu bai toan a)

b) Ta cod

Ta con c6 bai toan: Tim gia tri nho nhat cta biéu thuc:

P:\/x—%iﬁ’vxzhxﬂ’ (Dap sb: min P =+/2,ddu “=” xdy ra <> x=1)
¢) Ta co: 4 :y(\/x+y+\/x—y) YWy x—y) ey x-y
Jrty—yx-y  (x+y)=(x-y) 2y 2
Tu-OH tu: z :\IX+Z+ X—Zz
. NX+Z—Xx—2Z 2

Con lai, ta sé chung minh:

\/x+y+\/x—y <Jx+z+x—z *) (voix>y>z>0)
Binh phuong hai vé bét ddng thirc (*), ta duoc:

) X+ Y+ 240X =y + X —y<X4+Z2+ 20> —Z2 + X —z < (X - 2<\/>(2—z2
*) y y y y

o xP -y <x’ -7 &y’ >7° < y>z>0(hién nhién).

Trang: 11.
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Vay bat dang thire da cho dugc chimg minh.
Bai toan 20. Rut gon:

1

1 1
+ oA
1442 V2443 V9410

Hudng dan: Tryc can thirc @ mau s6 cua moi s6 hang.

1 1 1 1
— .t

—+
V2B 99 100

a)A = b) B=

Loi giai:
2)Ta o6 A=\/2§_11+\/§3_;/5+...+\/¥)_;/§ RO SN SO - S T

=J10-1
Nhan xét: Vi v/10 >v/9 =10 -1>/9 -1

1 1

1
1+\/§+\/§+\/§+m+\/§+\/ﬁ

Ta co bai toan: So sanh: va2.

1

1 ]
+ +...+ vao
1+42 2443 J99 ++/100

Bai toan tuong tu: So sanh

b) Ta co6: B:2£

1 1 1
2\/§+2\6+...+2\/@J
j:z(\/ﬁ—l)zls

1 1 1
<2 + +...+t—
(\/EH V32 J100 ++/99

Bai toan tuong tu.
Rut gon:

1 1 1 1 1 1

1
a) P= = + +...+ b =l+—=4+—=+...+——
) 1+5 5449 J9+13 J2013 +4/2017 )9 NEEENE] J2014

VI. Giai phwong trinh

Bai toan 21.

x_2 4x2 x2
a) —=2 1 b) — —=2x+6 2 ) ——=x—
N ) LTI T @ T

3)
Hudng dan: Truc céan thitc & mau:

Loi giai
a) Ta co: (1) = (x_z)(”xz_l_l) —2(x>1,x#2)
x—

:{Jﬁq:z:{mﬁ 3{x—1=9

x>2Lx#2 x>2Lx#2

Trang: 12.
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2 A I . -1 .
b) bicu kién: xZ—E va 1-~/2x+1 ¢0:>x2? va x#0.

4x* (1++/2x+1)?
(1=2x+1)*(1+~2x+1)?

2
o & (252’2”21“)22“1) —2x+6=2x+1=2
— x_

Khi do: (2) = =2x+6

:>2x+1:4:>x:% (Thoa man diéu kién xz_?l vax=0)

c) biéu ki¢n: x>-1. Ta co:

1) = x*(1-/1+x)?
(I+V1+x)’1=+1+x)

—2+x-2Vl+x=x-4=l+x=3=1+x=9 = x=8 (Thoa min diéukién x>-1 vi x=0)

=x—4(x#0)

Bai toan 22. Giai phuong trinh J+x-l-x=x
Huéng dan: Dit didu kién va nhan hai vé voi biéu thirc 1ién hop cua vé trai.
Loi giai
Piéu kién 2<x <1
Taco (*) = (W1+x —V1-x)W1+x +4/1-x) = x(VT+x +/1-x)
x=0

VI+x ++/1-x =2(*%)
Xét phuong trinh (**). Theo bét dang thirc Bunyakovsky, ta co:
I T+x +11-x <V +17 l4x+1-x=2

Dau " = "xay ra=+I+x =vl-x = x=0 (Thoa man diéu kién: -1<x <1).
Pap s6: x = 0. (c6 thé binh phuong hai vé)

= 2x=x(1+x++1-x) =

Céch trinh bay khéac nhu sau:

o Wl+x=y1-x)- W1+ x+41-x) 2x ~ ~ —
*) = Tirsdicx =x :m+\/§—x:>2x—x(\/l+x+\/l x)

Ta duoc két qua nhu cach giai trén. Viéc nay ta tam goi 1a “ truc cén thue ¢ ti”

Ban hay giai bai sau:

Trang: 13.
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1) \/3)(2 —7x+3—\/3x2 —-5x -1 :\/x2 —2—\/)(2 -3x+4
2) 4(x+1)* = 2x+10)(1—~/3+2x)

1 1
3) + =X
x+Vxi+x x—xT+x
4 Vaxrd-22—x =28
\Vox* +16
Ddp so: 1) x=2 2) x=3 3) x=-2

VIL. Rt gon biéu thirc chira cin bac hai

Bai toan 23. Rut gon:

a) A:(l_x*/;w}][l_*/;) (x>0 vi x#1).

1-/x 1-x
b)B:(zz_a\}/}+x/;J-[2_\/;J(aZO;a¢2;a¢4).
\/;—1 x\/;+1 x+1
c=" - 0,x#1).
c) x—\/; x+\/;+ - (x>0,x=1)

Huéng dan: Thyc hién phép tinh trong diu ngodc trude.
Loi giai
(1—\/})(x+\/}+1)+\/;}[ —vx T
1-+/x (1+x)(1=Vx)
I _ (x|
A+4x)  x+1?

2-a«/§+2¢5—a.2—\/§

a) Ta co: Az{

=(x+2\/;+1)-

b) Taco: B=
JTaco 2—\/5 2—a
_@-a)+Va@2-a) 2-Va _(2-a)1++a) _
) 2—\/5 2—a 2—a _1+\/;
c)Tacc’)'C:(\/;_I)OCJ”/;J“I)_(‘/;+1)(x_\/;+1)+x+1

| Vx(x -1 S +1) NP

_ X+ x+1—x+\/;—1+x+1:(\/;+1)2
i =

( Ta co thé dit u = \/;;u >0=x =u’ vadua vé biéu thirc theo bién u nhu da hoc & 16p 8)

Bai toan 24. Rut gon biéu thuc:

3x—3Jx -3 1 1 |
A= — : >0, 1
K (xwx_z " J}+2] VTR
by B xx =3 2(\/x—3)+\/;+3(x20’x¢9)

c-2Jx-3 Jx+l 3-x

Trang: 14.
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9 C- 2Wx-9  Jx+3 2Jx+l
x=5Jx+6 Jx-2 3-x

Huéng dan: Phan tich cac mau thirc thanh nhéan tir.

(x20,x#4,x#9)

Loi giai

a)Tacd: x+Vxr —2=x-Vx+2¥x -2 =JxWx-D+2x - =Gx - D/x +2)

Vay A:{

Gr-3r -3+ x+2)-x-1) N 3Wx(x 1)
Wrez) =D, o
Wx —DHx +2) }( 2 ~x-1) *

Cach khac: bat u=\/;, u>0=>x=u’

2_ —
Khid(’):A:(?m u-3 1 ] j: 1

Wtu-2 u-1 u+2) u+2

Bién dbi va rat gon, ta dugc két qua trén, véi cha y rang:

uw ru—2=w-1)(u+2)

Taco x—24x =3 = x +3/x =3¢ =3 =x(Wx +1)=3(Vx +1) = (Vx + )(W/x -3)

Khi d6

o -3 26x-3) x+3_ wfx-3-@Vx -0 -3)-(x+3)(x+1)
Wx+DWx-3) x+1  Jx-3 Wx+D(x =3)

_ aVx =3-2x+63/x +6Jx 18— x —x —3Jx =3
x + DX =3)

Cafr-3r+8Vx -2 x(x-3)+8(x-3)  (fx-3)(x+8) _ x+8
Wx +D(x-3) Nx+DEx=3) r+DWx=3) Jr+l

©) Tacd: x—5Vx +6=x—3Vx —2Jx +6 = Vx(Vx —=3)—2(x =3) = Wx -3)x-2)

24x =9 - (x +3)(Wx =3)+ 2Vx +D(Wx - 2)
Vx =3)(x-2)

Vay C =

:2\/;—9—x+9+2x—4«/;+\/;—2: x—Jx-2
WVx=3)x-2) (Vx =3)(Wx -2)
_(\/;+1)(\/;—2)_\/;+1 N~ ~ ~
_(\/;_3)(\/;_2)_\/;_3(le Vr—2=x+Jx-2Jx-2
=Vx(xr+D)-2(/x +1) = (x + D(/x -2)

C(’)théc'ie_ituzx/;;uZO:n(:u2

x+42 1 j Jx-1
x4l Jx+l) x=x+1

a) Tim dicu kién x4c dinh cta biéu thic P .

Bai toan 25. Cho biéu thiic P = (

Trang: 15.
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b) Rat gon biéu thirc P .
¢) Tim xdé P =10.

Loi giai
x=0 ,
o x=20 1 3 o
a) P x4c dinh = Jr+l20 = (le—\/;+l: \/——5 +Z>O,V01m()1x20
X#
x—Jx+12£0

vax#1);

khi x>0 va x#1= x/x+1>0 va Jx +1>0.
b) Tacé xv/x +1=x) +1 = (Wx +D(x—x +1)
x+2—(x—\/;+l)]x—\/;+1: 1
Wx+Dx—Vx+D) | Jx-1  Jx-1

¢) P=10 (xZO;xil):%=lO:>10(\/;—l):l = 10/x -10=1=10vx =11
x_

Vay P:{

= x=121 (Thoa mén diéu kién).
100

1 1 a’+1

Bai toan 26. Cho biéu thic A = + _
2+2Ja 2-2Ja 1-a’

a) Tim diéu kién xac dinh cua A . b) Rut gon biéu thuc A . ¢) Tim gia tri ctia a; biét A < 3

Loi giai

a>0 a>0

2+424a#0  |2(1++Ja)#0 {aZO
= =

2-2Ja#0  |201-a)#0
1-a>#0 (1-a)1+a)#0

a) Biéu thic A c6 nghia (xac dinh) = |
a#

b) Ta co:
1 1 a’+1
204va)  20-a) A+ —Jaxi+a)
(1-a)-(1+a) + (1 +a)1+a)-2(a’ +1)
2(1+a)1-~a)1+a)

:1+a—\/5—a\/2+l+a+\/;+ax/2—2a2—2 2a(1-a) a

2(1+a)(1—a)1+a) T2 +a)1l—Ja)l+a) l+a

A=

c)A<%:>—a <l:>—a —l<0 2a-1

= <0=2a-1<0 (via=>0;nén mau sb luon
I+a 3 1+a 3 3(1+a)

duong)

| A 1
:>a<5. Keét hop dicu kién, ta co OSa<5.

Trang: 16.
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Baitoan27, A= *t2 , Nrtl ]
x\/;—l x++x+1 1—\/;

a) Tim diéu kién c6 nghia cia A . b) Rut gon A. ¢) Tim gi4 trj 16n nhat cia A .
Loi giai
x>0

2 ) x\/; -1=0 x>0
a) Bicu thirc 4 c6 nghia (xac dinh) = =

x+x+120 (x#1
1- \/; #0

b) Ta co: xv/x —1=(x) 1= x -Dx+Jx+1)
Mau thirc chung: xx -1

x4 2+ WD -D-@rVx ) _x—Jx o @lx-n o Vr
xx -1 wWrx-1 Jx=DE+Vx+1) x++/x+1

¢)Vix>20=>A=0khi x=0;4>0 khi x>0 véi x>0.

Vay 4

cro ) o .1 X+4x +1 1
TatimglatnnhonhatcuaX:—:\/;+—+1

Jx Jx

. 1 1 1
Theo bat dang thirc Cauchy: Jx+—=>2 Nx—==2="2>3,
A ET T

Vay gia tri nho nhét cua % bang 3 .

1

Jx

; . . 4
Dau "="xayrakhi x =1 (véi x =0 thi A:0<§)

. . ez ]
Dau "=" xay ra —=x = = x=1 Khido A co gia tri lonnhatlag

. . v 1
bép s0: gia tri 16n nhat cia A bang 3 (khi x =1).

Bai toan 28. Giai phuong trinh:

a) V2x? —4x+1=x-1 (1) b) V4x—20-3 /x;S =Jl-x (2

B=0

2

Ap dung: ﬂzB@{
Loi gidi

x—-1>0 x>1 x>1
a) Ta co: (1) :>{ :>{ :>{

2% —dx+1=(x—-1) 2x* —dx+1=x"-2x+1 [x*-2x=0

x2>1 x2>1 x>1
= = = =>x=2
x(x-2)=0 x=0 hoac x—2=0 x=0 hoac x=2

Trang: 17.
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1-x>0

b) Ta c6: (2) = 24Jx—5 —3%\/x—5 =Jl-x =>Jx-5=41-x :»{

x=5=1-x

{xSl
= =>x=U
x=3

Vay phuong trinh (2) v6 nghiém.
Bai toan 29. Giai phuong trinh Vx—-5++7-x=2 (*)

Loi giai
5<x<7 5<x<7 5<x<7
Ta co: ()= = =
x=5+2(x=5)(T7-x)+7—-x=4 2J(x=5)(7-x)=2 (x=5)(7-x)=1
5<x<7 5<x<7
= = x=
X —=12x+36=0 (x-6)*=0

Vay phuong trinh (*) c6 nghiém x =6

Cach giai khac:

Theo bét déng thirc Bunyakovsky, ta cé:
Vx=5+JT—x=IWx=5+1WT—x <P+ P Jx=5+7-x =2
Dau “="xdyra =>Jx-5=y7-x=>x-5=7-x=x=6
Vay phuong trinh (*) c6 nghiém x =6

Ta c6 thé ap dung bat dang thirc Cauchy nhu sau:

Jx=5 = J(x=5).1< x_25+1=x;4 (x<7)

Vay: Jx—5++/7-x < x;4+8_7x=2

. x=5=
Dau “=” xay ra = {7 =>x=6
—-—X =

Vay phuong trinh (*) c6 nghiém x =6

Bai toan 30. Giai phuong trinh: v1+x ++/3—x +/(1+x)(3-x) =2
Huéng dan: Bé y dén biéu thire dudi cac ddu cin, ta dit an phu:
u=+1+x+3-x, trdé tinh \J(1+x)3—x) qua u

Loi giai

Pat u=vVl+x+v3—-x (-1<x<3)=u>0

=u’ =1+x+2J(1+x)3-x)+3-x=J1+x)3-x) = ”22‘4

u’—4

Ta c¢6 phuong trinh: tu=2=u"+2u-8=0 =u'+2u+1=9=w+1)’=3’
= |u+1]=3

Viuz0=lu+l|=u+l=u=2

Trang: 18.
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= =
1+x+2J0+x)B3-x)+3-x=4 [2J(1+x)3-x)=0 x=3

Vay Jl+x++/3-x =2:>{

-1<x<3 {—13x£3 {x:—l

Nhdn xét: Ta co thé xét diéu kién ctia u chit chd hon:
2<u<22. That vay:

Thaeo bt ding thirc Bunyakovsky:

IV T+ x+1B3=-x <N+ M+x+3-x=2V2=u<22

Laicé: u” =4+2J(1+x)3-x) >4 (vi —1<x<3)

=>JI+x)3-x)20=>u>2

Ta c6 bai toan méi sau day: “Tim gia tri 16n nhat, nho nhat cta biéu thirc 4 =+1+x +/3-x”

Trang: 19.
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BAI 10. CAN BAC BA VA CAN THUC BAC BA
PHAN A. KIEN THUC CAN NHO
1. Can bac ba

* Can bac ba cua sb thuc a 1a sb thuc x théamin x* =a.

Chit y: Mdi sb thuc a déu c6 duy nhat mot cin bac ba. Can bac ba cta s6 a duoc ki hiéu 1a Ya. Trong
ki hiéu /a , 6 3 duge goi 12 chi s6 cua can. Phép tim cin bac ba cia mot sd goi 1 phép khai cin bac ba.
Nhdn xét: (i/; )3 = Q/a—3 = g v&i moi s thue a.

2. Can thire bac ba

Can thurc béc ba 1a biéu thire dang 3/2 trong d6 A 1a mot biéu thirc dai sb.

B. PHAN LOAI CAC DANG BAI TAP

I. Tinh can bac ba
Bai toan 1. Tinh:

a) 216 b) J=512 ¢) 3-0,001 d) 31,331 e)2 —2%
Huong dan: i/a_3 =g v6i moi sb thuc a.
Loi giai
a) Ta c6: 3216 =6* = 6. b) Ta ¢6: =512 = I/~(8)° = -8.

¢) Ta c6: 3/-0,001=3/—(0,1)’ =-0,1 d) 31,331 =3/(1,1)° =1,1

[ 8 2) 2
e) )e—— = 3| —| — = ——,
27 3 3
Bai toan 2. Sir dung MTCT, tinh cdn bac ba sau ddy (Iam tron két qua dén chit s6 thap phan thi hai).
a) 32,1 b) /-18 ¢) 3/0,35 d) /3,25
e) Y45
Loi giai

a) Taco: 3/2,1~1,28;  b) Taco: /-18 ~-2,62;

¢) Taco: 3/0,35~0,70 d) Taco: /3,25 =1,48; e) Ta co: % ~ 3,56
Bai toan 3. Tinh:
a) %/§+%/—27—sé; b) 2(%/E+5%/216).3/%.
Loi giai

1 15
a) Ta co: 8 +3/-27 —3|— =2+(=3)——=—=.
) 64 4=

27+ 53376 sl = 2 (V5 45U Vol L) = (23-5.6). L = (com Lo _
b) 2(Jﬁ+5\/ﬁ).\/;_2(\5+5£). (4) =(23-5.6).7=(-24).7 =6

Trang: 1.
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Bai toan 4. Tinh gia tri cac can thuc: Ysx-1 tai x=0va x=-14.
Loi giai
e V61 x=0, ta co: m:i/?l:i/ﬁz—l.
e V6i x=—1,4 ta c6: 3f5(—14) =38 =3[(-2)’ =-2.
II. RUT GON BIEU THUC

Bai toan 5. Rat gon biéu thic:

a) Ix* —3x2 +3x—1; b) Y2757 —27x2 +9x —1; ¢) 8x* —12x% + 6x—1;
Huéng dan: (a-1)’=a’-3a* +3a-1;

Loi giai

a) Ta co: %/x3—3x2 +3x-1 :i/(x—l)3 =x-1.

b) Ta c6: 27x —27x% +9x—1 =3/ (3x—1)* =3x-1.

¢) Ta co: /8x* —12x° +6x—1=3/(2x—1)’ = 2x—1.

Bai toan twong tu:

Rut gon: a) /8x° +12x% +6x+1 b) Vxd+3x% +3x+1.

Bai toan 6. Rat gon biéu thic:

a) 3(1-2); b) (V2 +1)%; ¢) (3 \/5+1)3 .
Loi giai
a) Ta co: J(1-+2) =1-+/2. b) Ta co: I(2v2 +1)* =242 +1
¢) Ta cb: (%/\EH)} =Y 2 +1) =2 41

Nhan xét:

3
o Vi (JE+1) =1-3v2+6-242 =7-542 , ta c6 bai toan rit gon /752

o Tr bai todn b) va c), ta c6 bai toan sau:

eRut gon 325+22v2; Y7+5V2.

Bai toan 7. Rut gon roi tinh gia tri ctia biéu thirc:

a) x+5+x° +3x2 +3x+1; tai x=-3; b) x+1-9x+27x’ —27x s tai x=2.

Loi giai

a) Taco: x+5+x° +3x +3x+1=x+5+3(x+1)° =x+5+x+1=2x+6
Tai x=-3;taco: 2.(-3)+6=-6+6=0

Trang: 2.
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b) Ta c6: x+31-9x+27x> —27x° = x+3[(1-3x)’ =x+(1-3x)=—2x+1
Tai x=2. Tacd: 2.2+1=-3

Bai toan 8. Rat gon biéu thic:

a) A=320+1442 +320-1442; b) B=37+52 +7-52.

Hudng dan: Lap phuong hai vé. Xem nhan xét & bai toan 6.

Loi giai
a) Pat a=20+14v2; b=20-142

Taco: A=3a+3b= 4 =(i/5+€/3)3 =a+b+3ab.(Ya +3b)
O d6: a+b=20+14v2+20-142 =40

ab=g/(20+14ﬁ)(20—14ﬁ) —38 =2

Vay 4> =40+6A4. = A -64-40=0 = (A-4)(A*+44+10)=0

= A-4=0vi A +44+10=(A+2)’+6>26>0=>A=4 vi (4+2)*+6>6>0 vo nghiém

Cdch khéc: A:i/(2+\/§)3 +§/(2—JE)3 —242+2-2=4.

b) Taco: B =3(1++2) +(1-~2)" =(1++2)+(1-+2)=2.
Nhén xét: Ta c6 thé 1am nhu bai toan a)

Ta c6 bai toan sau:

1. Chiing t6 rang: 3/20 +142 + 3/20— 1442 1a mot nghiém cua phuong trinh x° —6x-40=0

2. Chimng t6 rang: 3/7 +542 + 3/7 ~5J2 1a mot nghiém ciia phuong trinh x° +3x-14=0

Bai toan twong tu:
Ching minh rang:

a) i/2+\/§+%/2—«/§ 12 mét s6 tu nhién

b) 542 +7+3/542 =7 13 mét s6 tw nhién

I11. Giai phwong trinh

Bai toan 9. Giai phuong trinh:

a) Yx—1=2; b) Y5x+7 +3/12-5x =1

Hwéng din: Lap phuong trinh hai vé.

Loi giai

a)Taco: Yx—1=2=>x-1=8=x=9.

b) Taco: /5x+7 +312—5x =1

Trang: 3.
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2 2
:(5x+7)+3(i/5x+7) -%/12—5x+3-%/5x+7-(%/12—5x) +12-5x=1

— 19+3%/5x+7.%/12—5x.(%/5x+7 +%/12—5x) ~1

ma 5x+7 +312-5x =1

=19+33/(5x+7)(12-5x) =1 = 3(5x+7)(12-5x) =6
5 ) x=4
= (5x)"-12.(5x)-300=0 =>x —-x-12=0 =

Thir lai: x = 4;x =—3 déu 1a nghiém cua phuong trinh.

Trang: 4.
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BAI TAP CUOI CHUONG III
A. TRAC NGHIEM
Cau 1. Can bac hai cua 4 1a:
A 2. B. 2. C.2va-2. D. /2 va —/2.
Cau 2. Cin béc hai s6 hoc cua 49 1a:
A7 . B. -7 . C.7 va 7. D. 7 va —/7.
Cau 3. Rut gon biéu thure ,3[(4 - \/ﬁ )3 ta duoc:
A. 4+\17. B. 4-/17. C.\17-4. D. 4-17.
Cau 4. Do dai duong kinh (mét) ciia hinh tron ¢ dién tich 4m’ sau khi lam tron két qua dén chir
s0 thap phan thir hai bang:
A. 2,26. B. 2,50. C. 1,13. D. 1,12.
Cau 5. Mot vt roi tu do tir d6 cao 396,9m . Biét quing duong chuyén dong S (mét) ciia vat phu

thudc vao thoi gian ¢ (gidy) boi cong thirc S = 4,9¢”. Vat cham dat sau:

A. 8 gidy. B. 5 gidy. C. 11 gidy. D. 9 gidy.
Huwéng din - Pap sb
Cau 1. Chon C.
Cau 2. Chon A.
3
Céu 3. J(4-17) =4-17. ChonB.
n 4
Cau 4. 2R:2-\/:z2,26. Chon A.
7
Cau 5. t= S P69 9 giay. Chon D.
4,9 4,9

B. TU LUAN
Bai 1. Khong sir dung MCCT, tinh gia tri ctia biéu thirc:

Az\/(\/§—2)2 +\/4(2+\/§)2 S

2-3
Bai 2. Cho biéu thic 4= VX2 4 (x>0,x#4).
-2 Jx+2

a) Rut gon biéu thuc 4.
b) Tinh gia tri cia A4 tai x=14.

Bai 3. Biét rang nhiét luong toa ra trén ddy din tinh boi cong thie O = I*Rt, trong d6 O 1a nhiét luong
tinh bang don vi Joule (J,R 1a dién trd tinh bang don vi Ohm (), I 1a cudng do dong dién tinh bang

Trang: 1.
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don vi Ampe (A),t 1a thoi gian tinh bang gidy (s). Dong dién chay qua mét diy dan co R =10Q trong
thoi gian 5 gidy.
a) Thay ddu "?" trong bang sau bang cac gia tri thich hop.

1(4) 1 1,5 2

0(J) ? ? ?

b) Cudng do dong dién 1a bao nhiéu Ampe dé nhiét luong tod ra trén day dan dat 8007 ?

Bai 4. Tim diéu kién c6 nghia cua biéu thuc:

a) A=t b) B=x-2+

x-3 x=2

Bai 5. Chung minh:

a) 2¢2++3 =42 +6 b) /1+§:1+\/§

2
Bai 6. Tinh:
a) A=+2(V21+3) 521 b) B=~2(v5-1)3++5
Bii 7. Cho biéu thirc P:( L j:x_”x+1(x>0)
\/;+1 x+\/; xvx +1

a) Rut gon biéu thic P. b) Tim x sao cho P<0.
Bai 8. Tim x, biét: (3—2&)(2+3J§)=16—6x.
Bai 9. Tim diéu kién dé mdi biéu thirc sau c6 nghia:
a) A=— 1 b) B=

1-vx-1 2x+

Bai 10.Rut gon:

a) M =(4++3)19-83 b) N = \/_V 5

Bai 11. Riit gon biéu thite: P =| o= xx NI e ) (x> 0;x % 4)
2-Jx 24+4x

Bai 12. Tim x, biét: (3-+2x)(2-32x)=6x-5 (¥).
Huwéng din giai

) +3
Bai 1. A=‘\/§—2‘+‘2(2+\/§)‘_(2_\/25)(21\/5)

Trang: 2.
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(\/§+2)2—4(\/;+2) Cx+4/x+4-4Sx+8 x+12

Bai2. a) A= = = .
) e e
b) Véi x=14, taco A= 212 13
14-4 5
Bai 3. a) Ta c6 bang sau:
1(4) 1 L5 2
0(J) 50 112,5 200
b) I = /2: /@:4(,@)-
Rt 10.5
. ) . x—=3#0
Bai 4. a) A c6 nghia = =>x-3>0=>x>3
x—=3>0
. x—=22>20
b) B c6 nghia = =>x-2>0=>x>2
x=2#0

Bai 5. a) Taco: 242++/3 =,/ (2+J§)=\/8+4J§=\/6+2JE+2

- (V6 ++2) =[N6 ++2| = V2 + 6 (dpem).

b)Tacé:\/ N \/2+\B=\/4+2\/§_\/(l+\/§)2 :1+2\B

ST 4 a
Bai 6. a) Ta co: 4 =(v21+3)310-2v21 =43(v7 +3) (\ﬁ—\ﬁ)2
\/5( 7+\/—)(\/— \/_) 443.

b) Taco: B=(V5-1)y6+2v5 =(v5-1) (\E+1)2 =(V5-1)(V5+1)=5-1=4

(dpcm) .

Bai7. a)Taco P{

1 1 ].x\/;ﬂ e-1 x—=x+1

\/;+1_\/;(\/;+1) . \/;)3+1 :\/;(\/;H)'(\/;H)(x—\/;ﬂ)

Jx -1 Jx -1
— . l)=——
Al s
b) Tacé: P<0 (diéukién x>0 )

:>\/;_1
Jx

=>VJx<1l=0<x<l.

<0=>/x—1<0( vi Vx >0 khix > 0)

Trang: 3.
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Bai 8. Taco: (3-24x)(2+3x)=16-6x (1) Piukien: x>0,

(1)= 6+9Vx —4/x —6x=16—-6x = 5Jx =10 = /x =2 = x=4 (nhan)

Bai 9 )A , hi x—1>20 x—1=20 x>1 x>1
alr>. a CO nghia = = = =
s 1-Vx-120 |[Jx-1=1 [(x—-1#1 [|x=#2

b)Bconghia = x> —2x+1>0= (x-1)’>0=>x=1.

Bai 10. a) Ta co: M =(4+\/§)( (4—\/5)2 =(4++3)(4-3)=16-3=13

N zmzm(‘ﬁ”)

b) Ta co: N=\/§(\/E_l) 2(\/%_1) 14
(5-1) (5 +1)_(JE-1)35+1) 14

B 28 B 28 28 2

Ny o (2—\/;)(4+2\/;+x)+ | @=Vx)?
Bai 11. Ta co: P—{ 2_\/; 2\/;} LZJM/;)Z}
=(4+2\/;+x+2\/;).(2—\/;)2 =(2+\/;) (2—2\/;) =(2_\/;)2

(2+\/;) (2+\/;)

Bai 12. Ta co: (*):>6—9\/5—2\/E+6x=6x—5:>—11\/2_=—11:>2x:1:>x:%

Trang: 4.
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Chuong IV. HE THU'C LUQNG TRONG TAM GIAC VUONG
Bai 11. TI SO LUQNG GIAC CUA GOC NHON
A. KIEN THUC CAN NHO
Cho goc nhon « . Xét tam giac ABC vudng tai A, c6 goc nhon bang o (hinh v& bén). Ta co:

I. Dinh nghia C

. AC . « .. Ao
sina = BC (ti sO gitra canh doi va canh

huyén) .

AB : . \ 3 A
cosq = BC (ti sO gilra canh ké va canh huyén) canh huyén

canh doi
AC , . .. Lo A
tan @ = —— (ti sO gilta canh doi va canh k¢)
AB
AB A em A a £
cota =—— (ti sO gilra canh ké va canh do1)
AC
Chuy: O<sina<l;0<cosa<l. A canh ké B

II. Ti s6 lwong giac cwa hai géc phu nhau
sin(90°—a)=cosa  cos(90°—a)=sina
tan(90°—a)=cota  cot(90°—a)=tana

B. PHAN LOAI CAC BAI TAP

I. Tinh ti s6 lwgng giac cia mot géc nhon

Bai toan 1. Cho tam giac ABC vudng tai 4, c6 AB=6cm, AC =8 cm. Hay tinh cac ti s6 lugng giac

sina,cosa,tana,cotax voi o = B.
Loi giai
Xét AABC vuodng tai 4 co B= a(gt) C
Theo dinh li Pythagore, ta co:
BC? = AB’ + AC* =6 +8” =100 = BC =10(cm)

Bem
Theo dinh nghia cua ti sb luong giac sin, cos, tan, cot,
ta co:
) AC 8 4 AB 6 3 o
sihg=—=—=—; coOS@=——=—=—;
BC 10 5 BC 10 5 A 6em B
AC 8 4 AB 6 3
tang =——=—=—; cotg=——=—=—,
AB 6 3 AC 4

8
Bai toan 2. Cho tam gidc ABC vuodngtai 4,c6 AB=12, AC =9, BC =15. Tinh céc ti s6 luong giac

sina, cosa, tana, cota voi o = B.

Loi giai

Trang: 1.
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C
15
9
o
A 12 B
Xét AABC vudng tai 4 ¢6 o =B (GT)
ro AC _9 3, AB 12 4
Ta co: sinag =— cosag=—=—=—;
BC 15 5 BC 15 5
AC 9 3 AB 12 4
tang =——=—=—; cotog=——=—=—.
AB 12 4 AC 9 3

Bai toan 3. Cho hinh thoi ABCD c¢6 hai duong chéo cét nhau tai diém O (hinh v& bén).

. 20B . . X
a) Ti so B 1a sin cua goc nhon nao?

.z OB . . .
Ti so BC la cos ctia goc nhon nao?

—

b) Viét ti s6 lugng giac clia mdi goc nhon sau: tan O/CTD, cot OAD.

Loi giai

D

Ta cd ABCD 1a hinh thoi (GT) nén hai duong chéo AC va BD vuong goc voi nhau tai O.

a) Xét AOAB vudng tai O nén ti sb %: sin BAO.

Tuong tw AOCB vudng tai O nén ti sb Z—(B; = cos CBO.

b) Xét AOCD vudng tai O nén ti sb tan OCD = glg

Tuong tu AOAD vudng tai O nén ti sd cot OAD = gg

Bai toan 4. Cho tam gidc ABC vudngtai B, c6 AB = \/ﬁ, BC = \/6 va goc nhon A= . Tinh cac ti )
luong giac cua goc nhon .

Loi giai

Trang: 2.
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C
4
J6
B
B /10 A
Xét AABC vudng tai B ¢6 o =B (GT).
Theo dinh li Pythagore, ta co:
2 2
AC* = BC*+ 4B’ =(N6) +(10) =16
= AC =4
Theo dinh li cua ti s6 lugng giéc sin, cos, tan, cot.
Ta co: Sil’lﬂ:B—C:ﬁ; Cosﬁzﬁzﬁ;
AC 4 AC 4
tanﬂ—B—C——\/g' cotﬂ—ﬁ——\/E
AB 10’ BC 6

Bai toan 5. Cho tam giac ABC vudng can tai A, ¢ canh goc vudng bang a. Tinh d6 dai canh huyén
BC theo g r6i tinh:
AC
BC
AC
AB

* Cac ti sb ;—g, . Ttr do suy ra sin45°, cos45°.

. Ttr d6 suy ra tan45°, cot45°.

* Céc ti sb ﬁ,
AC

Loi giai

45°

> O

Xét AABC vuong can tai 4 (GT)
Theo dinh li Pythagore, ta co:
BC? = AB* + AC* =a* +a* = 24> = BC = av/2.

*Tiséﬁz ¢ =L=£hay sinC=£.
C a2 2 2 2
Tuong tu ti s6 £=£=cosC
BC 2

NG

Vay sin45° = cos45°=—.

Trang: 3.
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* Ti s& ﬁzﬂzl hay tanC =1.
AC a

Tuong tu ti s6 £:1 hay cotC =1.
AB

Vay tan45° = cot45°=1.

Bai toan 6. Cho tam giac déu ABC, c6 canh bang 2a (xem hinh v&).

a) Tinh duong cao AH cua tam giac ABC.
b) Tinh sin30°, cos30°, sin 60° va cos60°.
¢) Tinh tan30°, cot30°, tan 60° va cot 60°.

60°

Loi giai

A

309

2a

B

H

C

a) AABC déu nén dudng cao AH ddng thoi cling 1a dudng phan giac ctia goc BAC .

Xét tam gidc AHB vuong tai H c6 BAH =30°

BH_AB_Za

2 2
Theo dinh li Pythagore, ta c6: 4B’

= AH? = AB* ~ BH* =(2a)’ —a* =3d’

:>AH=ax/§.
b) Ta co: sin30°=sinBAH=ﬁ:i:l,
AB 2a 2
cos30°:cosBAH:A—H: a\/g zﬁ
AB 2a 2
tan30°:tanBAH:ﬁ:L—_—£.
AH a3 3 3

AH a\/_ \/—

cot30°=cot BAH =——=
BH

Tu bai toan 5 va 6 & trén, ta co béng sau:

= AH’ + BH’

(24

30°

45°

60°

sina

1
2

oS

N|&‘

Trang: 4.
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5 A !
cosa X N2 -
2 2 2
tan o ? 1 \/5
cota \B 1 ﬁ
3
Bai toan 7. Cho tam gidc ABC vudng tai 4, co C=45° vi AB=c.Tinh BC va AC theo c.
Loi gidi
C
45°
—
A ¢ B
Ta co sinC=£:>BC= A8
BC sinC

Theo bang trén sin 45° :ﬁ nén BC :chﬁ
z 7
2
AC
Tuong tu cotC:E:AC:AB-cotC:c-cotC:c-lzc

Bai toan 8. Cho tam gidc ABC vudng tai 4, co C =30° va BC = a. Tinh céc canh AB va AC theo a.
Loi giai

30°
A C

Ta co sinC:%:AB:BC-sinC:a-sin30°

Theo bang trén sin 30° =% nén AB=a % =

NOREN

Tuong ty cosC = A¢
BC

a3

:>AC=BC-cosC=a-cosC=a~cosSO°=T.

Trang: 5.
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Bai toan 9. Cho tam gidc ABC vudngtai 4, co B= 30°, duong cao AH . Tinh ti sb g—fl va g_ll:ll’ tr do
BH
tim —

Loi giai

] 30°

Tacd AH L BC.

Xét AAHB vuong tai H, c6 B =30°(GT)
AR _ tan B = tan30° = —
BH

AABC vudng tai 4 cb B=30° (GT) — C =90°-30° = 60°
Xét AAHC vudng tai H, co C =60° nén g—g = tan C = tan 60° = /3.

BH ~AH BH \/*3

Do d6
°%CH T cH aH 5o

. PN
Bai toan 10. Trong hinh v& bén, hay tinh ti s0 20 va PN , tur do tim %

Loi giai

60°

o
N P

Xét AONP vudng tai N, ¢6 O = 60° (GT)
Tacod NP =sin Q =sin 60° :ﬁ.

PO 2
Xét AMNP vuéng tai N, c6 M = 45°

V2
>

nén ﬂ =sin M =sin45° =
PM

Trang: 6.
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vay PQ_PO PN _2 N2 V2 6
Y T PNPM 3 2 33

Bai toan 11. Tim chiéu cao cta thap canh trong hinh v& bén (két qua 1am tron dén hang phan tram).

Loi giai

60° 58m ]

C

Taco tanC = ﬁ
BC
ma C =60°, BC =5,8 (GT)

hay tan 60° = 48
5,8

5

= AB =5,8-tan 60°
AB=5,8-/3
= AB ~10,05(m)

Bai toan 12. Pé tinh khoang cach giita hai dia diém 4, B ma khong do truge tiép duoc. Chang han 4 va
B 14 hai dia diém ¢ hai bén song, ngudi ta ldy diém C vé phia bo song c¢6 chita B sao cho
AABC vudng tai B . O bén bo song chita B ngudi ta do duoc ACB=55°va BC=70 m , VO1 cac
dwr liéu d6 khoang cach AB c¢6 tinh dugc khong va néu duoc ban hay tinh 4B .

Loi gidi
_—-74A
/”’ /
- /
C _ ,
/
/
/
70 /
/
B

Trang: 7.
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Ta c6 AABC vuong tai B, c6 ACB=55°
va BC=70 m (GT)

nén £=tanC:>AB=BC~tanC
BC

=70.tan 55° = 99,97(m)
Tréa 161: Khoang cach AB tinh dugc AB = 99,97(m)
Bai toan 13. Hay viét cac ti s6 luong giac sau thanh ti s6 luong giac ciia goc nhd hon 45°.
sin 65°, cos 75°, tan 85°, cot 71°.
Loi giai
Ta c6: sin 65° = cos(90°—65°) = cos 25°.
cos 75° =sin (90°—75°) =sin15°.
tan 85° = cot (90° —85°) = cot 5°.
cot71° = tan (90°—71°) = tan19°.

Bai toan 14. Cho tam gidc ABC vudng tai A, biét AB =3cm, BC = 5cm. Tinh céc ti s6 luong giac cia
hai géc B va C
Loi giai

A

B 5 C

Ap dung dinh ly Pythagore ta co6 AC*> = BC> — AB* =5"-3" =16
= AC =4cm

sinBz?:cosC: (Vi B va C 1a hai gbc phu nhau)
3 .
cosB=g:>smC=

tanBz%:cotCz

AW WA VW LA~

cotB:%:ManC: .

Bai toan 15. Cho tam giac ABC vuong tai B, trong d6 4B =0,9cm, BC =1,2c¢m. Tinh cac ti sb lugong
giac ctia goc A d6 suy ra ti sb lugng giac ciia goc C.
Loi giai
Ta cé: AC* = AB*> + BC* (dinh Iy Pythagore)

Trang: 8.
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AC* =0,9*+1,2* =2,25
= AC=1,5cm

sinA=B = =i; cosAd=
5
4

tan 4 =

0,9 3

Vi 4 va C 13 hai gbc phu nhau , ta c6

B

A g

sinC = cosC =

9

tanC = cotC =

Alw VW
Wik s

Bai toan 16. Cho tam giac ABC vuodngtai 4 ¢c6 AC =12cm,cosC = % .Tinh tan B, cot B.

Loi gidi
A
21
B - C
Taco A—C:cosCzé hay A:E:BCZEZ.’)S(cm)
BC 5 BC 5
Ap dung dinh 1y Pythagore :
AB* =BC* - 4AC?
=35"-21° =784
= AB = 28(cm)
Vay tan B :A_ng_i va ABCcotB :i
AB 28 4 3

Bai toan 17. Cho tam giac ABC vudng tai 4, duong cao AH . Biét AB=17,BH =8. Tim sin B,sinC.
(Két qua 1am tron dén chit sé thap phan thi hai).

Trang: 9.
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Loi giai

17
15

@ @ g

B H C

Xét tam gidc AHB vudng tai H
Theo dinh ly Pythagore , tao co :
AH? = AB* -BH® =17° -8’ =225
= AH =15
Viy sin B =A—H=1—5z 0,88
AB 17

2 2
Tacé AB* = BH.BC = BC = A5 :IL=36,125.
BH 8

Vay SinC=£= 17 ~
BC 36,125
Bai toan 18. Cho tam giac ABC vudng tai A, duong cao AH . Biét HB =4,HC =9. Tinh sin B,sin C.

(Két qua 1am tron dén chit sé thap phan thi hai).

0,47.

Loi giai

Ta cd AABC vudng tai 4 c6 duong cao AH
Ap dung hé thuc h* =b'c', taco :
AH? =HBHC=49=36= AH =6

Theo dinh ly Pythagore:
AB* = AH* + HB
=6"+4’ =52
— AB~7,21
Do do sinB:i—I;z%zO,Si Laic6 BC=BH+HC=4+9=13
Tacd AC’ =BC* - AB> =13*-52-117= AC 10,82

o AH 6
Vay sinC=——~ ~
AC 10,82

0,55.

Trang: 10.
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~

) ) 4 )
Bai toan 19. Cho tam giac ABC vudngtai 4, C =a,cosa = g Hay tinh sin«,tan «,cot a.

Loi gidi
A
c b
a
B a C
4 b 4
cosa=—=—=b=—a.
a 5

Theo dinh ly Pythagore, ta c6:

2
a=b+c’=>c’=a’-b’ zaz—(%aj

= 2—Eazziach:—a
25 25
Veftysinazgz—a:a:é
a 5 5
c 3 4 3 4
tang=—=—a:—a=—=cota =—.
b 5 5 4 3

Bai toan 20. Cho hinh v€ nhu bai 10, cho tana = % Tinh sina,cosa, (Két qua lam tron dén chir sb thap

phan tha hai).
Loi giai
(Xem hinh bai 19).

Ta co tana=£=l:>b=3c
b 3

Theo dinh 1y Pythagore, ta c6:
a’=b"+c’ :(3c)2 +¢* =10 = a =10

c c 1
Do d6 siha=—=——+—=—+—~0.32
a cJ10 10
cosa=é— 3¢ iz0,95

a 10 10

Bai toan 21. Trong céc toa nha trung cu , nguoi ta thudng thiét ké doan ddc cho nguoi di xe 1an voi goc
dbc bé hon 6°. Hay tinh goc dbc , biét rang doan ddc vao sanh nha dai 4m , d6 cao cua dinh
déc bang 0,4m

Loi giai

Trang: 11.
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0,4

4

AABC vuong tai A c6 AC =4m, AB =0,4m

AB 04 1
Tacod tanC=——= =—
4 10

— C~5°4)'.

Bai toan 22. Treo quéa cau kim loai vao gia thi nghiém bang soi diy manh nhe khong dan . Khi qua cau
dung yén tai vi tri can bang , dy treo c6 phuong thang ding . Kéo qua cau khoi vi tri cin bang
mot doan nho rodi budng ra thi qua ciu s& chuyén dong qua lai quanh vi tri can bang . Khi kéo qua
cau khoi vi tri can bang , gia sir tAm A cuia qué cau cach B mot khoang 4B = 60cm va cach vi tri
can bang mot khoang AH = 20cm ( hinh v& ). Tinh s6 do goc « tao bai day va vi tri cAn bang(
Lam tron két qua dén hang don vi cia do ) .

Loi giai
B

60cm

A 20cm H

Xét tam giac AHB vuong tai H c¢6 AH =20cm, AB =60cm .

Goi a 1a goc tao boi diy AB va vi tri can bang ( Xem hinh vé ABH 13 « )
Ta co sina =A—H=§=l:>a ~19°
AB 60 3
Vay a~19°.
Bai toan 23. Hinh v& bén m6 ta mot chiée thang co chidu dai AB=4m dugc dit dua vao tuong ,
khoang céach tir chan thang dén chan tuong 1a BH =1,5m. Tinh goc tao bdi canh 4B va phuong
nam ngang trén mat dat ( Lam tron két qua dén hang don vi ciia do ) .

Loi giai

Trang: 12.
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~—

Goi a 1a goc tao boi canh 4B va phuong nim ngang trén mat dat ( goc ABH ).
Xét tam giac AHB vuong tai H c6 BH =1,5m,AB=4m.

, BH 1,5
Tacd :cosa=——=
AB

=0,375 .

Do dé a~68°
Vay goc tao boi canh AB va phuong nam ngang trén mit dat khoang 68°

I1. Chitng minh cac hé thirc lwgng giac

Bai toan 24. Hiy sir dung dinh nghia cac ty s6 lugng gidc ctia mot goc nhon dé chimg minh : Vi goc nhon
a tuy y,taco

sina cosa
a)tana = b) cota =—

cosa sina
¢) tana.cotar =1 d) sin*a+cos’a =1.

Loi gidi
B
b
C
o
A a C

. . o A o C c

a) Theo dinh nghia ty so lugng gidc ta cd : sina =—;cosa =—
a a

Bién d6i vé phai : =—:—=—=tana (dpcm)

sima b ¢ b
cosa a a c

b) Chirng minh tuong tu cau a.

b c
c)Tacod tana =—;cota =—
c b

<4y o b c
Khi do6 ta co vé trai : tana.cota:—.gzl (dpem)
C
.. b . : ) ¢
d)Taco sinag =—=sin"a =— , tuong ty cos” a=—
a a a

Trang: 13.
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2 2

2 2 2
c© b +c¢ a

=sin’a+cos’a=—+—5=—-5—=—5=1 (dpem)

a a a a

Bai toan 25. Cho tam giac ABC vudng tai 4. Chtng minh ring AC = S%HB .

AB  sinC
Loi giai
A
B C

Taco sinB :A—C;sinC:Q
BC BC

sinB_ AC AB _AC
sinC  BC BC AB

Vé phai : (dpem)

Bai toan 26. Cho tam giac ABC vuong tai 4, va B=a . chimg minh rang:

b) 1+cot’ a =— !

a) 1+tan’ o = > >
cos” a sin” &

Loi gidi

A

B C

a)Theo dinh nghia ty sb luong giac ta co

AC 5 AC?
tanag =——=tan" o =——;
AB B
2 2 2
Vétrai 1+tan’ o =1+ AC2 = 48 +;4C
AB AB
BC? 1 1
Cz = 2= >— (dpem)
AB (ABJ cos” o
BC
2
b) Chung minh tuong tu , ta c6 cota = AB =cot’ a = A32
AC AC

2

Vé trai 1+cot’ a =1+ 5
AC

Bai toan 27. Cho goc nhon e . Hay rit gon céac biéu thic sau:

Trang: 14.
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2
a) A=(sina+cos a)2 +(sin2 a —cos’ a)

b) B =sin’ a +cos® & +3sin” ar.cos’ «
x . ) 2 o x., .
Huwéng dan: Stir dung hang dang thic (A *B ) dé khai trién rdi 4p dung hé thirc sin® o +cos’ @ =1
( Chung minh ¢ bai 32)
Loi giai
. 2 . 2
a) A=(sina+cosa) +(sm2 a —cos’ a)
_( -2 2 . .2 2 .
=(sin“ @ +cos a)+251nacosa+(s1n a +cos a)—Zsmacosa

=1+1=2

b) B =sin’ a +cos® o +3sin” ar.cos’ «

= (sin2 a)3 +(cos2 a)3 +3sin” ar cos’ Ot(sin2 a +cos’ 05)

= (sin2 a)3 + (cos2 a)3 +3sin* e cos’ a +3sin’ acos* o

= (sin2 a +cos’ a)3 =1 =1.

Bai toan 28. Cho goc nhon ¢ . Chiing to rang gia tri cia biéu thirc sau khong phu thudc vao goc nhon o
M =(tana +cot05)2 —(cota —tanoz)2 .
Loi giai
M =(tana +c0t0¢)2 —(cota —tanoc)2
= (tana +cota +cota —tana[(tana +c0ta)—(c0ta —tan 05)])

=2cota[tan & +cotar —cot  + tan & |

=2cota.2tana =4cota.tana =4

Bai toan 29 . Chimg minh rang gia tri cta biéu thirc sau khong phu thudc vao goc a (0° <a< 90°) .

(cosa —sin a)2 —(cosa +sin a)2

cosa.sina
Loi giai

(cosa —sin a)2 —(cosa +sin a)2

Ta co -
cosa.sina

cos” o — 2 cos sa sin ¢ + sin® a—(0052 a + 2sin @ cos & + sin® a)

cosa.sina

_1-2cosasina—1-2sinacosa

cosasina
_ —4cossasina 4
cosasin o

Chung t6 biéu thirc khéng phu thude vao goc «

Bai toan 30. Cho tam giac nhon ABC c¢6 BC =a;CA=b; AB =c. Chung minh rang :

Trang: 15.
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a b ¢
sind sinB sinC

Loi giai

: AH . AH
Ké duong cao AH ta c6: sinB=——;sinC=——
AB AC

:sinB_AH_AH_AC_é
sinC AB AC AB ¢
b c

sinB  sinC’
b

sinA sinB

a b c
= = dpcm ).
sinA sinB sinC( pem)

Tuong tu :

Do d6 :

. s 1 .
Bai toan 31. Cho tam gidc nhon ABC . Ching minhrang : S ;. = EAB +AC-sin 4

Loi giai

Vé CH L AB (H € AB)
Ta c6: CH=AC-sinA
Do do: S ;0 =%AB'AC-sinA.
Bai toan 32. Cho « 1a goc nhon tao bdi hai duong chéo AC va BD cua tir gidc ABCD.
Chimg minh rang : S, = %AC ‘BDsine .

Loi giai

Trang: 16.
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C
B
A o
Goi Ola giao diém hai duong chéo ACva BD.
K¢ BH 1L AC,DK 1 AC.
Céc tam giac vuong BHO va DKOco6: BH=0B:sina va DK =0D-sin«a (1)

Tacd: Sypep = Sape +Sanc

=lAC-BH+lAC-DK
2 2

:%AC(BH+DK) )

1 . .
Thay (1) va(2),tacod: S,zcp =5AC-(OB-sma+OD~sma)

= %AC(OB +OD)sin

:lAC-BD-sina
2
Ap dung : Cho ti gisc ABCD, hai dudong chéo ACva BD cat nhau tai O
biét AOB=60"; AC =4,2cm ;BD = 6,5cm . Tinh dién tich t& gidc ABCD .
Hudéng dan : Str dung ngay két qua ctia bai toan trén ta 6 :
Sascp :%AC-BD-sin60° :%-4,2-6,5-sin60° ~11,824cm’
Bai toan 33. Cho tam giac ABC vudng tai 4. duong cao AH .
a) Chimg minh rang : sin’ B = H—C
BC
b) Chimg minh rang : sin2C = 2sin C-cosC

Loi giai

B C

a) Xét tam gidc vuong AHB

Trang: 17.
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: AH AH’®
Theo dinh nghia ty s6 luong gidc ,tacd : sinB=—=sin’ B = 1
inh nghia ty ong g 2B AR? (M
Xét AAHB va AAHC vudngtai H
C6: Ai=C ( cung phu voéi ZA3)
Tuong tu co : A.=B ( cung phu véi 6)
Do d6 : AAHBV)ACHA(g—g):ﬁ:@:AHZ:HB-HC (*)
HC AH

Chtrng minh tuong tu, tacé : AABC > AHBA(g-g)

ﬁ:B_C:A]y:HB.BC (**)

HB AB

AH’ HB-HC HC

Thay (*) (**) vao (1), tacod: sin’B= = =,
Y ) vao () AB’ HB-BC BC

b)

K¢é trung tuyén AM ta co: MA=MC = MB = BTC

hay AAMC cantai M = MAC =C = AMH =2.C ( gbc ngoai cia AAMC)
AH AH 24H

——  AH
Xét tam giac vudbng AHM taco : sin AMH =—— hay sin2C = = = 1
8 8 am v BC e W
2
Ma AC?=BC-CH=sinC-cosC = 'CH=AH (2)
BC-CH BC

Tu (1) va(2) c6 sin2C =2sinC-cosC.
Bai toan 34. Cho tam giac ABCcantai 4 ¢c6 AB=AC =1cm va A=2a (0° <a< 45°)céc duodng cao

ADva BE. (—%)x-yz 2%,

a) Chimg minh ring : A4DC « ABEC.
b) Chung minh : sin 4 =2sina -cos«a

Huwéng dén: Vi cau b) dé chimg minh dang thic , ta dua hai biéu thirc vé cing mot biéu thirc thir ba . Dya
vao cac h¢ thuc lugng giac trong cac tam giac vuong .

Loi giai

Trang: 18.
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Pt T
D

a) Dé thay : AADC > ABEC (g.g)

b) AABCcan tai A nén dudng cao AD ddng thoi 1a duong phan giac

BAD-CAD_A_2a _,
2 2

Xét tam giac vuong ABD c6 : BD = ABsin BAD =1sina
AABCcan tai A nén duong cao 4D ddng thoi 1 duong trung tuyén nén
BC=2BD=2sina

Xét tam giac vuong CEB ¢6 : CBE=CAD=a ( cung phu véi C )

Ta co: BE = BC.cos CBE = BCcosa = 2sinacosa (1)
Xét tam giac vudng AEB c6: sinA = ]?_A]}Z = % =BE (2)

T (l)va(2)co: sind=2sina-cosa ( dpcm)
Bai toan 35. Cho hinh binh hanh 4BCDc6 AC 1a duong chéo 16n . Ké CH vudng goc v6i AD(H e AD)
va CK vudng goc v6i AB(K € AB)
a) Ching minh : ACKH « AABC'.
b) Chung minh : HK = ACsin BAD.

Loi giai

A D H

a) Ta c6: AB//CD(gt)= BAD =CDH ( ddng vi )
Tuong tu : AD //BC = BAD = KBC.
Nén KBC = CDH
CK CB CK CB

Do d6 : ACKB» ACHD(g.g) = —-=—— maCD=AB= (1)
CH CD CH 4B

Trang: 19.
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Lai c6 : AB// CD ma AK L CK = CD L CK hay KCD = BKC = 90’

Mat khac ABCla goc ngoai cua ABKC nén
ABC =BKC+Ci =90 +C,
Laicé: IZC\Hzlza)+62 =90"+C, ma C; zaz(cmt)
— ABC=KCH
Tur (1) va (2) c6 : ACKH © ABCA(c.gc)
Taco: ACKH » ABCA (cmt)
HK CK .

~> —3inKBC = HK = CA-sinKBC ma BAD = KBC (cmt)

= =
CA CB
Do d6 : HK = ACsinBAD (dpcm)

2)

Bai toan 36. Cho AABCnhon , duong cao AH . Goi M,N 1an luot 13 hinh chiéu cia H trén ABva AC.

a) Chirng minh : AM.AB=AN.AC.

b) Chirng minh : S _ sin® B.sin” C .
ABC

Loi giai

M S s

F Lo H D,
a) Xét tam giac vuong AHB vudng tai H c6 duong cao HM (gt)
Theo hé thiuc b* =a-b ,tacd: AH’ = AM.AB
Tuong ty véi AHC ,taco: AH?> = AN.AC
Tu (1) va(2) c6: AM.AB=AN.AC.
b) D& thiy : AAMN @ AACB(c.g.c)

AM 2 2
Nén : Vé& trai : S =( j = AM2
ACB AC AC
2
sinB=E:>sin2B= 5 4
o AB AB w2 AH
Laico: =sin"Bsin"C=————
. AH ., . AH’ AB?-AC
sinC=——=sin"C= 5
AC AC

Thay AH" = (AB.AM)’ = AB*.AM” vao (3) ,taco:
AB*-AM’  AM’ _ Saus

5 = 5 =sin’Bsin’C .
AC”-AB AC S sc

sin® Bsin’C =

Bai toan 37. Cho AABC nhon , dudng cao AH . Ching minh ring :

BC
cotgB+cotgC

a) sind+cosA>1. b) AH =

(1)
2

3)

Trang: 20.
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Loi giai

L
B H c

. CK AK

a) Ké CK L AB. Xét AMKC ta¢o: sind=—— ; cosd=—

AC AC

s sin A+cosA = % >1 ( Vi theo bét ddng thirc tam gidc CK + AK > AC)
b) Taco:
BC=BH+HC=AHcot B+AHcotC
= AH(cotB+cotC)
BC
cot B+cotC
Bai toan 8. Cho AABCnhon , cac duong cao 4D ,BE,CF .

= AH =

Chung minh rang : Sper _ 1-cos* A—cos’B—cos’C
ABC

Léi gidi
A
E
F I g o
o \
B D ¢
. AE 4B
Dé thay AAEB » AAFC(g.g) > ——=——=>AAEF < AABC (c.g.c)
AF  AC
2
Do d6 Saer _ (ﬁj =cos” A.
SABC B

Ching minh tuong tu co :
2
Sape _ (@j =cos’B
Swuc AB
SCDE

2
(C—Dj =cos’ C
Sens  LAC

ma Sppp =S, — S —Spor — Scpe

Trang: 21.
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SDFF _ SABC _ SAEP SADF SCDE

= - - =1-cos’ A—cos’ B=cos’C (dpcm)
SABC SABC SABC SABC SABC

I11. So sanh cac ti s6 lwong giac
( Khong dung bang sd va may tinh )

Bai toan 39. Hiy sip xép cac ti s6 lwong giac sau ddy theo thir tu ting dan ( co giai thich , khong dung
bang s6 va may tinh )

a) sin40";cos28 ;sin 68 ;cos 88’ ; b) tan 65 ;cot42 ;tan 76 ;cot 27
Huéng dan : Dung ti s6 luong giac cta hai goc phu nhau dé dua vé cing mét loai ( néu can )
Thuong thi dua vé sina va tane vi :
Khi géc nhon ¢ ting tir 0°dén 90°thi :
+) sin va tana tang
+) cosa va cota giam
Loi giai
a) cos28° = sin(90° - 28°) = sin62°; cos88° = sin(90° — 88°) = sin2°
ma sin2° < sin40° < sin62° < sin68°
=> c0888° < sin40° < c0s28° < sin68°
b) cot42° = tan(90° — 42°) = tan48°; cot27° = tan(90° — 27°) = tan63°
Ma tan 48° < tan63° < tan65° < tan76°
=cot42° < cot27° < tan65° < tan76°.
Bai toan 40. So sanh:
a) sin72° va cos18Y%;
b) cos72° va sin18;
¢) tan72° va cot18Y;
d) cot72° va tan18°;
Loi giai
a) Ta c6: sin72° = cos(90° ~72°%) = cos18°.
b) Ta c6: c0s72° = sin(90° — 72°) = sin18°.
¢) Ta c6: tan72° = cot(90° — 72%) = cot18°.
d) Ta c6: cot72° = tan(90° — 72°) = tan18°.

Bai toan 41. Hay sip xép cac ti s6 lwong giac sau ddy theo thir ty giam dan (co giai thich, khong dung
bang sd va may tinh).

a) sin25%; cos15%; sin50°%; c0s67°30'.
b) cot35%; tan48°; cot44’; tan53%; cot39°.
Huéng din: Nhw bai 33 ¢ trén.

Loi gidi
a) cos15° =sin(90° - 15°) = sin75°
c0s67°30" = sin(90° - 67°30")= sin22°30'

Trang: 22.
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ma sin75% > sin50° > sin25° > sin22°30'

= cos15° > sin50° > sin25° > c0s67°30'

b) cot35° = tan(90° - 35%) = tan55°

cot44® = tan(90° - 44°) = tan46°

cot39° tan(90° - 39%) = tan51°

ma tan 55° > tan53° > tan51° > tan48° > tan46°

= cot35° > tan53° > cot39° > tan48° > cot44”.

Bai toan 42. Khong ding bang sé va may tinh hay so sanh:
a) sina va tana b) cosa va cota

Loi giai

) ) sina . ) )
a) Ta co: tana > sina < > sin o < sina>sin a.cosa

cosax

. sina sina.cosa
(vi 0°<a<90°) < = = 1>cosa(*)

sin o sin
(vi 0° <a<90° =sina>0)

Diéu cudi cing (*) ludén ding véi 0° < o < 90°

A , cosa .
b) Tuong tu cau a ta cd: cosa > cota < cosa < & sin@.cosa < cosa

Sin o

<> sina <1 ( ludn ding véi 0° <a <90°)

Cach khac: a) dung AABC vuong tai A co C=a
.- AB AB
Tacd sinag =——:; tanax =——
B AC

Ma BC > AC ( canh huyén 16n hon canh goc vudng)

AB _ AB B y

= —<—

BC AC

hay sina <tana.

Bai toan 43: Khong dung bang s va may tinh hiy so sanh:
a) sin32° va tan32° b) cos35° va cot35°
¢) sin25° va cot65° d) cos54° va tan42°
Loi gigi

sin 32°

Ta cé: tan32° >sin32° < 5 >sin 32" < sin32°>sin 32°%co0s32°

cos3
(vi cosa >0) < 1>c0s32° (luén dung)
b) Theo cau b bai 49 ta c6: cos35° < cot35°.
¢) cot65° = tan(90°- 65°) = tan25°

theo cau a bai 49 ta c6 sin25° <tan25° Do d6 sin25° < cot65°

Trang: 23.
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d) cos54° = sin(90° — 54°) = sin36° < tan36° < tan42°

Vay cos54° < tan42.

Bai toan 44. Hay sap xép cac ti s6 luong gidc sau day theo thir tu ting dan (co giai thich, khong dung

bang s6 va may tinh): cot36°; tan72°; cot21°; sin54°.
Loi giai

cot36° = tan54°; cot21° = tan69° va sin 54° < tan54°
Ta c6: sin54° < tan54° < tan69° < tan72°
=> 5in54° < cot36° < cot21°< tan72°.

IV. This gia tri ciia cac biéu thirc lwgng gidc

Bai toan 45. Khong dung bang s6 va may tinh hiy tinh:
a) sin”10° +sin” 20° +...+sin*> 70° +sin” 80°

b) cos’12° +cos” 78° +cos’ 1° + cos® 89°.

Hudng dan: — Dung ti s6 luong gidc cua hai goc phy nhau.

- St dung céc h¢ thirc lugng gidc da dugce chiing minh ¢ bai toan 30;31; 32; ...

Loi giai

a) sin®10° +sin” 20° +...+sin” 70° +sin* 80°

= (sin2 10° +sin” 80° ) + (sin2 20° +sin* 70° ) + (sin2 30° +sin” 60° ) + (sin2 40° +sin’ 500)

= (sin2 10° + cos*10° ) + (sin2 20° + cos*20° ) + (sin2 30° + cos®30° ) + (sin2 40° + cosz400)

=1+1+1+1=4.
cos’12° +cos” 78° + cos’ 1° + cos” 89°
= (cos2 12° +sin*12° ) + (cos2 1° +sin’ 10)
=1+1
=2.
Bai toan 46: Khong dung bang s va may tinh, hay tinh:

2sin55°

A=sin*14° +sin”* 76° + tan1°.tan 89° — -
cos35

0
B=tan67° +cos’ 16" —cot 23° + cos® 74° — cot37

tan 53°

Loi giai
2sin55°

A=sin?14° +sin’* 76° + tan1°.tan 89° — 5
cos35

2sin55°

= sin’14° + cos’14° + tan1".cot1° - ——=
sin55

=1+1-2

Trang: 24.
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=0
0
B=tan 67" +cos* 16" —cot 23° + cos® 74° ——C0t37o
tan 53
0
- (tan 67° —cot 23° ) + (cos2 16° +cos” 74° ) _Cot57 370
cot37

:(cot23° —cot23°)+(cos2 16° +sin? 160)—1
=0+1-1=0

i
Bai toan 47. Cho tanq = 3. Tinh S>¢ 75

cosa —sin o

Huéng din: Vi 0° < a <90° => cosa > 0 chia ca tir va mau cho cosa dé dua vé tana .

Loi giai

cosa sina
+

Chia ca t&r va mau cho cosa ta co:

cosa+sina _ cosy cosg  lttana 1+3

cosa—sing €osa _sina l-tana 1-3

cosax CoSa

sin’x — cos’x

Bai toan 48. Tinh gi4 tri ciia biéu thic B = . Cho tanx =+/3.

SIn X.cOs X
Huéng dan: Pua vé tanx ta chia cd tr va mau cho cos’ x.
Loi giai

. 2 2
sin“x cosx 5
Ta c6: B:coszx_ms%c:tanzx—l_(ﬁ) 1y ap

sinx.cosx tanx V3 V33

2
COS X

sin‘a —cos’a
3

Bai toan 49. Cho tana =3.Tinh A =— —.
sin"a + cos’a
Loi giai

sin &

y . . 3
Taco: tana =3 = =3=sina =3cosa = sin’ a =(3cos )

coSa

(3 cosoc)3 —cos’a _ 27cos’a—cos’a _ 26cos’a 13

(3 cosa)3+0053a 27cos’a +cos’a  28cos’a 14

A=

sin®x  cos’x
3. ooy tanx—1 3-1 26 13
, .. 4_ COSX COS’X _ _ _<v_
Céch khac: 4=-- = =—=—_—_=—.
s1nx+cosx tan> x+1 3°+1 28 14
cos’x  Ccos’x

Bai toan 50. Cho sina.cosa = 0,48.Tinh sin’a + cos’a..
Loi giai

, . 2 . .
Ta co: (sma +cos a) =sin’a +cos’ @ +2sina.cosa

-2

Trang: 25.
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(sine +c0s05)2 = 142.0,48

12_4

=14+2.—=
25 25

. 7
:s1na+cosa:§

. , . 3 . . .
Ta lai co: (sina+cosa) =sin’ o +cos’ o +3sina.cosa(sina +cos )

. . 3 . .
sin® a +cos’ a = (sina +cosa) —3sina.cosa (sina +cosa)

3
(7) 3127 343 252 91 .

5) 7255 125 125 125
Bai toan 51. Tinh sé do goc nhon « biét: Cach khac: cos’a —2sin’ a = %
Loi giai

, . 1 ) ) 1
Ta co: cosza—2s1n2a:Z<:>1—sm2a—2$1n2a =

<:>1—35in2a=l<:>—3sin2a=l—1=_—3
4 4 4

& sin’ a zicsina:%:sinwo(sina >0)

Vay a =30°
IV. Dung géc o khi biét mot ti s6 lwong giac.
e s , L 4
Bai toan 52. Dyng g6c nhon a bict sina = 3
Hwéng din: Ta biét rang sina va cosa 1ati s6 gilta mot canh goc vudng va canh huyén. Vi
vy dé dung duoc goc a ta dua vé dung mot tam gidc vudng biét mot canh goc vudng va canh

huyén. Sau d6 sir dung dinh nghia dé nhan ra géc « .

1
yl
I
I
I

B

Loi giai
+ Dung goc x/Aj/ =90°. Lay mot doan thang lam don vi.
+ Trén tia Ay dat AB = 4.

+ Dyng duong tron tim B béan kinh bang 5.

Trang: 26.
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+ lay C la giao diém cua (B;5) va tia Ax.
+ Nbi B va C ta duoc ACB chinh 13 goc a can dung.
4

That vay: Ta cé sina = @ =—.
CB 5

Bai toan 53. Dung goc nhona biét cosa =0,25.

Huwéng din: Tuong ty nhu bai 52.
Loi giai

T~
' y

A C

+ Dung goc ;4} =90°. Ldy mot doan thing 1am don vi.
+ Trén tia Ax lay diém B sao cho AB=1.

+ Dung dudng tron tim B ban kinh bang 4.

+lay C la giao diém cua (B;4) va tia Ay .

+ Nbi B va C ta duoc ABC chinh 14 goc a can dung.

That vay: Tacd cosa :ﬁzl:(),zs_
BC 4

Bai toan 54
. % 3 , iy 3
a) Dung goc nhon a bict cota = 5 b) Dung goc nhon & bict tana = r

Huéng ddn: Ta d3 biét tan o va cot o 12 ti s gitra hai canh goc vudng. Vay dé dung duoc goc
o ta dua vé dung mot tam giac vudng biét hai canh cua goc vudng. Sau d6 st dung dinh nghia
dé nhan ra goc o .

Loi giai

Trang: 27.
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Dung goc @ =90°.
Trén tia Ax 1dy C sao cho AC=2.
No6i B va C ta duoc chinh 1a géc o can dung.
That vay: cota = ﬁ = i
AC 2

Cau b. hoc sinh tu lam.

Trang: 28.
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Trang: 29.
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Chuong IV. HE THUC LUQNG TRONG TAM GIAC VUONG

Bai 12. MOT SO HE THU'C GIUA CANH, GOC
TRONG TAM GIAC VUONG VA UNG DUNG

PHAN A. KIEN THUC CAN NHO

1. H¢ thirc gitra canh va goc trong ctia tam giac vuong

A

B* C

Dinh ly 1. Trong tam giac vudng:
* Moi canh géc vudng bang canh huyén nhan véi sin goc doi hodc nhan véi cos goc ke.
b=asinB=acosC,c=asinC =acosB.

* Moi canh gbéc vudng bang canh géc vudng con lai nhan véi tan goéc doi hodc nhan véi cot goc
ké.

b=ctanB=ccotC;c=btanC=bcotB.

2. Gidi tam gidc vuodng

Trong mdt tam giac vudng, néu cho biét trude hai canh (hoac mogt gdc nhon va mot canh) thi ta

s& tim duogc tat ca cac canh va cac goc con lai ciia tam gidc vuong do.

Bai todn nay goi 1a bai toan giai tam giac vuong.
PHAN B. PHAN LOAI CAC BAI TAP
1. Tinh canh géc vudng khi biét canh huyén va mét géc nhon
Bai toan 1: Cho tam gidc 4ABC vuong tai 4 ¢c6 BC=3cm, B =54°. Tinh ABva AC.

Loi giai

A

54°
B* C

Tacd AABC,vudngtai A cb B=54°va canh huyén BC=3cm.

Theo dinh Iy vé hé thirc v& canh va goc ctia tam gidc vudng, ta co:
AB = BCco0s54°=3.c0s54°~1.76 (cm).

AC = BCsin54° =3.sin 54° = 2,43(cm) .

Trang: 1.
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Bai toan 2: Cho tam giic vudng c6 canh huyén bang 20 cm va mot goc nhon bang 25° (xem hinh vé&
bén). Tinh x, y (két qua lam tron dén hang phan trim).

Loi giai

25°

20 cm

Tam giac dd cho vudng c6 canh huyén bang 20 cm, canh goc vudng x c6 goc ké bang 25°.
Ta cod: x=20.cos25°~18,13(cm).
Tuong tu canh gbc vudng y cb goc ddi bang 25°.
Ta co: y=20.sin25°~8,45(cm).
Bai todn 3: Mot can cau dang nang mot khéi gd trén song biét tay cau 4B co6 chiéu dai 16 mva nghiéng
mot goc 42° so véi phuong nim ngang (hinh v&). Tinh chiéu dai BC cta doan day cap (két qua

lam tron d&én hang phan muoi).

y C

Loi giai

Tam gidc ABC vudng tai C c¢6 canh huyén 4B =16m, BAC =42°.
Theo dinh 1y vé hé thirc vé canh va goc ciia tam giac vudng, ta co:
BC = AB.sin BAC=16.5in42°~10,7 (m).
Bai toan 4: Mot chiéc thang dai 3m . Can dat chan thang cach chan tudng mot khoang bang bao nhiéu mét

(lam tron két qua dén sb thap phan thir hai) dé no tao duge v4i mat dat mot gbc “an toan” (tac la
dam bao thang chic chéan khi str dung) (xem hinh v&).

Trang: 2.
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3‘,]]

65°
C A

Xét AABC vuong tai A c6 C=65°va BC=3m
Tinh AC.
Theo dinh 1y vé hé thirc vé canh va goc ciia tam giac vudng, ta co:
AC =BCcosC =3.c0s65°~1,27(m).
Vay dé dam bao thang chéc chin khi st dung can dit chan thang cach chan tuong 1,27 m.
Bai toan 5: Mot khuc song rong 250 m. Mot con do chéo qua song bi dong nude day xién nén phai cho
khoang hai 320 m méi sang dugc bo bén kia. Hoi dong nudc da dy con do di léch mot goc o
bang bao nhiéu d6 (lam tron dén phut)? (Xem hinh v&).
Loi giai

= 1 _ / =
1
i
i By .
i g
: ,’f R Qs,
1 f l;;V
: f
1 i
=
P
22 : B
k

AABC vudng tai A4 co canh goc vudng AB =250m, canh huyén BC =320m. Theo dinh li v&

hé thirc vé canh va gbc cua tam gidc vuong, ta co:

Trang: 3.
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AB = BCcos B hay 250=320.cosa

250
cosa =——

320
o =38°37

Dong nudc da dé con do di 1éch mot goc bang 38°37' .

Bai toan 6. Mot chiéc may bay bay 1én v6i van tbc 500 km/h duong bay tao v6i phuong nam ngang mot
gbéc 30° (hinh v& bén). Hoi sau 1,2 phut, may bay bay 1én cao dugc bao nhiéu km theo phuong
thang dimg?

Loi giai

2. 1 .
boi 1,2 phut =— gio.
p 50 g
Tacd AB la quang duong may bay bay 1én trong 51—0 gid véi van toc 500 km/h.

AB=500 - 2~ =10 (km)
50

Tam giac ABC vudng tai H c6 canh huyén AB =10 km, A=30°. Theo hé thac vé canh va
gdc cua tam gidc vuong ta c6: BH = AB. sin A =10.5in30° = S(km)

Vay sau 1,2 phut (tirc % gi®) may bay bay 1én cao dugc Skm theo phuong thing dimg.

Bai toan 7. Ca nd du bay 1a mot tro choi thé thao mao hiém duoc ua chudng trong d6 nguoi choi dugc deo
du va duogc cano kéo bay 1én dé thudng ngoan canh bién tir trén cao (xem hinh v€). Biét do dai
ctia diy kéo AC =160m va goc tao boi ddy kéo va phuong nam ngang ACB = 25°.

a) Tinh d6 cao AB clia nguoi choi so v6i mit bién.

b) Mubn bay cao 75 m thi diy kéo phai dai bao nhiéu mét (Iam tron két qua dén hang phan
muoi mét)?

Trang: 4.
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Loi giai
a) Tinh d9 cao 4B la canh géc vudng clia tam giac vuéng ABC , biét canh huyén 4C =160m
va ACB=25° .

Theo dinh 1y vé hé thirc lugng trong tam giac vudng ta co:

AB = AC. sin ACB=160. sin25° ~ 67,6 (m).
b) Khi 4B =75 m. Tinh AC..

Theo dinh 1y vé hé thirc lwong trong tam gidc vudng ta co6: AB= AC.sin25° hay
75=AC.sin25°.

75

Suy ra: AC =
sin 25°

~177,5 (m).

Mubn bay cao 75 m thi diy kéo phai dai 177,5 m.
IL. Tinh canh géc vudng khi biét canh goc vudng con lai va géc nhon.

Bai to4n 8. Tinh canh goc vuéng x ctia tam gidc vudng clia mdi tam giac vudng trong hinh v& dudi day
(Keét qua 1am tron dén hang phan tram).

32

inh a Hinh b
Loi gigi

Hinh a. Tam giac & Hinh a vudng c6 mot canh goc vudng 13 9, goc nhon d6i dién véi canh dé
la 32°. Tinh canh goc vuong con lai.

Theo dinh 1y vé hé thirc lvong trong tam giac vudng, ta co:x =9. cot32°~ 14,4 .

Hinh b. Tam giac & Hinh b vudng c6 mot canh goc vudng 1 5, goc nhon ké véi canh d6 1a 48°
. Tinh canh goc vudng con lai.

Theo dinh 1y vé hé thirc lugng trong tam gidc vudng, ta co:x =5. tan 48° ~ 5,55

Bai toan 9. Tinh cac d6 dai x, y trong hinh v& bén. (Két qua lam tron dén hang phan tram).

Trang: 5.
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Loi gidi
Tam giac ABC vuong tai B.
Theo dinh Iy vé hé thirc lwong trong tam giac vudng, ta co:
x=AB=BC.tan55°=5.tan55°~ 7,14.
Tuong tu: BC=A4C.cosC =y .cos55°.

BC 5
Vay y = = ~8,72.
c0s55°  co0s55°
Bai toan 10. Bong trén mit dat ciia mot cdy dai 25 m . Tinh chiéu cao cta ciy (Iam tron dén hang don vi),
biét rang tia nang mat troi tao voi mat dat goc 40° (Xem hinh ve).

Loi giai

Ta thiy chiéu cao cua cdy dbi dién v6i goc 40° (gbc tao boi tia ning mat troi va bong cua cay
trén mat dat).

Theo dinh ly vé h¢ thirc lugng trong tam gidc vudng ta co: /=25 . tan40° ~ 21 (m).
Vay chiéu cao cta cdy 1a: 21 m

Bai toan 11. Tam giac ABC ¢ hinh v€ bén (co A= 90°) mo ta cot co0 AB va bong ning cua cot co trén
mit dat 1a AC . Nguoi ta do duge do dai AC =12 m va C =40°. Tinh chiéu cao 4B cua cot
c0O (lam tron dén két qua phan tram cuia mét).

Trang: 6.
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B

40°
A 12 m C

Loi giai
Ta c6 tam gidc ABC vudng tai A c6 canh goc vudng AC =12 m va goc ké voi canh d6 bang
40°, chiéu cao cua cot co0 AB 1a canh goc vudng con lai.
Theo dinh 1y vé hé thirc lvong trong tam giac vudng ta co:

AB=AC.tanC =12 . tan40°~10,07(m).

Bai toan 12. Tim chiéu rong d cia dong song trong hinh v& bén (1am tron dén mét)

Chiéu rong d cua dong song 1a mot canh cta tam giac vudng khi biét canh kia 50 m va goc
nhon o =40°

Theo dinh 1i v& hé thirc lugng trong tam gic vudng, ta co:
d =50tan40° ~ 42(m)
Vay chiéu rong ciia dong song khoang42m.

Bai toan 13. Mot ngudi ding tai diém A, cach guong phang dit ndm trén mit dat tai diém B1a1,2m, nhin
thay hinh phan chiéu qua guwong B ctia ngon cay (cdy ¢ gbc & tai diém CcachBla 44,8m,B
nam giita A vaC). Biét khoang cach tir mat dat dén mat nguoi d6 1a1,65m . Tinh chiéu cao cua
cay (xem hinh v¢).

Loi giai

Trang: 7.
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1,65

A12B 4.8 C

Goi a la A/Bi),ta co (ﬁ:a(gt)

AD 1,65

Xét tam giac ABD vuong tai A, ta co: tana=——=
AB 1,2

Xét tam gidc BCE vudng taiC .
Theo dinh Ii vé hé thtrc luong trong tam giac vudng, ta co:

CE =BC . tano = 44,8 .11’65

~ 6,6(m)

Vay chiéu cao cta cay 1a 6,6 m.

III. Giai tam giac vuong

Bai toan 1. Giai tam giac ABC vuong tai Aco BC =a,AC =b,AB = c, trong cac truong hop sau (lam
tron két qua do dai dén hang don vi, s6 do goc dén do).

a)a=21,h=18
b)C=50°, a=8
¢)C=30° c=5

d)C=30°,b=10

e)c=4,b=06
Loi giai
~ B
a) Ta co: cosCzézgzé,suyraC:M"
a 21 7
~ c a=21
= B=90"-31°=59°
Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:
A b=18 c

Trang: 8.
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c=asinC=21sin31"~11.
b) Ta c6 tam giac ABC vuong tai A,
c6 C=50°=B=90°-50° =40°

Theo dinh 1i vé hé thirc luong trong tam gidc vudng, ta co:
¢ =asinC =8.5in50° = 6.

Tuong ty b =a.cos C =8.cos50° = 5.
¢)Ta c6 tam giac ABC vudng tai A :C =30° = B =90" —30° = 60".

Theo dinh 1i vé hé thtrc lugng trong tam giac vudng,ta co: B
¢ =a.c0t30° = 5.cot30° = 5+/3.
a
c=5
c=asinC=a= ,C =— > =10.
sinC  sin30°
i ic: u! 30°
Cach khac: A 5
Dé tinh canh huyén a. Vi ABCvuéng c6 C=30° va ¢ =5nén
canh huyén a=10
d) Tam gidc ABC vudng tai A, c6 C=30°— B= 90°-30°=60°.
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta c6: B
¢ =b.tan30" =10.tan90" = # c a
10 2043
b=acosC=a= = - = ] 30°
cosC cos30 3 A =10 o
Nhan xét: Khi AABCvuéng tai A co C=30°vac= # ta két luan a = #.
e) Tam giac AABC vuong tai A . B
Theo dinh li vé hé thirc lugng trong tam gidc vudng, ta cé:
b=c.tanB:>tanB=é=§=g ¢ = dom 2
c 4 2
Suyra B=56"=C =90 —56" =34". A %

b 6
sinC sin56°

Laicoé b=a.sinB=a= 7.2(cm).

Bai toan 2. Giai tam gidc ABC vuong tai A biét:

sinC=0,6 va AC=6.

Trang: 9.
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Loi giai
6 A

Tacé sinC=0,6=> =3 _AB
10 5 BC

s}

:AB:%BC

Ap dung dinh 1y Pythagore : BC* = AB* + AC?
3 2
= AC? =BC? - AB?* = B(C? —(g BC)

=> 6" =BC’ —iBC2 =6 =£BC2
25 25

2
=>BC® =16—6= 56,25=BC=17,5
25
Ap dung dinh 1y Pythagore: a’> = b> + ¢’
=c’=a’-b*=(7,5)-6"=20,25

=c=4,5
Vi sinC=0,6(gt)=C~36°52"
Do d6 B ~90° —36°52'~53°08'
Bai toan 3. Cho tam giac ABC vudng tai A biét AB:9cm;a:30°
a) Giai tam giac vuong ABC.
b) K¢ duong cao AH cua tam giac ABC. Tinh AH,BH .
¢) Tinh d6 dai duong phan gidc AD cua tam giac ABC. (S6 do d6 dai 1am tron dén chir s6 thap

phan thr hai).
Loi giai
a) Theo dinh 1i vé& hé thtrc luong trong tam giac vudng, ta co:
c=asinC=a= ‘C =— 2 =2=18(cm).
sinC  sin30° 1
2
Nhan xét: Ta c6 thé thay trong tam giac vudng co goc 30° thi canh ddi dién goc goc 30° bangnira  canh
huyén.
Laicé c=b.tanC
N =93 (em) b
tanC tan30°
D& thiy B =90° —C =90° —30° = 60° 30°
R D c
Xét tam gidc AHB vudng tai H, c6 B =60° (chimng ) a ’

minh trén) va canh huyén AB =9 cm .

Theo dinh 1i vé hé thirc luong trong tam gidc vudng, ta co:

Trang: 10.
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93

AH = AB.sin B =9.sin 60° :Tz7,79(cm)

BH=AB.cos B=9.cos60° = 4,5(cm)

Nhan xét: Nhu trén ta c6 ngay BHIa canh ddi dién goc 30° trong tam gidc vudng nén

Bai toan

BH=1AB=19=45(cm)
27 2

b)Tam giac ABC c6 phan giac AD (gt) ta co:
DB_AB 9 1

DC AC 93 3
DB DC DB+DC  BC  a _ 18
1 \/5 1+\/§ 1+\/§ 1+\/§ 1+\/§
18
= BD = ~ 6,59
1+\/§

= HD =BD-BH =6,59-4,5~2,09(cm).
Ap dung dinh 1i Pythagore cho tam giac vuéng AHD,ta co:

AD? = AH? + HD® =(7,79)° +(2,09)* = 65,11
= AD ~8,07(cm).

4. Cho tam giac ABCvuong tai Aco6AB= 21cm,BC=35cm

a) Giai tam giac vuong ABC.

b) Tinh d¢ dai phan giac AD va duong cao AH (s6 do d6 dai 1am tron dén s6 thap phan thi hai,
s0 do goc lam tron dén phut).
Loi gidi

a) Theo dinh 1i vé hé thic luong trong tam giac vudng, ta co:

AB = BCsinC A
. AB 21
=sinC=—=—
BC 35
) 21
Suyra C~36°52'
= B ~90° -36°52' ~53° ~53°08 -
AC=BC sinB=335.5in53°08~27,98(cm) ~ © “~.__ M 25 L C

Xét tam giac vuébng AHBcO canh huyén
AB=21(cm)(gt)

B~53°08 , ta c6 AH=AB.sin B=21.sin53°08 ~16, 79(cm)

b) AD la phan giac cua AABCta co: @=ﬁ=2 =E
DC AC 28 4

_ DB_DC_DB+DC_BC_35_,
3 4 3+4 7 7

Trang: 11.
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Bai toan

Theo dinh Ii vé hé thtc lugng trong tam giac vudng,ta cé: A
AB = AC .cos BAC =16.c0s68° ~ 6,0(cm) 68°
16 cm
Lai c6 BC = AC.sin BAC =16.5in68° ~14,8(cm).
Vay chiéu rong cua hinh chit nhat 1a 6,0 cm va chiéu dai 1a B C
14,8cm .
Bai toan 6. Tinh d dai canh bén CD ctia hinh thang ABCD trong hinh v€ bén.
Loi giai
Xét tam gidc AHB vudng tai H c6 canh huyén AB =9, goc nhon B = 66°.
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta c6: A 10 D
BH = AB.cosB=9.c0s66° = 3,66
AH = AB.sin B =9.5in66° ~ 8,22 9
D& thady HK =AD=10 65" I 1
B H K Cc

= DB =3.5=15(cm).

Ciing trong tam giac AHB, ta co:
BH = AB.cos B =21.c0s53°08 ~12,60(cm).

Do do HD=DB—BH=15—12,6=2,4(cm)

Theo dinh 1y Pythagore, ta co: AD* = AH? + HD* =(16,79)" +(2,4)’ ~ 276,14

= AD ~ /276,14 ~16,62(cm)

5. Tinh cc canh ctia hinh chit nhat ABCD (xem hinh v&) biét duong chéo AC = 16 cmva

BAC = 68°.
Loi giai

Tam giac ABC vudng tai B c6 canh huyén AC =16 cm, goc nhon BAC = 68°

21

= KC=BC—(BH+HK)=21-(3,66+10)=7,34

K¢ duong cao DK cua hinh thang ABCD.

Xét tam gidc DKC vudng tai K c6 hai canh goc vuong DK = AH =8,22;KC = 7,34(cmt)

Theo dinh li Pythagore, ta co:

DC?> =DK’*+KC*=(8,22)" +(7,34) =%

= DK =11,0

Bai todn 7. Cho hinh thang ABCD(AD//BC) c¢6 AD=16 cm,BC =4 cm va A= B=ACD =90". Ké

duong cao CD cua tam giac ACD . Chung minh ADC = ACE . Tinh sin cta céc gbc

ADC, ACE vasuyra AC> = AE.AD . T dé tinh AC.

Loi giai

Trang: 12.
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B 4 C
a
_ a
A E D

16
Ta co6 AACD vuong tai C (gt)
— ADC +CAD =90° (1)
Tuong tu AACE vuong tai E (gt)
— ACE +CAD =90° (2)
Ta (1) va (2) = ADC = ACE .

D@ thay tir gidc ABCD 1a hinh chir nhat
= AE=BC=4cm=ED=AD—-EA=16-4=12 cm.

Xét AAEC va ACED co:
AEC = CED-90° (gt),ﬁ = ADC (Chumg minh trén)

Do d6 AAEC# ACED (g.g)

L CE_AE | g - gE.DE=412-48
DE CE
= CE = m = 4\/§ cm.
Pit a = ADC.
Theo dinh li v€ hé thure lugng trong tam gidc vuong, xét AAEC, ta co:
AE = CE.tana = tana =£=i=i.
CE 43 3
. . 1 . . 1
Do do a =30" = sina = 5 hay sinADC = sinACE = 5
Ta co sin30° :£:>AC: AE :i:8 cm.
AC sin30° 1
2

Bai toan 8. Tinh cac goéc cua hinh thoi c6 hai duong chéo dai 243 va 2
Loi giai

Trang: 13.
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B

A/\c
N/

D
Goi O 1a giao diém cua hai duong chéo AC va BD cua hinh thoi ABCD.
Ta co OA:OC:A—2C=¥ va OB=0D:%:§:1.

Lai c6 AC L BD tai O (tinh chat hai dudng chéo ciia hinh thoi).
Xét tam giac AOB vudng tai O .
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta co:

OB = 04.1an0AB = 1tan04B =28 =1 _ 1 Gy ra 04B =30
04 243 3
2

= BAD =2.30" = 60° = ABC =180 —60° =120°
Vay BAD = BCD =60" va ADC = ABC =120".
Bii todn 9. Cho tam gidc ABC ¢6 BC =20 em, ABC =22°, ACB = 30" .
a) Tinh khoang cach tir diém B dén duong thing AC .
b) Tinh cac canh va cac goc con lai ciia tam gidc ABC .
¢) Tinh khoang cach tir diém 4 dén duong thang BC.

Loi giai

22° 30°
B( K C

Y

20
a) Goi BH 1a khoang cach tir diém B dén duong thang AC .
Tam gidc BHC vudng tai H c6 C =30° , canh huyén BC =20 cm .
Theo dinh 1i vé hé thirc lugng trong tam giac vudng, ta c6: BH = BC.sinC = 20.5sin30° =10 cm .
b) Ta co: BAC =180° ~(B+C)=180"—(22"+30") =128,
Ta co: BAC +BAH =180° (k& bu)

= BAH =180° — BAC =180" —128° = 52"
Xét tam giac BHAvudng tai H , c6 canh goc vudng BH =10(cm), goc nhon BAH =52

Trang: 14.
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(cmt).
Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:

BH 10
sinBAH  sin52°

BH = BA-sinBAH => BA = ~12,7( cm)

Lai c6: HA = BH .cotBAH =10.cot52° ~ 7,8( cm)
Xét tam gidc BHC vudng tai H , c6 canh huyén BC =120( cm), goc nhon C =30" (gt).
Theo dinh Ii vé hé thtrc luong trong tam giac vudng, ta co:

HC = BC.cosC =20.cos30° = 10\/§ ~ 17,3( cm)

Ta c6: HC = HA+ AC = AC=HC—-HA~17,3-7,8~9,5( cm).
Vay goc con lai cua tam gidc ABC 1a BAC =128, canh AB ~ 12,7( cm), canh AC ~9,5( cm

¢) Goi khoang cach tir diém 4 dén duong thang BC 1a AK .
Xét tam gidc AKB vudng tai K c6 canh huyén 4B ~12,7( cm)A/Bz’ =22°.
Theo dinh Ii vé hé thtrc luong trong tam giac vudng, ta co:

AK = AB-sinABC = 12,7 -sinABC = 12,7 -sin22° ~ 4,8( cm).

Vay khodng cach tir diém A dén duong thang BC 1a 4,8( cm).

Bai toan 10. Tinh goc nghiéng a cua thung xe chd rac trong hinh vé bén.

Loi giai

Trang: 15.
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4m

a

B
< ‘)C

Sm

(Xem hinh v& bén).
Tam gidc ABC vudng tai 4, c6 canh huyén BC =5 m, canh goc vuéng AB =4 m .
Theo dinh Ii vé hé thtrc luong trong tam giac vudng, ta co:

ABzBC-cosa:cosazﬁzi:a ~36°52
BC 5

Viy goc nghiéng a cua thing xe chd rac gan bang 36752

Bai toan 11. Tim goc nghiéng « va chiéu rong ctia méi nha kho trong hinh vé bén.

Loi giai
A
09m |~ ,
N B
h
15m

A
0,911’1 —l o B

H

-
D C
(Xem hinh v€ bén).

D@ thiy ttr giac HBCD 14 hinh chit nhat = BH = DC = 15( cm)
Xét tam giac AHB vudng tai H , ¢6 hai canh géc vuong HB=15m, HA=0,9 m.
Theo dinh 1i vé hé thirc luong trong tam giac vuodng, ta co:

HA = HB - tana = tana =ﬂ=£:> a~326.
HB 15

Trang: 16.
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Ta cd: AH = AB.sina = AB = AH = 0.9 , z15,03( m)
sina sin3°26
Cach khac: C6 thé ap dung dinh li Pythagore, ta c6:

22581

AB* =HA* + HB* =(0,9)" +15° = = AB~15,03( m).

Bai toan 12. Hinh v& bén dudi minh hoa mét phan con séng c6 bé rong AB =100 m . Mot chiéc thuyén di
thang tir vi tri B bén nay bd dén vi tri C bén kia bd song. Tinh quing dudng BC (lam tron két

qua dén hang phan muoi ciia mét), biét ABC =35".

Loi giai

Xét tam gidc BAC vudng tai 4 c6 canh goc vudng AB =100 m , goc nhon B =35".
Theo dinh i vé hé thirc lugng trong tam giac vudng, ta co:

AB 100
cosB - cos35°

Vay quang duong BC dai 122,1( m).

AB = BC.cosB = BC =

~122,1( m)

Bai toan 13. Mot ngudi ding tir sin thuong tod nha va quan sat mot ngudi di xe may tir vi tri C dén D
(xem hinh v¢).

a) Giai tam giac vudng ABD.
b) Tinh tdc d6 ctia xe may, biét thoi gian xe di tr C dén D 13 6,5 gidy. Lam tron sb do goc dén
d6 va do dai canh dén hang phén muoi mét.

Loi giai

Trang: 17.
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Thoi

a) Xét AABC vudng tai B c¢6 hai canh goc vuong AB =14 m,BC=9 m.
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta co:

BC = AB.tanBAC = tanBAC = i—g - % — BAC ~32°44

Lai c6 BAD = BAC + CAD =32°44' +45° ~77°44
— D~90° —77°44 ~12°.

Xét tam gidec ABD vudng tai B c6 canh goc vuong AB =14 m, D =12°. Theo dinh i v& hé
thirc lugng trong tam giac vudng, ta co:

AB=AD.sinD = Ap =5 _ 14 ~67( m)
sinD  sinl2°
Lai c6 AB =BD.tanD = Bp=—"2 - 14 ~66( m).

tanD  tanl2’
b) Ta c6 quing dudng xe may di tr C dén D la:

CD =BD—-BC ~66—9=57( m)=0,057( km)

6,5
ian 6,5 iay=——( h
s S 3600
Vay van tde cua Xe may la: 0,057 =3.L5~32km/h.

6,5
3600

Bai toan 14. Tu vi tri A ¢ phia trén mdt toa nha co chiéu cao AD =68 m , bac Duy nhin théy Vi
tri C cao nhat cia mdt thap truyén hinh, géc tao boi tia AH theo phuong nam ngang la
CAH =43 . Bac Duy ciing nhin thdy chan thap tai vi tri B ma goc tao boi tia AB vatia AH 1a
BAH =28 , diém H thudc doan thang BC (hinh v&). Tinh khoang cach BD tir chan thap dén
chan toa nha va chiéu cao BC cua thap truyén hinh (lam tron két qua dén hang phan mudi cuia

mét).

Loi giai

Trang: 18.
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D& thiy ABD = HAB =28° (so le trong).

Xét tam gidc ADB ¢6 canh goc vuong AD =68 m va ABD =28,

Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:
AD 68

AD = BD -tan28 = BD = =
tan28  tan2®’

~127,9( m).

Vay khoang cach tir chan thap dén chan toa nha BD = 127,9( m)

Ta co tor gidc AHBD 1a hinh chit nhat

= AH =BD=127,9( m) va BH =AD =68 m.

Tam giac AHC vuodng tai H, c6 canh goc vuong AH =127,9 (m), goc nhon CAH =43 .
Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:

CH = AH.tanCAH ~127,9.tan43’ ~1 19,3( m)

Viy chiéu cao BC cua thap truyén hinh 1a:
BC =BH +HC ~68+119,3~187,3( m).

Bai toan 15. Nam 1990, thap nghiéng ¢ thanh ph Pisa (Italia) bat dau qué trinh tring tu nham giam do
nghiéng cta thap. Sau 10 ndm trung tu, vao ndm 2001, cac ki su da thanh cong trong viéc dua do
nghiéng cua thap chi con khoang 4° (ngudn: https/len.wikipedia/wiki/Leaning_tower of Pisa).
Gia st mQt ngudi ding trén thap (tai vitri 4 ), cach mat dat mot khoang 1a AH =45 m, tha mdt
vat roi xudng dat (hinh v& bén). Tinh khoang cach tir vi tri cham dat (vi tri H ) d6 dén chan thap
(vitri B) (1am tron két qua dén hang phan trim ctia mét).

Loi giai

Ta c6 khoang céch tir vi tri cham dat dén chan thap la BH .
Tam giac AHB vuong tai H ¢6 canh goc vuong AH =45m , goc nhonﬁ-] =4,

Theo dinh 1i vé hé thirc luong trong tam giac vuodng, ta co:

Trang: 19.
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BH = AH .tan BAH = 45.tan 4" = 3,15 (m)
Vay khoang cach tir vi tri cham dat dén chan thap 1a gan3,15 (m).

Bai toan 16. Trong lan dén tham quan thap Eiffel (6 Thu d6 Paris, Phap), ban Van muén udc tinh d6 cao
ctia thap. Sau khi quan sat, ban Van d& minh hoa lai két qua do dac ¢ hinh v& duéi day. Em hiy giup
ban Van tinh d6 cao 4 ctia thap Eiffel theo don vi mét (lam tron két qua dén hang don vi).

D
h
£ 60° N>
A B C A101m B C
Hinh 1 Hinh 2
Loi giai
Xem hinh vé 2

Ta c6 tam giac ACD vudng tai C c6 canh goc vuong DC = h, goc nh(_)nli{z’ =60".
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta c6:

AC = h.cot DAC = h.cot 60°

Xét tam gidc BDC vudng tai C ¢6 canh goc vuong CD = h , goc nhon CBD=75".
Theo dinh Ii vé hé thtrc luong trong tam giac vudng, ta co:

BC =h.cot75°

ma AC — BC = AB hay h.cot60’ — h.cot 75" =101

101 B
cot60° —cot75°

Vay thép Eiffel c6 do cao khoang 326 (m).

:>h(c0t60°—cot75°)=101:>h= 326

Trang: 20.
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Bai toan 17. Hai con thuyén P va Q cach nhau 300 m va thang hang v&i chan B cua thép hai ding trén bo
bién (hinh vé& dudi day). Tir P va Q, ngudi ta nhin thdy thap hai ding dudi cic goc BPA =14°va
B/Q\A =42° . Pt h = AB1a chidu cao cta thap hai ding.

a) Tinh BQva BPtheo /.

LS . & @

b) Tinh chiéu cao cua thap hai ding (két qua 1am tron dén hang phan muoi).

Loi giai
a) Xét tam giac ABQ vuodng tai B, c6 canh goc vuong AB = h va goc nhon A/Q\B =42°.
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta co:

AB h

AB = BQ.tan AQB = BQ = =
Q Q Q tan AQB  tan42’

b) Xét tam gidc ABP vudng tai B, c6 canh goc vudong AB = h va goc nh(_)n;’ =14".
Theo dinh 1i vé hé thirc luong trong tam giac vuodng, ta co:

AB h

AB=BP.tan P—= BP = =
tan14° tanl4’

h h

maBP = BO+ PO = PO = BP— BOhay 300 = _
Q+PO=PO Ohay tan14°  tand2’

htan42° —htan14°  h(tan42"—tan14’)
tan14’.tan42° tan14’.tan42°

=300=

= 300.tan14".tan42° = h.(tan 42° —tan 14°)

~300.tan14".tan 42
tan42° —tan14°

=h

~103,4 (m)

Vay chiéu cao cta thap hai dang khoang 103,4(m)

Bai toan 18. Hinh v€ bén mo ta ba vi tri A, B, C 1a ba dinh cua mot tam giac vuong va khong do dugc truc
tiép cac khoang cach tir C dén A va tir C dén B. Biét AB =50 m , ABC = 40°. Tinh khoang cach
CA va CB (1am tron két qua dén hang don vi cia mét).

Trang: 21.
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4 50m B

Loi giai

Xét tam giac BAC vuodng tai 4, c6 canh goc vuong AB =50 m goc nhon@ =40°".
Theo dinh 1i vé hé thirc luong trong tam gic vudng, ta co:
AC = AB.tan B =50.tan40° ~ 42 (m)

Lai c6 AB=BC.cosB= BC = 48 _ 50 ~ 65 (m)

cosB  cos40’

Vay cac khoang cach CA =42(m) CB = 65 (m).

Bai toan 19. Mot ban mudn tinh khoang cach giita hai diém A, B & hai bén hd nudc. Biét rang cac khoang
cach tir mot diém C dén A va dén B1aCA=90m ,CB =150 m va ACB =120° (hinh v& bén). Hiy
tinh AB gitp ban.

A 150 m B

Loi giai
Tac6 ACB+ ACH =180° (k& bu)
= ACH =180" — ACB =180" =120 = 60’
Trong tam giac vudng AHC c6 canh huyén AC =90 m , gbc nhon ACH =60".
Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:
AH = AC.sin ACH =90.sin 60° = 45+/3 ~ 77,9 (m)
CH = AC.cos ACH =90.cos 60" =45 (m)
Céch khac:

Trang: 22.
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C6 thé xét AAHC vuéng tai H ¢6 CAH = 90" — ACH =90° —60° = 30" .

Ma canh huyén90 m = CH = %AC = %.90 =45 (m)

Khi 6 BH = BC+CH =150+45=195 (m)
Xét tam giac AHB vudng tai H c6 hai canh goc vuong AH = 77,9 (m), BH =195 (m)

Theo dinh 1i vé hé thirc luong trong tam giac vudng, ta co:

AH = BH.tan B = tanB:A—Hz 77,9
BH 195

AH 77,9
sinB  sin21°46

~21°46'

Lai cO AH = AB.sinB = AB =

~ 210 (m)

Nhén xét: Tinh AB ta cé thé ding dinh li Pythagore véi tam gidc vudng khi da biét hai canh géc
vuong la AH = 77,9 (m), BH =195 (m).

Bai toan 20. Trong cong viéc, nguoi ta can udc lugng khoang cach tir vi tri O dén khu dat c6 dang hinh
thang MNPQ nhung khong thé do duoc truc tiép, khoang cach d6 dugce tinh bang khoang cach tir
O dén duong théngMN . Nguoi ta chon vi trid & day MN va do dugcOA4 =18 m,d;ﬂ\v =44
(hinh v& bén). Tinh khoang cach tir vi tri O d&én khu dét (Iam tron két qua dén hang phan mudi
cua mét).

0 P

Loi giai
Goi khoang cach tir O dén vi tri khu dat 1a H .
Xét tam gidc AOH vudng tai H c6 canh huyén A0 =18 m , géc nhon HAO =44
Theo dinh 1i vé hé thirc lvgng trong tam giac vudng,
Ta c6: OH = OA.sin 4
=18.sin44" = 12,5 (m).

Bai toan 21. Mit cit ngang ciia mot dap ngian nude c6 dang hinh thang 4BCD (hinh v& bén). Chiéu rong
ctia mit trén AB cua dap 1a3 m. Do dbc cua sudn AD , tirc latan D =1,25. Do dbc cua suon BC

Trang: 23.
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,tic latan C =1,5 . Chiéu cao ctia dap 123,5 m . Hiy tinh chiéu rong CD cta chan dap, chiéu dai

ctia cac suon AD va BC (1am tron d&én dm).

A 3m

=i 3,5m

Loi giai
Goi AH 14 chiéu cao cua dap AH =3,5m
Xét tam gidc AHD vuodng tai H c6 canh goc vudng cé AH =3,5 m va do ddc cua suon AD tirc 1a
tanD=1,25.
Theo dinh li vé hé thtrc lwong trong tam giac vudng, ta co:

AH 3,5
tanD 1,25

AH = DH .tan D = DH =

2,8(m)

Ké duong caoBK cua hinh thangABCDta c6 t giac ABKH la hinh chit nhat
= BK = AH =3,5(m)vaHK = AB =3 (m).

Xét tam giac BKC vuong tai K ¢6 canh goc vuong BK =3,5m ,tanC =1,5.

Theo dinh 1i vé hé thirc lvong trong tam giac vuodng, ta co:

BK 3,5

BK =KC.tanC = KC = =
tanD 1,5

~2,3 (m)

Do d6CD = DH + HK + KC ~2,8+3+2,3~8,1 (m).

TacotanD=1,25= D =5120".
Xét tam gidc AHD vudng tai H .
Theo dinh 1i vé hé thirc luong trong tam giac vuodng, ta co:

AH 3,5

AH = AD.sin D = AD = — =—
sinD sin51°20'

~4,5(m)

Tuong tytanC =1,5= C ~56718"
Tam gidc BKC vuong tai K .

Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:

Trang: 24.
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BK 3,5

BK =BC.sinC = BC=——=—
sinC sin56°18'

~4,2(m)

Vay chiéu rong cua chan dap khoang8,1(m)=81dm .
Chiéu dai cua suon AD khoang4,5 (m) =45 dm.
Chiéu dai cua suon BC khoang 4,2 (m) =42 dm .

IV. Tinh céc yéu td goc, canh va dién tich cAc hinh

Bai toan 22. Cho tam giac ABC 6B =62° ;6 =48 ; BC =38 cm .Tinh chiéu cao AH cta tam giac ABC .
(Két qua lam tron dén chir s6 thap phéan thir hai).

H BC=38

Loi giai

K&éBK 1 AC. Xét tam gidc vudng BKC vudng tai K c6 canh huyén BC =38 cm, goc nhon

C=4%".
Theo dinh i vé hé thirc lugng trong tam gic vudng, ta co:
Ta c6 BK = BC.sin C =38.sin48° ~ 28,24 (m)
VaCK = BC.cosC =38.cos 48" = 25,43 (m)
Xét tam gidc vuong AKB co:
4=180"-(B+C)
=180"—(62"+48")=70°
Nén AK = BK.cot A~ 28,24.cot70°
~ 28,24.tan 20° = 10,28 (cm)
Vay AC = AK + KC = 10,28+ 25,43 = 35,71 (cm)

Ta cd AH.BC = AC.BK (h¢ thuc lugng)

Trang: 25.
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_AC.BK _35,71.28,24
BC 38

Cach khac:

= AH

~ 26,54 (cm)

bat AH = x. Xét tam giac vuong AHB theo hé thirc lugng ta co:
HB =x.cotB

tuong tu v6i AAHC : HC = x.cotC

ma BC = HB + HC hay 38 = x.cot B+ x.cotC

—38= x.(cot 62° +cot48°)

—38= x.(tan 28° +tan42°)

e 38
tan 28" +tan 42°

Vay AH =26,54 (cm)

~ 26,54 (cm)

Bai todn 23. Cho hinh v& bén biét 4B = AC =8cm; BAC =34°% CAD = 42° . Tinh:
a) Bo dai canh BC
b) S6 do goc ADC
¢) Khoang cach tir B dén canh 4D .

Loi giai
a) Ta cd AABC cantai A (AB = AC =8) (gt)

:R:ﬁ:%:no.

Ké BH 1 ACtacd AAHB vudng tai H , c6 canh huyén AB =8, gbc nhon BAH =34°
Theo dinh 1i vé hé thirc luong trong tam giac vuodng, ta co:
BH = AB.sin A =8.sin34° ~ 4,47 (cm)

Xét tam gidc vuong BHC , c6 canh goc vudong BH =4,47, goc nhon C=73°

Theo dinh 1i vé hé thirc luong trong tam gic vuodng, ta co:

Trang: 26.
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BH =BC.sinC = BC = {BH = ,4’47 ~ 4,68 (cm)
sinC sin73°

b) Ké CK 1 ADxét tam giac vuong AKC c6 KC = AC.sin A =8.sin42°~ 5,35 (cm).

Xét tam giac vuong CKD ta co sin D = K _33 ~ 0,89
CD 6

= D~ 63°7'

c)Ké BF 1L AD.

Xét tam gidc vuong AFBcd AB =8 (cm);
BAF = BAC +CAF = 34°+ 42° = 76°
Tacod BF = AB.sin76°=8.sin76° = 7,76 (cm).
Bai to4n 24. Cho AABC can tai A, duong cao BK =h va ABC = .

Tinh c4c canh ctia tam giac theo /1 va .

Loi giai

[os)

AABC can tai A nén ACB = ABC =«
Lai c6 ABKC vuong tai K co C= o, canh goc vuong BK =h, ta co:
BK =BC.sin 4

_BK  h
sina sina

= BC

Ké duong cao AH ctia tam gidc ABC ta c6 AH ciing dong thoi 1a duong trung tuyén:

HB=HC = h
2sina

Bai toan 25. Cho A4ABC c6 duong cao BH , biét AB =40cm; AC =58cm; BC = 42cm.
a) Ching minh ring AABC vudng.
b) Ké HE vudng goc véi BC. Tinh BH, BE, BF va dién tich cua tor gidac EFCA.

¢) LAy M bétki trén canh AC . Goi hinh chiéu cia M M trén 4B va AC lanluotla P va Q.
Chtmg minh PQ = BM . Tird6 suy ra vitri M dé PO c6 d6 dai nho nhét (Két qua lam tron dén
chit s6 thap phan thi hai).

Loi giai

Trang: 27.
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a) Tacd 58° =40 +42° (AC* = AB* + BC?)
Theo dinh ly Pythagore ddo thi AABC vudng tai B.

b) Ta co: S, = %BC.AB =%BH.AC

AB.BC 4042
AC

Xét AAHB va ABHE co:

= BH =

~ 28,97 (cm).

BHA = BEH =90° (g?), ABH chung
Do d6 AAHB > ABHE (g.g)

BH AB
:>_—_

= = BH* = AB.BE
BE BH

= BE =

2 2
BH z(zgﬁj) ~ 20,98 (cm).

Tuong tu ta c6 ABFH © ABHC (g.g)
BH _BF
BC BH

S e = %AB.BC = %40.42 =840 (cm?)

BH® (28,97)°
42

= BH* = BC.BF = BF = e ~19,98 (cm).

Va S, =~ BE.BF ~120,08.19,98 ~ 209,58 (cm’)
2 2

Do d6 S, =S 50 — Sper = 840—209,58 ~ 630,42 (cm?).

¢) D& thiy ttr giac BOMP 1a hinh chit nhét (c6 ba goc vudng)

= PQ=BM

PO nh6 nhiat <> BM nho nhat <> BM la khoang cach tir B dén AC .
< M trung v6i H (La chan dudng vudng goc ké tir B dén BC).

Bai todn 26. Cho AABCc6 BC =11cm, ABC =38°, ACB =30°. Goi H la chan dudng vudng goc ké tir
A dén BC.Hay tinh AH, AC .

Loi giai

Trang: 28.
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H

Ké BK vudng goc véi duong thing CA ta c6 ABKC vuodng tai K, ¢6 canh huyén BC =11cm.
Theo dinh Ii vé hé thtrc luong trong tam giac vudng, ta co:

BK =BC.sinC

=11.sin30°=5,5 (cm).

ABKC vudng ¢ C = 30°

= KBC =90°—30° = 60°

— KBA = 60°—38°=22°

Xét tam gidc vuong BKA cé

BK = AB.cos B,

= AB = BE 5> ~ 5,933 (cm).
c0s22° co0s22°

Xét tam giac vuong AHB vuong tai H, co ABH =38°va canh huyén AB =5,93 (cm).
Tacod AH = AB.sin B =~ 5,93.5in38° ~ 3,65 (cm)

Xét tam gide vudng AHC c6 C=30°= AC=2A4H ~2.3,65~7,3 (cm).
Bai toan 27. Cho hinh v& bén biét AC =8 (cm), AD =9,6 (cm), ABC =90° ACB =54° ACD = 74°

Tinh AB va ADC (Két qua lam tron dén chir sé thap phan thi hai).

Loi giai

A

Ta c6 tam gidc ABC vuong tai B (gt). Ap dung hé thirc b = a.sinCta co
AB = AC.sin ACB = 8.sin 54° = 6,47 (cm).

Trang: 29.
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Ké AH 1 CD. Xét tam giac vudng AHC ta co:

AH = AC.sin ACH
= 8.5in 74° = 7,69 (cm)

Xét tam gidc vuong AHD ta cod

= A/D\C ~53°

Bai todn 28. Cho hinh v& bén biét : CAD =18° ABC =150°, BC =8cm, BD = Scm. Hiy tinh:
a) AB.
b) Di¢n tich tam gidc ACD .

150°

B D

Loi giai

a) Ké CH vudng goc véi duong thang 4D . Xét tam giac vudng BHC .
Ap dung hé thitc b = a.sin B ta c6: CH = CB.sin CBH =8.sin30° = 4 (cm)
(@7{ ~180°— ABC =180°—150° = 30°)

Laicé CH = BH.tan30°= BH = taiI:OO = tan430° = 6,93 (cm)
Xét tam giac vuong AHC c6: CH = AH .tan 4

CH 4
tanA  tanl8°
= AB=AH - BH ~12,35-6,93 5,41

b) S, = %CH.AD

= AH =

~12,35

Tacé AD = AB+BD =5,41+5=10,41(cm)
Vay S, =%4.10,41 ~20,8(cm?).

Bai todn 29. Cho hinh v& biét, A4BC la tam gidc déu canh Scm, ADC =40°. Tinh ADva BD

Loi giai

Trang: 30.
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* Ké duong cao AH clia tam giac déu 4BC cocanhla 5. Vay AH = %(cm).
Xét tam gidc vuong AHD
Ap dung hé thac b = a.sin D ta c6: AH = AD.sin 40°
AH _ 53
sin40° 2

AABC = AD =

in40° = 6,74 (cm)

* déu nén dudng cao AH ciing dong thoi 1a duong trung tuyén

Hay HB:HC:BTC:§:2,5(cm)

5\3 53

Lai c6: DH = AH.cotD :T-cot40° :T-tan50° ~5,16.

Vay BD = DH — BH ~5,16—2,5~ 2,66 (cm).

Bai toan 30. Cho hinh thang cAn ABCD (AB // CD)biét AB =5cm,CD =13cmva BD 1 BC

a) Tinh d6 dai duong cao BH cua hinh thang.
b) Tinh dién tich hinh thang.

¢) Tinh cac goc cua hinh thang.

Loi giai
A ) B
]
p H B3 K ¢

a)Ké AK | CDtacd AAKD = ABHC (ch.gn)

= DK =CH

Lai c6 ABHK 1a hinh binh hanh c6 mét goc vuong nén ABHK 1a hinh chit nhat

= HK = AB =5(cm).

DC-HK 13-5
2 2

= DK =CH = =4(cm)

Trang: 31.
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= DH = DK + HK =4+5=9(cm).
Xét ABHD va ABHC c6:
@=Z§{\C=90°,lﬁ=6 (cung phu véi B/DT-I)

= ABHD «» ACHB(g.g) = ﬁ:C—H

HD BH
= BH*>=DH.CH =9.4=36

— BH =36 = 6(cm).

b) Goi S 14 dién tich hinh thang, ta c6:

5. - (AB+62’D).BH 5+ ;3).6 _ Sa(em?)

¢) ABHC ¢6 tanC =20 -0 _3 & L5619
CH 4 2

Vi ABCD la hinh thang can (gt) = D=C ~56°19'
Do d6 DAB = CBA =180°—56°19'=123°41"
Bai toan 31. Cho hinh thang ABCD (AB // CD)(xem hinh v¢).

Bibt AB = 4cm, AH = 4em, D =70°, KBC = 50°. Tinh BC va CD

Loi giai
A 4 B
50°
4
70°
d u .
D H K c

D@ thdy ABKH 13 hinh chir nhat c6 hai canh ké bang nhau nén ABKH 13 hinh vudng.
Taco BK = AH =4(cm)

Xét ABKC vudng tai K, ¢6 canh goc vudong BK =4 (cm), goc nhon CBK = 50°.
Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:
BK 4

BK =BC.cosB= BC = = ~ 6,22 (cm)
cosB  cos50°

Va KC = BK.tan KBC = 4.tan 50° ~ 4,77 (cm)

Xét AAHD vuodng tai H, c6 canh goc vuong AH =4cm , goc nhon D =70°
Theo dinh 1i vé hé thirc lvong trong tam giac vuodng, ta co:
AH = DH .tan70° = DH = AH = 4 ~1,46(cm)

tan70° tan70°

Vay DC =DH + HK + KC = 1,46+ 4+4,77 210,23 (cm).

BAI TAP CUOI CHUONG IV

Trang: 32.
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Bai todn 1. Cho tam gidc MNP ¢4 N =70",P =38, dudng cao MI=11,5¢cm, Tinh d6 dai cta canh NP
ctia tam giac MNP (két qua 1am tron dén hang phan muoi).

Loi gidi
M
11,5 cm
70° | 380
N I p

Xét tam giac MIN vudng tai I, co
Canh goc vuong MI=11,5cm va N=70".
Theo dinh i vé hé thirc luong trong tam gic vudng, ta co:

MI 115
tanN  tan70

MI=NI-tanN = NI = ~4,2(cm)

MI 115
tanP  tan38’

Tuong tu voi tam giac vvong MIP, ta ¢6: MI =PI-tanP = Pl = ~14,7(cm)

— NP =NI+PI~4,2+14,7~18,9(cm)
Bai toan 2. Xét tam giac vudng c6 mot goc nhon bang hai lan goc nhon con lai. Hoi cac tam giac d6 c6
dong dang voi nhau khong? Tinh sin va cos ciia gbc nhon 16n hon.
Loi giai
Xét AABC vudng tai A . Tacod B+C =90 va gia st B=2C
=B=60" va C=30".
Xét A4A'B'C' vudng tai A'. Taco B'+C'=90" va gia st B'=2C'
=B =60 va C'=30".
Vay AABC va AA'B'C' dong dang voi nhau.

Ta c6 sin60° =—3,cos600 =l.

Bai toan 3. Mot chiéc may bay bay 1én voi tbec d650km / h . Pudng bay 1én tao voi phuong nam ngang
mot goc 30°. Hoi sau 3 phut ké to lic cat canh, may bay cach mat dat bao nhiéu ki 16 mét theo
phuong thang dtmg?

Loi giai

Trang: 33.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

30° O

(Xem hinh v& bén).
: 1
boi: 3 phut =— gio.
p 20 g
Quang duong bay 1én CB goila S.

Taco: s :V.t:450-L=22,5km.
20

Xét tam gidc ABC vuodng tai A ¢6 canh huyén CB=22,5, gbc nhon C=30".
Theo dinh li vé hé thure lugng trong tam gidc vuong, ta co:
AB = BC -sinC =22,5-sin30" =11,25 (km)
Vay sau 3 phut ké tir laic cat canh, may bay cach mat dat 11,25km theo phuwong thang dung.
Bai toan 4. Hinh v& dudi ddy 12 mo hinh cia mot tap 1éu. Tim géc @ giita canh mai 1éu va mat dit (lam
tron két qua dén phut).
Loi gidi

(Xem hinh vé& bén).

1,8 m
ul a
4,4m
A
1,8 m
M a
B H C
< >
4,4 m

Trang: 34.
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Tam giac ABC can tai A nén dudng cao AH dong thoi ciing 1a duong trung tuyén
= HB=HC=4,4:2=2,2(m)

Xét tam gidc AHC vudng tai H c6
Canh hai goc vuong HC =2,2(m) va AH =1,8(m).
AH 1,8

Taco: tana =——

=" =g ~3917
HC 2,2

Vay goc a giita canh mai 1éu va mat dat xap xi 3917 .

Bai toan 4. Mot cdy cao bi giy, ngon cdy dd xudng mat dat. Ba diém: gdc cdy, diém giy, ngon cdy tao
thanh mot tam giac vudng. Poan cy giy tao véi mat dat goc 20° va chin ngang 16i di mot
doan 5m (hinh v&). Hoi trude khi bi gy, cdy cao khoang bao nhiéu mét (1am tron két qua dén
hang phan muoi)?

Loi giai

0 N

A H
< 5em > «— S ———>

Loi gidi
(Xem hinh v€ trén).
Trude khi bi gdy do dai cta cy 13 tong cta hai doan thang HB + BA . Xét tam giac AHB vudng
tai H c6 canh goc vuong AH =5m, A =20°. Theo dinh li vé hé thuc lugng trong tam gidc vuong,
ta co:
HB = AH-tanA = 5-tan 20° ~ 1,8(m)
AH 5
cosA  c0s20°

Vay d¢ dai cta cay trude khi bi gay 1a: 1,8+5,3 = 7,1(m).

Laic6 AH=AB-cosA = AB= ~5,3(m)

Bai toan 6. Luc 6 gid sang, ban An di xe dap tir nha (diém A ) dén trudong (diémB ). Khi di tr A dén
B,An phai di doan 1én déc AC va doan xubéng décCB (hinh v&). Biét

AB=762m,A=6",B=4°.
a) Tinh chiéu cao h cua con ddc.

b) Hoi ban An dén trudng lac may gio? Biét rang toc do khi 1én déc 1a 4 km/h va téc do khi
xubng déc 1a 19km /h .

Trang: 35.
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Loi gidi
a) (Xem hinh v€& bén).
Xét tam giac AHC vuong tai H c6 canh goc vuong CH =h, gbc nhon A=6".
Theo dinh li vé hé thtrc luong trong tam giac vudng, ta co:
AH = h.cotA = h.cot 6’
BH=h.cotB=h.cot4’.
= AB=AH+BH = h.cot6’ + h.cot4’ = h(cot60 +c0t40)

he MBI
cos6’ +cos4 1 1

+ -
tan6”  tan4’

Viy chiéu cao h cta con déc 13 32(m).

b) Tam gidc AHC vuong tai H c6 canh goc vudng CH =32m va gdéc nhon A=6".

Theo dinh i vé hé thirc lugng trong tam gic vudng, ta c6:

CH = ACsinA = AC= CH = ,32 ~~306(m)
sinA sin6
Tuong ty voi ABHC ta c6: BC = CH = 32 ~ 459(m)

sin4’  sin4°
DPdi: 306m ~ 0,306(km);459m = 0,459(km)

Thoi gian 1én ddc la: 0 106

~ 0,077 (gio)

0,459

Thoi gian xudng ddc la: ~ 0,024 (gio)

Thoi gian 1én va xudng ddc 1a: 0,077 +0,024 = 0,101 (gid) ~ 6 (phut)
Ban An xuét phét tir nha ltic 6 gid sang, khi dén trudng 1a 6h6 phut.

Bai toan 7. Mot can cau c6 goc nghiéng so vi mit dat nam ngang 1a 40°. Vay muon nang mot vat ning
lén cao 8,1m thi can cau phai dai bao nhiéu? Bict chiéu cao cua xe la 2,6m, chi€u cao cua vat

ning 13 1m (xem hinh v&) (két qua 1am tron dén mot chir sé thap phan).

Trang: 36.
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Loi giai
B
A
81 m
40°
AH C
2m

D

Y )FI O
K H

(Xem hinh v¢).

Goi DK la chiéu cao cua vat nang.

Khi ¢6 BD 13 do cao cdn ning BD =8,1 (m).
D@ thay ttr giac ACHK 13 hinh chit nhat

nén AK =CH =2,6(m)

= AD=AK-DK =2,6—-1=1,6(m)

= AB=BD-AD=8,1-1,6 =6,5(m)

Bai toan 8. (Xem hinh v&). Tir trén mdt ngon hai ding cao 75m, ngudi ta quan sat hai lan thiy mot chiéc

thuyén dang huéng vé phia hai ding véi goc ha lan luot 1a 30" va 45" . Hoi chiée thuyén di duge

bao nhiéu mét gitra hai lan quan sat.

75m

(Xem hinh ve). P ¢ !

Lan 1: Quan sat tai diém D v& goc ha 30°.

Trang: 37.
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Lan 2: Quan sat tai diém C véi goc ha 45
Do d6 chiéu dai quing dudng chiéc thuyén di dugc giita hai 1an quan sat 1a d6 dai CD
Xét tam giac ABD vudng tai A co canh goc vuong AB =75m, gbc nhon D=30".

Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:

AB=ADtanD= AD =25 __ 75 ~75+/3(m)
tanD tan30

Tuong tu voi ABC ta co:

AC = AB s ~ 75(m)

tan C B tan 45
Vay CD = AD - AC
=753 —75 ~ 55(m).

Bai toan 9. Mot nguoi c6 mat cach mat dat 1,4m , dimg cach thap Eiffel 400m nhin thdy dinh thap voi
goc nang 39°. Tinh chiéu cao cua thap (lam tron két qua dén mét).

Loi giai
.
B A39° 400 m
Ldmp [ A
1 ~ ; D
(Xem hinh v§). *

Xét tam giac ABC vuéng tai A c6 canh goc vudng AB =400m, géc nhon B =39°
Theo dinh li v hé thire lwgng trong tam giac vudng, ta co6
AC = ABtan B =400.tan 39" ~ 324(m)
Chiéu cao cua thap:
CD=AC+ AD =324+1,4 =325(m)
Bai toan 10. Mot may bay dang bay & do cao 12km . Khi may bay ha canh xudng mit dét thi duong di
clia may bay tao mot goc nghiéng so voi mat dat. Néu cach san bay 320km may bay bét dau

ha canh thi goc nghiéng 13 bao nhiéu (1am tron dén phit).

Trang: 38.
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&~ . 1 0 Ly
S -
&
Loi giai
C
320 km
12 km
2
A

(Xem hinh vé).
Xét tam gidc ABC vudng tai A ¢6 canh huyén BC =320km, canh goc vuéng AC =12km .
Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:

AC:BCsinB:sinB=A—C=£:>é=2°9’
BC 320

Néu cach san bay 320km may bay bt ddu ha canh thi goc nghiéng 1a 2°9".

Trang: 39.
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CHUONG V. DPUONG TRON
Bai 13. MO PAU VE PUONG TRON

PHAN A. KIEN THUC CAN NHO

I. Puong tron

Pinh nghia: BPuong tron tam O ban kinh R (R >0), .B
ki hiéu 1a (O;R), 1a hinh gom tat ca cac diém cach

diém O mot khoang bang R .

Ki hiéu (O;R) hodc (O)

A 12 m6t diém cua dudng tron (O) thita viét A e(0).

Khi d6 con néi duong tron (O) di qua diém A hay diém A
nam trén dudng tron (O).

Trén hinh v& ta thay:

- Diém A ndm trén dudng tron (O).

-Piém C ndm trong dudng tron (O).

- Piém B ndm ngoai dudng tron (O).

Tong quat:

-Piém M nam trén duong tron (O;R) néu OM =R .
-DPiém M nam trong dwong tron (O;R) néu OM <R .

- Piém M nim ngoai duong tron (O;R) néu OM >R ..
IL. Tinh d6i xirng ciia duong tron
1. Poi xirng tim

Hai diém M va M’ goi la d6i xting tdm v&i nhau qua

¥l /L
[ LU

diém 1 (hay qua tdm 1) néu I 13 trung diém cua doan M I M'

thang MM’ .
2. Pdi xing truc

Hai diém M va M’ goi 1 d6i xting truc véi nhau qua duong thang d (hay qua truc d) néu d 1a
duong trung truc cua doan MM'.
II1. TAm va truc dbi xirng ciia dwong tron

Trang: 1.
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- Puong tron 13 hinh c6 tim dbi xtmg, tim cta dudng tron 13 tim
doi xtrng cua no.
- Puong tron 13 hinh ¢6 truc d6i xing, mdi duong thing qua tim
ctia dudng tron 12 mot truc d6i xtimg ctia no.
- Puodng tron c6 mot tim ddi ximg, nhung c6 vo s6 truc dbi ximg.
PHAN B. PHAN LOAI CAC BAI TAP
I. Xac dinh diém nam trén, nim trong, nim ngoai duong tron
Bai toan 1. Trong mit phing toa dd Oxy, cho cac diém
M(0;2), N(0;-3) va P(2;—1). V& hinh va cho biét trong cac
diém da cho, diém nao nim trén, diém nao nam trong, diém

nao nam ngoai dudng tron (0;\/§ )? Vi sao?

Hwéng din: Dyng dudng tron tim O, ban kinh J5 trén mit phang toa do (xem hinh v& bén).

Gid sir diém A(21)= OA =22 + 1> =+5.
Loi giai

(Xem hinh v¢).

* Piém M(0;2) = OM =2 va M thudc Oy.

* Piém N(0;-3)=ON =3 va N thudc Oy.

* Pidm P(2;-1)=> OP=+/2>+1> =5.

Taco: OM=2<+/5 nén M nim trong duong tron tam O,
ban kinh /5.

ON=3>+/5 nén N nim ngoai (O;\/g)

OP =+/5 nén diém P nim trén (0;4/5).

Bai toan 2. Cho duong tron (O;R) va nim diém M, N, P, Q, K (hinh v&).

So sanh d6 dai cac doan thing OM, ON, OH, OK, OP véi R .
Loi giai

Ta c6 ba diém M, H, K nam trén dudng tron (O;R) nén

OM=0OH=0K=R.

Piém N nim bén trong (O;R) nén ON <R

Piém P nam bén ngoai (O;R) nén OP >R .

M

Bai toan 3. Cho duong tron (O), ban Scm va bon diém A, B, C, D thoa man OA =3cm,

OB=4cm, OC=7cm, OD=5cm. Hay cho biét mdi diém A, B, C, D nam trén, ndm trong

hay nam ngoai dudng tron (O).

Trang: 2.
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Loi giai
OA =3cm(3 <5) nén diém A nam trong dudng tron (0;5).
OB =4cm(4 <5) nén diém B nam trong dudng tron (0;5).
OC =7cm(7 > 5) nén diém C nam ngoai dudng tron (0;5).

OD =5cm nén diém D nam trén duong tron (0;5) hay
D e (0;5).

II. Chirng minh nhiéu diém cing thudc dwong tron

Bai to4n 4. Cho tam giac ABC vudng tai A c6 AB=3cm, AC =4cm . Chimg minh ring cac
diém A, B, C thudc cung mot duong tron. Tinh ban kinh cua duong tron do.
Loi gidi
Xét tam giac ABC vudng tai A .
Theo dinh li Pythagore, ta co:
BC’ = AB’+AC* =3% +4 A

(X
— BC =+/3"+4% = 5(cm)

Goi O 1a trung diém cua BC, ta c6:

w

(o]

OB=OC=B—2C=§=2,5(cm)

Mit khac OA 1a trung tuyén ciia tam giac ABC vudng tai A
Taco OA=0B=0C=2,5(cm)
Nén ba diém A, B, C thudc duong tron tdm O 1a trung diém doan BC va ban kinh
R=2,5(cm).
Bai toan 5. Cho tam giac ABC déu c6 canh a, cac dudng cao BD va CE cat nhau tai H.
Chtng minh rang bén diém B, E, D, C cung thuéc mot duong tron. Hiy xac dinh tim va ban
kinh cta duong tron ay.
Huéng dan: Ching ta dua vé bai toan 1, & ddy co6 hai tam giac vudng ciing chung canh huyén
BC.
Loi giai

Goi O 1a trung diém cua BC.

Trang: 3.
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Céc tam giac vuong BDC va BEC c¢6 chung canh huyén
BC va OD, OE la céc trung tuyén

tuong ung
Taco OD = OE(: %BC)

:ODzOEzOBzOC:%a.

Vay boén diém B, E, D, C cung thudc duong tron tam O

1a trung diém ctia BC va ban kinh bing % )

Bai toan 6. Cho hinh chir nhat ABCD ¢6 AD =18cm va CD =12cm. Ching minh riang bon
diém A, B, C,D cing thuéc mot dudng tron. Tinh ban kinh cta dudng tron do.
Loi giai

Goi O 1a giao diém ctia hai dudng chéo AC va BD

Ta c¢6: OA = OB =OC = OD (Tinh chét hai dudng chéo cta hinh chit A B
nhat Vay bon diém
A, B, C,D cung thugc duong tron tam O ban kinh OA..

18
Xét tam giac vudng ADC vuodng tai D . o

Theo dinh ly Pythagore ta co:

AC? = AD? + CD* = 18> +122 D 12 ¢
— AC =18 +12? = 64/13(cm)
6313

Viy ban kinh ctia dudng tron (O) di qua bén diém A, B, C,D 1a —

Bai toan 7. Chimg minh ring cac trung diém ciia cac canh cua hinh thoi ciing nam trén mot dudng tron.
Loi giai
Goi E, G, H, I lan luot 14 trung diém cua bén canh AB, BC, CD, DA cua hinh thoi va O 1a
giao diém cua hai duong chéo AC va BD.

Ta c6 OE, OG, OH, OI lan luot 14 cac dudng trung tuyén cta cac tam giac vuéng AAOB,

ABOC, ACOD, ADOA //<]>\
E a
1 1 1 1
— OE =—AB, OG =—BC, OH=-CD, Ol =—AD A c
2 2 2 2

I H

Ma AB=BC=CD =AD (canh hinh thoi)
= 0OE=0G=0H=0I

Chtng t6 bén diém E,G,H,1 cung thudc dudng tron (O).

Bai toan 8. Cho hinh vuong ABCD . Trén canh AB lay diém M, trén canh AD 1iy N sao cho

Trang: 4.
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AM = AN . Ké AH vuéng goc voi DM (H e DM) va AH cit BC tai P. Ching minh rang
nam diém C, D, N, H, P cung thudc mot duong tron.
Loi giai
Tacé Ai=Di (cung phu voi M )
Do d6 AABP =ADAM (g.c.g) == BP=AM=PC=ND. p P c

Lai c6 PC//ND va BCD = 90°(gt)

, M
= PCDN la hinh chit nhat. Goi O 1a giao diém cua hai

duong chéo PD va CN taco O la H 0

tam duong tron di qua bon diém P, C, D, N.

Mit khac APHD vuéng (gt) co6 HO 1a trung tuyén . 2 1 b
A T

= HO=0P =0D hay H thudc duong tron tdm O.
Vay nam diém C, D, N, H, P cung thudc dudng tron (O).
Bai toan 9. Tt giac ABCD c¢6 hai duong chéo AC va BD vudng goc véoi nhau. Goi M, N,
R, S lan luot 1a trung diém cua cac canh AB, BC, CD va AD. Chung minh rﬁng: Bén
diém M, N, R, S cung thudc mdt duong tron.
Loi giai
Ta c6 MN la duong trung binh cia AABC

B
:MN//ACVéMN:% N

M

twong tu SR // AC va SR =% A [ C

Do d6 MNRS la hinh binh hanh
Mat khac BD L AC(gt) = MN 1L BD

S R

Ta con cd MS // NR // BD D

Do d6 MN L MS hay MNRS 1a hinh chit nhat

=4 diém M, N, R, S cung thudc duong tron tim O 13 giao diém cua hai duong chéo MR va
NS ban kinh %

Bai toan 10. Cho tam gidc ABC nhon. Chirng minh rang céc trung diém cua ba canh, cic trung

diém cua ba doan thang ndi ba dinh véi tryc tdm chan cta ba duong cao cua tam giac cung
thudc

mot dudng tron. (Pudng tron 9 diém hay duong tron Euler).
Loi giai

Goi I, K, L 1an luot 1a trung diém cua ba canh AB, BC, AC

Trang: 5.
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M, N,P lan luot 1a trung diém cua HA, HB, HC
Chan ba dudong cao ké tir A, B, C lanluotla D, E, F.

Ta c6 IL 1a duong trung binh cuia AABC A
=1L // BC va IL=B—2C M E
Tuong tu NP // BC va NP :% L
Do @6 ILPN la hinh binh hanh. P
Mait khac AD L BC (gt)
C

=IL 1L AD.

Taconco IN//LP// AD = IN LIL
hay ILPN la hinh chir nhat.

K

Ching minh twong tw KLMN cting 1a hinh chit nhat, hai hinh chit nhat nay c6 chung duong
chéo NL. Nén NL, PI, MK cét nhau tai mot diém O 1a trung diém cua NL.
T d6 ta c6 6 diém M, L, P, K, N, I cung nam trén dudng tron déng tam O. Lai c6 AMDK
vudng tai D ¢6 DO 14 trung tuyén = OD =OM = OK hay D thudc dudng tron duong kinh
MK . Chimg minh tuong ty ta c6 hai diém E, F ciing thudc duong tron O.

Bai toan 11. Cho dudng tron (O) duong thang d di qua O va diém A thudc (O) nhung khong
thudc d. Goi B 1a diém d6i xtmg véi A qua d; C va D lan luot 1 diém déi xting v6i A va
B qua O.
a) Ba diém B,C va D ¢o thudc (O) khong? Vi sao?
b) Chirng minh tr gidc ABCD 1a hinh chit nhat.

¢) Chtng minh rang C va D d6i xtg v6i nhau qua d .

Loi giai
A
d 1
H K
B C

Trang: 6.
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a) Xét tir giac ABCD c6 hai dudng chéo AC cit BD tai (0).

Tacod B 1a diém ddi xing véi A quadnén d L AB tai H va HA= HB.

Xét tam gidc AOB c6 dudong cao OH d6ng thai 1a duong trung tuyén (cmt) nén AAOB can tai
OH = OB =0A4.

Ae(0)= Be(0)
Piém C d6i xtng v6i 4 qua O = OC = OA, tuong tw OD = OB .
D6 d6 OD=0C=0B=04 ma A (0)= B,C,D e (0).

b) Xét ttr giac ABCD c6 AC cat BD tai O va OA= 0B =OC = OD nén ABCD 14 hinh binh
hanh (t& gidc c6 hai dudng chéo cit nhau tai trung diém mdi duong)

Lai c6 AC = BD nén tir giac ABCD 13 hinh chit nhat (hinh binh hanh c6 hai dudng chéo bang
nhau).

¢) T giac ABCD 12 hinh chit nhat (cmt) = CD //AB ma AB L d (tinh chat d6i xtimg qua
mot dudng thang) = CD L d .

Tam giac COD can tai O c6 OK 1a dudng cao nén dong thdi 1a trung truc = DK = KC .
_|dLCD , \ L, .
Ta co: chung t6 C doi xtmg véi D qua d .
DK =CK
Bai toan 12. Cho hinh vudng ABCD c6 E 1a giao diém cia hai duong chéo.
a) Chimg minh rang c6 mot duong tron di qua bon diém A4, B,C va D . Xac dinh tim dbi xtng
va chi ra hai truc ddi ximg cua dudng tron do.
b) Tinh ban kinh ctia dudng tron & cau a, biét rang hinh vudng c6 canh bang 3cm .

Loi giai

A B

a) E 1a giao diém cta hai duong chéo AC va BD cua hinh vudng ABCD .

Nén EA=EB=EC=ED. Chingté 4 diém A, B, C, D thudc duong tron tdm E.
Tam d6i xtmg 1a diém E.

Hai truc d6i xtimg 14 AC va BD.

b) Ta c6: AC L BD (tinh chat hai dudng chéo ciia hinh vuong)

Tam giac AEB vudng can tai E c6 canh huyén AB =3cm .

Trang: 7.
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bat EB=FEA=R.
Theo dinh li Pythagore ta c6: AB> = R* + R* = AB* = 2R’

2 2
:AB hayR2:3—:>R: 2=£
2 2 2

= R?

Vay ban kinh cua dudng tron ¢ cau a la % (cm).

Trang: 8.
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Bai 14. CUNG VA DAY CUA MQT PUONG TRON

PHAN A. KIEN THUC CAN NHO

1. Khai niém day va dwong kinh ciua dwong tron
- Poan thang ni hai diém tuy y ciia mot dudng tron goi la
mdt day (hay day cung) cua duong tron CD.
- Mbi day di qua tAm 1a mot dudng kinh ctia duong tron AB
* Quan h¢ gitra day va duong kinh
DPinh li: Trong mét duong tron, dudng kinh 1a day cung 16n
nhat.

2. G6c ¢ tam, cung va so do ciia mgt cung
- Khai ni¢m gbc ¢ tdm va cung tron
Cho hai diém 4 va B cung thudc mot duong tron. Hai diém
ay chia duong tron thanh hai phan, mdi phan goi 1a mot cung
tron (hay cung). Hai diém 4 va B la hai mut (hay dau mut)
ctia mdi cung do.
Goéc ¢ tam 1a gdc co dinh trung voi tdm cua dudng tron.

Ki hiéu AmB va AnB goc & tim AOB.

Ch y:

- Khi goc AOB khéng bet thi cung nim trong goc AOB goi 1a cung nhd AmB . Ki hiéu 4B.

- Cung con lai, AnB goi la cung 16n.

- Khi géc AOB bet thi mdi cung AB dugc goi la mot nira duong tron.

- Ta con néi goc AOB chan cung AB hay cung AB bi chin boi goc AO0B.

- Cach xac dinh sb do cia mot cung
S6 do ciia mot cung duoc xac dijnh nhu sau:
- S6 do ctia nira duong tron bang 180°.

- SO do ctia cung nhé bang s6 do ctia goc ¢ tdm chan cung do.

- SO do cuia cung 16n bang hiéu gitta 360 va so do cua cung nhé c6 chung hai mut.

- So do cua cung 4B duogc ki hi¢u sd 4B (hinh v€ trén).

sd AmB = AOB = o, sd AnB = 360" — «x
Chu y:

- Cung c6 so do n con goi la cung n , cd duong tron dugc coi la cung 360 .

- Mot diém coi 13 cung 0°.

- Hai cung trén mét duong tron goi la bang nhau néu chiing c6 cung so do.

PHAN B. PHAN LOAI CAC BAI TAP

Trang: 1.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

1. Cac bai toan vé chirng minh

Bai toan 1. Cho nira duong tron duong kinh AB va mot diém M tuy ¥ thudc nira dudng tron d6. Chimg

minh rang khoang cach tir M dén 4B khong 16n hon % .

a+b

Hwéng din: Ap dung bat ding thirc Cauchy véi a,b >0, ta c6 vJab <
Loi giai

Goi khoang cach tir M dén 4B 1a MH va ban
kinh duong tron (O) 1a R. Ta co

OM =0A4=0B(=R).

b6 d6 AAMB vuodng tai M .

Tacé AMHA © ABHM (g-g)= 24 _ BIL

A [

HA HM
— MH =HA-HB < HA;HB < AZB

= MH* = HA- HB (dpcm).

Bai toan 2. Cho tam giac nhon 4BC . Pudng tron tim O dudng kinh BC cit cac canh AB va AC lan

luot tai M va N . Ching minh MN < BC.

Loi giai
D@ thy cac tam giac BMC va BNC déu la cac A
tam giac vuong lan luot tai M va N va OM,ON
1an luot 14 cac trung tuyén. N
Tacd6 OM =ON =0B =0C(=R,trongdé R la
ban kinh duong tron duong kinh BC )
Xét tam giac MON , ta c6 MN < OM +ON (bat
dang thirc tam giac)

MaOM +ON = OB+ OC = BC o
Vay MN < BC.

Ta c6 thé két luan theo bai hoc: “Trong mot dudng tron day 16n nhat 1a duong kinh”.

Bai toan 3. Cho duong tron (O) duong kinh AB, day CD khong cat duong kinh 4B . Goi H va K
theo thi tr 12 chan cac dudng vudng goc ké tir 4 va B dén CD. Chiing minh rang CH = DK

Loi giai

Trang: 2.
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Ké OI 1L CD, tam giac COD céan tai O nén duong K

cao OI duong thoi duong trung tuyén = IC =ID . D

Lai c6 AHKB la hinh thang vudng.

(AH//BK(L HK)) mi OI 13 duomg trung binhnén <

I 14 trung diém cia HK tacé IH = IK

= HI - CI = KI - ID hay CH = DK y B

Nhan xét: Do HI = KI va IC=1ID néntaco HI +ID =IK + IC hay HD = KC . Ta c6 bai
toan sau:
Cho duong tron (O) duong kinh 4B, day CD khong cat duong kinh AB . Goi H,K theo thu
tu 1a chan cac duong vudng goc ha tir 4,B dén CD. Chimg minh rang HD = CK (Hoc sinh tu
giai).
Truong hop day CD cit duong kinh AB dua ta dén bai toan 4 sau déy.
Bai toan 4. Cho duong tron (0) duong kinh 4B, day CD cit duong kinh 4B tai E. Goi H,K theo thi
tur 1a chan cac duong vudng goc ké tir 4 va B dén CD. Chiing minh rang CH = DK .
Loi giai
Ké OI L CD tacod IC =ID (tam giac COD can tai D
O nén duong cao dong thoi 1a dudong trung tuyen)
Ol//KB
Goi M 1 giao diém ciia OI va 4K taco M latrung
diém cua 4K .
Xét AAKH c6 M 1a trung diém cua AK
MI //AH (vicung L CD)
= [ la trung diém cua HK hay IH = IK (2)
Tu(1)va(2) = IC—-1IH =ID—-IK hay CH = DK

Nhan xét: Theo bai toan 1. Trén day CD ta ldy thém diém M .

Khi d6 OI <OM . Ma OM = AH%'BK (tinh chat dudng trung binh cta hinh thang)

= AH + BK <20M . Chung ta s€ c6 bai toan sau:

Bai toan 5. Cho duong tron (O; R) duong kinh AB . M 1a diém ¢ dinh nam trong dudng tron ( M khac
O ) va CD la day cung quay quanh M . Goi H, K lan luot 13 hinh chiéu caa 4 va B 1én CD.
Xac dinh vi tri cua ddy CD dé AH + BK 16n nhat.
Hwéng din: Ké O L CD.

Loi giai

Trang: 3.
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Taco AH, BK cung vudng goc véi CD K
— T gidc ABKH 1a hinh thang va c6 OI D
la dudng trung binh

_ AH + BK

ol — AH + BK =201 H

Tacd OI <OM (duong vudng goc ngan
hon duong xién) A B
Dau " =" xay ra khi OM 1 CD

Bai toan 6. Cho duong tron (O). Cac diy AB va CD bang nhau, cac tia BA va DC cit nhau tai diém M
nam bén ngoai duong tron. Goi H, K lan luot 1a trung diém ciia AB va CD. Chimg minh rang
MA=MC.

Loi giai

D

Tacd AB=CD (gt) = OH = OK (lién hé giira day va khoang cach dén tam)
Xét tam giac vuong MHO theo dinh 1i Pythagore: MH* = MO* — OH’
Tuong tu voi AMKO , ta c6 MK* =MO* —OK*> ma OH = OK = MH = MK (1)

Lai c6 OH L 4B (gt) :HA:HB:%

Tuong tu KC:KD:% ma AB=CD

= HA=CK (2)

Tu (1) va (2) > MH — HA= MK —CK

hay MA=MC

Nhén xét: Truong hop hai ddy 4B, CD khong bang nhau, chang han AB > CD ta c6 bai toan

sau:

Trang: 4.
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Bai toan 7. Cho duong tron (O) hai diy 4B va CD sao cho 4B > CD. Cactia BA va DC cat nhau tai
M nim bén ngoai dudng tron. Goi H,K theo thir tu 13 trung diém cua AB va CD. Hay so
sanh MH va MK.

Huéng din: Ta c6 MH®> = MO* —OH* va MK*> = MO*> —OK* ma OH < OK (vi AB > CD
) = MH > MK

Nhén xét: Truong hop diém M nam bén trong duong tron ta co bai toan twong tu.

Bai toan 8. Cho M 13 diém nam bén trong dudng tron (0), v& qua M , hhii: ddy AB va CD sao cho
AB > CD . Goi H,K theo tht ty 1a trung diém ctia 4B va CD. Ching minh rang: MH > MK

Loi giai
Né6i M véi O.
Xét tam giac vuong OHM c¢o6:
MH* =0OM* - OH?
Tuong ty voi tam giac vuong OKM co
MK* =0M* - OK’
Ma AB > CD(gt) = OH < OK = MH > MK

Bai toan 9. Tir diém P niam bén ngoai duong tron ( O;R ) va OP = 2R . Mot duong thang qua P cét
duong tron (O) tai A va B ( A nam giita B va P )va AB=R.Goi H 1a chian dudng
vuong goc ké tir O dén BP. Qua P ké mot dudng thang khac cit duong tron (O) tai C va D

RS3

(C, D khac phia v6i 4B sovéi OP ). Ké OK 1L CD. So sanh AB va CD biét OK < -

Loi giai

Taco OH L BP. Tam gidc AOB can tai O nén dudng cao OH ddng thoi 1a

duong tuyén H 14 trung diém ciia AB: B
HA=HB="2 - R A
2 2

Xét tam giac vuong AHO ta co:
2 P ) D
OH =+/OA’ - AH? = RZ—(%j :RT‘/§ CW

R3

Ma OK<T(gt):>OK<OH:>AB<CD.

Trang: 5.
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Bai toan 10. Cho diém A cb dinh ¢ bén trong dudng tron (O;R) va A khong trung véi O. BC la day
cung quay quanh A . Xac dinh vi tri cia day cung BC lic ddy cung BC ngin nht.
Loi giai
Ké OH L BC(H thugc BC ).
Ta co OH < OA (khong ddi)
BC ngan nhat <> OH 16n nhit < OH=0A < H=A.

Vay: Khi BC vudng goc véi OA tai A thi do dai day BC B W ¢

ngan nhat.
I1. Tinh toan

Bai toan 11. Cho duong tron (0;5 cm) 1a mot day bat ki ctia dudng tron d6. Biét 4B =6 cm.
a) Tinh khoang cach tir O dén duong thang AB.
b) Tinhtan ¢ néu goc ¢ tAm chin cung 4B bang 2¢ .
Loi giai
a) Goi khoang cach tir O dén duong thang AB 1a OH
Tam giac AOB can tai Onén dudong cao OH
cling dong thoi 1a duong trung tuyén hay

AH=BH=2B_0_ 3(em).
2 2

Xét tam giac AHO vuong tai H , theo dinh 1i Pythagore, ta co:

OA’=AH* +OH* = OH? =0OA* - AH* =5 -3*
OH =+/5" -3’ =4( cm)

—— —— AOB 2
b) Khi AOB =2 = AOH = BOH = % = Ta = (vitam giac AOB can tai O nén duong

cao OH ddng thoi 1a duong phén giac).

. . AH 3
Xét tam giac AHO vuodng tai H, ta c6: tanag =——=—

.
Bai toan 12. Tam O cua mot duong tron (cach day AB cua né mot khoang 3 cm. Tinh ban kinh cua

duong tron (0), biét rang cung nhé AB ¢6 s6 do bang 100° (1am tron két qua dén hang phan
muoi).

Loi giai
Ta biét rang s6 do cung nho chinh 1a s do
cua goc ¢ tam hay AOB=100".
Tam giac AOB cén tai O c6 OH la duong cao

ddng thoi cling 1a duong phan giac.

Trang: 6.
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AOT = @-% %:wa

Tam giac AOH vuong tai H c6 canh géc vuong OH =3 cm , gbéc nhon AOH =50° (cmt).

Theo dinh i vé hé thirc lugng trong tam gic vudng, ta co:
OH
cos50

OH = OAcosAOH = OA = -~4,7.

Vay ban kinh ctia duong tron (O) 14 4,7 (cm).

Bai toan 13. Cho duodng tron (O; R) va mot day cung 4B . Goi I 1a trung diém ctia AB. Tia OI cit cung
AB tai M.
a) Cho R=5cm, 4B =6 cm. Tinh d6 dai day cung MA.

b) Cho MN la duong kinh cta dudng tron (0; R) biét AN =10 cm va ddy 4B =12 cm . Tinh

ban kinh R . N
Loi giai
a) Ta c6 I 1a trung diém cua day AB (gt) 0
:>IA=IB=%=§=3 (cm) (dinh ly
1
duong kinh va day cung) A B
M

Trong tam giac vudng AIO ta co:

OI =\JAO? - AP* =/5* 3> =4( cm) ( dinh Iy Pythagore)
= IM =OM-0I=5-4=1(cm)

Xét tam gidc vuong AIM lai co:
AM =VAL +IM2 =~/9% +1' = \/ﬁ( cm) (dinh ly Pythagore)

b) Chirng minh nhu trén ta co:

IA:IB:£:£=6(cm)
2 2

Xét tam gidc vuong AIN ta co: NI =~/ AN’ — AI> =107 -6 =8(cm)

A 1
K¢ OK 1 AN taco KA:KN:Tsz():S(cm)
Va céac tam giac vudng AIN va OKN dong dang (g.g)

_, NO NO _ NK — NO = NA.NK _ 10.5 — 6,25(cm)
NA NI NI 8

Vay R =6,25(cm)

Trang: 7.
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Bai toan 14: Cho duong tron (O) duong kinh AB =2R . Mot day CD khong di qua tim O sao cho
COD =90° va CD cht duong thang AB tai E ( D nam giita hai diém E va C), biét OE =2R.
Tinh d6 dai EC va ED theo R
Hwéng din: Ban hiy v& hinh theo thir ty sau:
Dung (O:R)
V¢ hai ban kinh OC L OD
Néi CD kéo dai
Dung (O;2R)
Lay E la giao diém cta (O;2R) va dudng thing CD
Loi giai

Ta c6 COD = 90" (gt) nén ACOD vudng can tai O

ta co:
CD=~OC> +0D* =+2R* = R\2 C D
Ké OH 1 CD, tam gidc COD can tai O A B

nén dudng cao OH dong thoi 1a duong
trung tuyén hay HC = HD

:>HC:HD:OH=C—2D:RT\/5

Xét tam gidc vudng OHE, ta co:

EH =~JOE* —OH” ( dinh ly Pythagore)

EH = \/(213)2 _LR\Z/E]Z _RJ14

2

ED=EH-HD _£—¥
_RVE-RZ_ R

B 2 B 2

EC=EH+HC = R‘/ﬁ;Rﬁ _ R\E(;ﬁﬂ)

Bai toan 15. Cho duong tron (0;10 cm) diay AB=16 cm .
a) Tinh khoang cach tir tim O dén day AB.

b) Lay K thudc ddy AB sao cho AK =14 cm. V& day PQ vudng goc v6i AB tai K. Ching
to AB=PQ.

Trang: 8.
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Loi giai
AB 16
a) K¢ OH L AB, ta co: HA:HB:Tz?:S( cm)
Xét tam giac vudng AOH , ta c6 P

OH =+JOA> —AH? (dinh Iy Pythagore)
~V10°=8" =6( cm). o I

b) Ta co: KB=AB—-AK =16—14=2( cm) Aw/l}
Do HK =HB-KB=8-2=6( cm) 0
Ké OI L PQ, khi d6 tr giac OHKI 1a hinh chit nhat ¢6 hai canh ké

OH =KH :6( cm) nén la hinh vudng.

Do d6: OH=0I=6( cm).

Tam gidc OHB vuong tai H . Theo dinh li Pythagore, ta co:
OB’ =OH’ + HB’* = HB’ = OB’ ~OH’ = HB =+ OB’ - OH".

Tuong tu v6i tam gidc OIP, ta c6: IP =+/OP*> —OI’
Ma OB =O0P(=R) va OH=0I(cmt)= HB=1P

Tam giac AOB céin tai O c6 OH la dudng cao nén dong thoi 1a duong trung tuyén hay H 1a
trung diém ctia AB, twong tu I 1a trung diém ciia PO ma HB =IP (cmt) = AB=PQ (dpcm).

Bai toan 16. Cho duong tron (O) hai ddy AB va CD song song voi nhau biét AB=3 cm,CD =4 cm .
Khoang cach gitra hai day 1a 3,5 cm . Tinh bén kinh duong tron (O).
Loi giai

Ké OH L AB tam gidc AOB can tai O nén duong cao OH ddong thoi 1 duong trung tuyén

hay HA =HB="2 =2 _15( cm). A~ H \B
2 2
3,5 h'e

Mait khac vi AB//CD nén OH L CD tai K

ta cling co

KC:KD=C7D=§=2(cm) CWD

Khi d6 céc tam giac AHO va CKO vuong. Theo dinh 1i Pythagore:
AH® +OH* = 0A* (=R?)

— AH?+O0H’ =CK2+OK2(*)
CK?+O0K? =0C? (: RZ)

Dt OK = x = OH =3,5—x(**)

Trang: 9.
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Thay (**) vao (*) ta co

1,5 +(3,5-x)" =2 +x°
& 22543, —Tx+x*=4+x"
= —7x=-10,5
= x=1,5( cm).

Xét tam gidc vuéng CKO ta c6: CO* = OK* +CK”* (dinh li Pythagore)
R* =1,5+2"=6,25
=R =2,5( cm).

Bai toan 17. Goi I 1a trung diém cua diy cung AB khong qua tim cua duong tron ( O;R ). Qua I vé
day cung CD.

a) Chimg to CD > AB . Tim d¢ dai nhé nhét, 16n nhét ciia cac ddy quay quanh I.
b) Cho R =5 ¢cm,OI = 4 cm. Tinh d¢ dai day cung ngan nhat qua 1.

¢) Chimng to rang: OAI > ODI.
Loi giai

a) Ké OK L CD, ta c¢6 tam giac OKI vudng tai K = OI > OK (canh huyén 16n hon canh goc
vuong).

c6 I1a trung diém cia AB (gt).

Tam gidc AOB can tai O(OA =0B= R) nén dudng trung tuyén OI dong thoi 1a dudng cao

hay OI L AB.

Xét tam giac vuong AlO, theo dinh li Pythagore: Al =+ OA* —OI” .

Tuong ty v6i tam gidc vudong OKD : KD =+/OD* —OK”

Ma OI > OK (cmt) = KD > A, ma K 14 trung diém cta CD va I la trung diém ctia

AB=CD > AB.

Dau" = "xay rakhi CD = AB.

Do d6 d6 dai nho nhét cia CD bang AB hay CD trung v6i AB. Hién nhién dudng kinh qua
I 1a day 16n nhat.

b) Ta c6 AOIA vudng tai I:
Al=yOA? -OP’ =+/5* ~4* =3( cm)

Do d6 ddy cung AB=6( cm).

— OI OI . =— OK OK
= ,SIn

Ma OI>OK:>Q>%
R R

hay sinOAI > sinODI = OAI > ODI .

Trang: 10.
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I1L. Toan thuec té

Bai toan 18. Trén mat mot chiéc dong ho c6 cac vach chia nhu hinh vé. I

Hoi ctr sau mdi khoang thoi gian 36 phut: .
a) Pau kim phut vach nén mot cung cd | \/ \
s6 do bang bao nhiéu d6?
b) Pau kim gid vach nén mét cung
¢6 s do bang bao nhiéu d6?

Loi giai
a) Kim phtt vach nén mét cung sau 36 phut la:

6°.36=216".

b) Kim gio quay chim hon kim phut 13 12 1an, ta c6:
216" :12 =18

Bai toan 19. Trong mot tro choi, hai ban
Thuy va Tién cung chay trén mot duong A - B |
Thuy Tién

tron tdm O c6 ban kinh 20 m (hinh v§).
C6 thoi diém nao ddy AB ndi vi tri ctia
hai ban d6 c6 d6 dai bang 41 m hay khong? Vi sao?

Loi giai
Khong co thoi diém nao day AB nbi vi tri ciia hai ban d6 c6 d6 dai bang41 m: vi do dai day
AB khoéng vugt qua do dai duong kinh: 2.20 =40 (m ) cta duong tron.
Do d6 AB<40.

Bai toan 20. C6 thé xem gudng nudc (con goi 1a con nude) 1a mot cong cu hay ¢d may cé dang hinh tron,
quay duogc nho strc nude chay (hinh a). Gudng nude thuong thiy & cic ving mién nuai. Nhiéu
guéng nudc dugc lam bﬁng tre, dung dé dua nudc 1én rudng cao, gia gao hodc lam mat s6 viéc
khac.

Gia sir ngan nudc ngan cach giita phan trén va phan dudi ciia mot gudng nude duge biéu thi
boi cung tng v&i mot cdy dai 4 m va diém ngap sau nhat 1a 0,5 m (hinh b, diém ngap sau
nhét 1a diém C,tac6 AB=4m va HC =0,5 m. Dya vao d6, em hay tinh ban kinh cua guéng

nudc.

Trang: 11.
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a) b)

Loi giai
Goi ban kinh cta duong tron (O) 1a R, ta co:

OA=0B=0C=R va 0H=OC—HC=R—0,5=R—%

Tam gidc AOB can tai O nén duong cao OH ddng thoi la dudng trung tuyén hay H 1a trung
diém ctua 4B, ta co:

HA=HB=£=£=2(cm)
2 2

Xét tam gidc AHO vudng tai H . Theo dinh 1i Pythagore, ta c6:

2
OA> =OH’ + AH” hay R®> = (R—%j +27

=S R=r-21p:sliy
274
o R=%+4<:>R=177=4,25(m).

Viy ban kinh ctia gudng nudce 1a 4,25 (m).

Trang: 12.
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Bai 15. PQ DAI CUA CUNG TRON.

DIEN TiCH HINH QUAT TRON VA HINH VANH KHUYEN
PHAN A. KIEN THUC CAN NHO
1. P§ dai ciia cung tron

Cong thirc tinh do dai cta cung tron (O;R)

C=nrnd=2nR

(d la duong kinh ctua duong tron, C 1a d6 dai cua duong tron)
D¢ dai / cua cung n° trén duong tron (O;R) 1a [ = % n.R.
2. Hinh quat tron va hinh vanh khuyén

Dinh nghia

1)Hinh quat tron 13 phan hinh tron giéi han boi mot cung tron va hai ban kinh di qua hai dau mit cta
cung d6 (Hinh a).

Hinh a Hinh b

2)Hinh vanh khuyén (con goi 1 hinh vanh khan) 13 phan ndm giita hai duong tron c6 ciing tim va ban
kinh khac nhau (con goi 14 hai dudng tron dong tdm) (Hinh b).

Dién tich cta hinh quat tron va hinh vanh khuyén
S = N nR* = B
360 2
(S, : dién tich hinh quat tron; R : ban kinh g v6i cung n° )

S, =7z(R2 —rz)vc'yi R>r

( S, dién tich hinh vanh khuyén; R, 7 : ban kinh cua hai dudng tron dong tam).
PHAN B. PHAN LOAI CAC BAI TAP
I. Tinh d¢ dai cac cung tron. Dién tich cac hinh

Bai toan 1. Cho 4 va B la hai diém trén duong tron (0;0,8) sao cho AOI =100°. Tinh sb do va do dai

cac cung co haimut 4, B .

Loi giai

Trang: 1.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

A, B 13 hai diém trén (O) nén s€ co hai cung.

Cung nhé AB bi chin béi goc ¢ tim AOB
sdAB = A0B =100°.

Do d6 d6 dai cia cung nhd 4B la:
_100 g 40

l=— 1
180 9

7 (cm)
Cung 16n AnB c6 s6 do:

sd AnB =360°~100° = 260°
Do d6 d6 dai cia cung lon la:
260 o104

l=—- 71
180

7 (cm).

Bai toan 2. Tinh d¢ dai cung 90° cua duong tron (O;6 cm).
Loi giai
Taco: n=90° va R=4 cm. Do d6 d¢ dai cung:
90

l=@-ﬂ-6=37r(cm).

Bai toan 3. Tinh dién tich hinh quat tron c6 ban kinh 4 cm, Gng v6i cung 36°.
Loi giai
Taco: n=90° va R=6 cm. Do d6 dg dai cung:

_36 .

Si=3eg ¥ =1,67(cm’).

Bai toan 4. (Xem hinh v@)
a) Tinh dién tich hinh quat tron tam O cung nho AB .

b) Tinh dién tich hinh gioi han boi ddy AB va cung nhd 4B (goi la hinh vién phén tam O
cung nhd AB). Lam tron két qua dén hang phan mudi centimét vudng).

Trang: 2.
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B
.
o 12 cm
Loi giai

a) Ta co: AOB =90° nén sd AB = AOB =90°. Do do: S, =%-ﬂ'~122 =367z(cm2).

b) Tacd: S, =S, —S,op (Sv , la dién tich hinh vién phan; S,,; 1a dién tich tam giac AOB ).
S =10A-OB=1-12-12=72(cm2)
AOB 2 2

Viy S, =36m—72~41,0( cm®).
Bai toan 5. Phan hinh tron dugc gidi han boi mot cung va diy cing cung d6 goi 13 hinh vién phan. Tinh
dién tich hinh vién phan AmB, biét goc & tim AOB = 60° va ban kinh duong tron 1a 5,1 cm

(hinh v&) (két qua 1am tron dén hang phan trim ctia cm?).

Loi giai
Goi S, 1a dién tich hinh vién phan, S_ 1a di¢n tich hinh quat va S,,; 1a di¢n tich tam gidc
AOB.

o 00 2 2
Ta cé: S, —%'ﬂ'-(S,l) ~13,62( cm’).
Xét aAOB céntai O(O4=0B=R) cb AOB =60° nén tam gidc AOB déu.

RS ('3

4 4

Do d6 S, = ~11,26( cm’)

Trang: 3.
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Do d6 S, =S, =S, =13,62-11,26 ~2,63( cm’).
IL. Pon thirc dong dang

Bai toan 6. Tinh dién tich hinh vanh khuyén nam giira hai dudng tron déng tim c6 ban kinh 13 6 cm va
4 cm.

Loi giai
Goi S, la dién tich hinh vanh khuyén can tinh.
Taco: S, =7.(6" =47 ) =207 (cm’).
Bai toan 7. Cho duong tron (0;4 cm) vabadiém 4,B,C trén duong tron d6 sao cho tam giac ABC can
tai dinh 4 va s6 do cung nhd BC biang 70°.
a) Giai thich tai sao hai cung nhd 4B va AC bang nhau.

b) Tinh d6 dai ctia cac cung BC, AB va AC (lam tron két qua dén hang phan mudi).

A

Loi giai
a) N6i O voi A . Xét tam gidc AOB va tam giac AOC c6:

OA: canh chung, AB=AC (gt),
OB = OC(= 4 cm)

Do @6 AAON =2 AOC (c.c.c)
= AOB = AOC = sd AB = sd AC

b) Goi d¢ dai cua cung BC 1a [, ta co:

A =£-7r-4:ﬂ7rz4,9( cm).
180 9
Ta co: sd @=sd@=m%=l45°.

Goi 1,1, lan luot 1a d6 dai ciia cung 4B va AC, ta co:

=£.7Z’~4=§7Z' le,l( cm).
180 9

2213

Trang: 4.
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Bai toan 8. Cho tam giac déu ABC co6 AB = 23 em. Nira duong tron duong kinh BC cit hai canh AB
va AC lanluottai D va E (khdc B va C) (hinh v&).
a) Chung t6 rang ba cung nhé BD, DE va EC bang nhau. Tinh s6 do mdi cung y.

b) Tinh dién tich cia hinh vién phan gi¢i han boi ddy BD va cung nhd BD.

A

B 0 C
Loi giai
a) Tam gidc ABC déu (gt) = A=B=C=60°.

Goi O la tam cua ntra duong tron duong kinh BC, ta ¢6 tam gidc BOD can tai O co

B= 60°(cmt) =aBOD la tam gidc déu = BOD = 60°.
Tuong tu voi tam gidc COE = COE =60° .

Do dé DOE =180°~( BOD + COE ) = 180°~ (60°+ 60°) = 60°.
Ta c6 BOD = DOE = COE = 60°

— sd BD =sdDE =sdEC = 60°.

b)Tacd S =S —Sy,,

Tam giac ABC déu = BC = AC = AB = 2\/5( cm)

= OB:0C:B—C:£: 3( cm)
2 2
60 1
q:%'ﬂ'(\/g)zzzﬂ'zl,57( sz)
V33 33
Ssop _{ Zt == (cmz)zl,30(cm2)

Vay S, =1,57-1,30~ 0,27( cmz).
IL. Toan thue té

Trang: 5.
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Bai toan 9. C6 hai chiéc banh pizza hinh tron (hinh v&). Chiéc banh thi nhét (hinh a) c6 duong kinh
16 cm duoc cét thanh 6 miéng déu nhau c6 dang hinh quat tron. Chiéc banh thi hai (hinh b) c6
duong kinh 18 cm cat thanh 8 miéng déu nhau c6 dang hinh quat tron. Hay so sanh dién tich bé
mit ctia hai miéng banh cat ra tir chiéc banh tht nhat va thu hai.

Hinh a Hinh b
Loi giai
Miéng banh duoc cét ra tir chiéc banh thir nhit (hinh a) c6 dang hinh quat tron ban kinh
R =16:2=8 cm tmg véi cung 360°:6 = 60° co dién tich bé mat la:
S, _ 0 g =27rz33,5( cm’)
360 3

Miéng banh duoc ct ra tir chiéc banh thir hai (hinh b) ¢6 dang hinh quat tron ban kinh
R, =18:2=9 cm ting v6i cung 360°:8 = 45° c6 dién tich bé mit la:

45 81

.9’ ——ﬂz31,8( sz)

S, =——7
360 8

Viy dién tich bé mit ctia miéng banh duoc cit ra tir chiéc banh thir nhat 16n hon dién tich bé
mat cua miéng banh duoc cit ra tir chiéc banh thir hai.

Bai toan 10. Mot hoa tiét trang tri c6 dang hinh tron ban kinh 4dm duoc chia thanh nhiéu hinh quat tron
(hinh v&), mdi hinh quat c6 goc & tam 1a 7,5°. Dién tich ciia mdi hinh quat d6 1a bao nhiéu
decimét vudng (1am tron két qua dén hang phn trim)?

Trang: 6.
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Loi gidi
Loi giai

M&i hinh quat duoc chia ra chin cung 7,5° va c¢6 ban kinh duong tron 1a 4 dm .

Do d6 dién tich ctia mdi hinh quat la: S, = ;éf) -4t = %n ~1,05 (dm2 )

Bai toan 11. Mot chiéc quat gidy khi xoé ra ¢6 dang nira hinh tron ban kinh 2,2 dm nhu hinh vé. Tinh
dién tich phan gidy cta chiéc quat, biét rang khi gip lai, phan gidy c6 chiéu dai khoang 1,6 dm

(lam tron két qua dén hang phan trim ctia dm? ?

Loi giai

Phan gidy ctia chiéc quat c6 dang hinh vanh khuyén.

Goi dién tich ciia phan gidy 1a S, , taco:

S, =—n(R*~r*) trong d6 r=R-1,6=2,2-1,6=0,6(dm)

v

S = n(2,22—0,62)z7,03(dm2).

v

N[ = N —

Bai toan 12. Trong hinh v& chiéc quat c6 dang mot hinh quat tron tim O cung AB, ban kinh
OA = OB =20 cm. Gidy dugc dan trong phan gii han boi cung 4B, cung CD, doan thang
AC va BD véi OC = 0D =10 cm . Biét khi mé rong tbi da, hai nan quat ngoai cting tao thanh
mot gbc AOB bang 140°. Tinh chu vi va dién tich manh gidy dé dan mot mat quat (dién tich

mép dan khong dang ké).

Trang: 7.
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Loi giai
Do dai cung 4B : || :ﬂ‘mZO:@n
180 9
D6 dai cung CD: I, :ﬂ-n-IO:Lon
180 9

Goi P 1a chu vi manh gidy, ta c6:
P=[+BD+I,+A4AC
:%n+10+§n+10:2o+(ﬂ+ﬂjn

:2O+73—01tz93 (cm)

Goi S, 14 dién tich méanh gidy, ta co:

Szﬂn(

20°~107) =30 < 366,5 (cm®)
3
Bai toan 13. Hinh v& bén mé ta mit cit cia mot khic gd c6 dang mot phan tu hinh vanh khuyén, trong d6
hinh vanh khuyén gidi han boi hai dudng tron cing tam va cé ban kinh lan luot 1a 4dm va
3dm . Dién tich mit cit d6 1a bao nhiéu decimét vudng (1am tron két qua dén hang phan mudi)?

Loi giai
Mit cat khiic gd ¢6 dang hinh vanh khuyén, goi S 14 dién tich mat cit. Ta co:
1 7
S =—n(4°-3*)==n~55(dm?).
v 4 ( ) 4 ( )

Bai toan 14. Mot may kéo nong nghiép c6 duong kinh banh xe sau la 124 m va duong kinh banh xe
trude 1a 80 cm. Hai khi banh xe sau lan dugc 20 vong thi banh xe trudc lan dugc bao nhiéu vong?

Trang: 8.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

Chu vi banh xe sau 1a 124n, khi banh xe sau lan dugc 20 vong, ta c6:
124 . 20 = 24807 (cm)

Chu vi banh xe trudce 1a 80w

Do d6 khi banh xe sau lan dugc 20 vong thi banh xe trude lan dugc:
24807 : 807 =31 (vong).

Bai toan 15. Ba bo phan truyén chuyén dong ciia mot chiée xe dap gdm mét gio dia (banh ring gin véi
ban dap), mot chiée lip (cling c6 dang banh ring gin voi banh xe va bd xich (hinh v&). Biét
rang gio dia c6 ban kinh 15 cm, lip ¢6 ban kinh 4 cm va banh xe c6 dudng kinh 65 cm . Hoi
khi nguoi di xe dap mot vong thi xe chay dugc quing dudng dai bao nhiéu mét (1am tron dén
hang phan chuc)?

Lip Gio dia
Loi giai
Chu vi banh xe 657, chu vi lip 8m, chu vi gio dia 30m.
Khi nguoi di xe dap dap mot vong gio dia thi lip quay dugc: 30m:8n = %5 (vong)
Do do xe chay dugc quang duong la:

6571?'1—529£1I
4

=765,76( cm)~7,7( m)

Khi nguoi di xe dap mot vong thi xe chay dugc quing dudng dai khoang 7,7( m).

Trang: 9.
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Bai 16. VI TRi TUONG POI CUA PUONG THANG VA PUONG TRON
PHAN A KIEN THUC CAN NHO
I. Ba vi tri twong doi

Goi OI =d 1akhoang cachtir O dén a.

o
0
R d d
a I a a
AN_1_“~ 1 1
d<R d<R d<R

a) d <R: (0) va a cé hai diém chung. Tanéi (O) va a cét nhau.

b) d=R: (0) va a chicé 1 diém chungla /. Tanéi (O) va a tiép xtc nhau tai /, [ 1a tiép diém, a
1a tiép tuyén.

c) d>R: (O) va a khong c6 diém chung. Tanéi (O) va a khong giao nhau.

I1. DAu hiéu nhén biét tiép tuyén ciia dwong tron

Pinh Iy 1: Néu mot dudng thang di qua mot diém nam trén mot dudng tron va vudng goc v6i ban kinh di
qua diém d6 thi dudng thang iy 1a mot tiép tuyén ctia dudng tron.
II1. Tinh chét ciia hai tiép tuyén cit nhau

Pinh 1y 2: Néu hai tiép tuyén ctia duong tron (O) cét nhau tai diém P thi:

-Piém P cach déu hai tiép diém.
- PO 1a tia phan giac cua goc tao boi hai tiép tuyén.

- OP 1a tia phan giac ciia goc tao boi hai ban kinh qua hai tiép diém.
PHAN B. PHAN LOAI CAC BAI TAP
I. Xac dinh vi tri twong ddi ciia dwong thing va dwong tron

Bai toan 1. Cho duong thing a va mot diém O cach @ mot khoang 7 cm . Hiy xac dinh vi tri twong dbi
cua a voi cac duong tron sau:

a) Puong tron (0;5 cm);

b) Buong tron (0;7 cm);

Trang: 1.
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¢) Buong tron (0;9 cm) .
Loi giai
a) Vi d >R (7>5) nén a va duong tron (O;5 cm) khong giao nhau.
b) Vi d=R =7 cm nén a va duong tron (0;7 cm) tiép xic.
¢) Vi d<R(7<9) nén a va dudng tron (O;9 cm) cét nhau tai hai diém.
Bai to4n 2. X4c dinh vi tri twong ddi ciia dudng thang a dén dudng tron (O;7 em) néu khoang céch tir
O dn a bang:
a) 4 cm;
b) 9 cm;
c) 7cm.
Loi giai
a) Vi d <R (4<7) nén a cit dudng tron (0;7 cm) tai hai diém.
b) Vi d >R (9>7) nén a va duong tron (O;7 cm) khong giao nhau.
¢)Vid=R=7cm nén a va duong tron (0;7 cm) tiép xuc.
Bai toan 3. Cho duong thang @ va mot diém O cach a mot khoang 4 cm . V& duong tron tim O ban
kinh 5 cm.
a) Giai thich vi sao a va (O) cét nhau.
b) Goi B va C la céc giao diém ctia duong thing a va duong tron (O;5 cm). Tinh d¢ dai day

BC.
Loi giai

AN

B~_H ~C

a) Goi OH la khodng céch tir O dén duong thang a, khi 46 OH < OB (4<5) hay d <R, nén
dudng thing a cat dudng tron (O;5 cm) tai 2 diém.

b) D& thdy tam gidc BOC cantai O (OB =0C = R) nén dudng cao OH dodng thoi la dudng
trung tuyén hay H 1a trung diém cua BC.

Xét tam giac BHO vuong tai H . Theo dinh li Pythagore, ta co:
OB*>=OH’+BH® = BH* =0OB*-OH’ =5" -4
= BH =+/5" -4’ =3(cm)

Trang: 2.
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Do d6 BC=2BH =2.3=6 (cm).

Bai toan 4. Trong hinh v&, mép ngoai cira ra vao c6 dang mot phan cuia dudng tron ban kinh 1,6 m . Hay
tinh chiéu cao HK cua cira d0, biét AH =0,9 m.

Loi giai

Xét tam gidc AHO vuodng tai H .

Theo dinh ly Pythagore, ta co:
OA®> =OH’ + AH?
= OH’ =04’ - AH’ =1,6° - 0,9’

= OH =41,6°-0,9° =1,3 (m)

Chiéu cao HK = HO+OK =1,3+1,6=2,9 (m).
II. Chitng minh dwong thing la tiép tuyén ciia duwong tron
Bai to4n 5. Tir diém A4 nim ngoai dudng tron (O;R) V& tiép tuyén 4B ( B la tiép diém). LAy mot diem

C trén duong tron sao cho AC = AB . Chimg minh rang AC 14 tiép tuyén cta dudng tron (O)

Loi giai

B

No6i 4 véi (0).
Xét AACO va AABO c6

OA canh chung, AC = AB (gt), OC = OB (= R)

Do d6 AACO = A4BO (c.c.c) = ACO = ABO = 90°

Chimg t6 AC L OC hay AC 1a tiép tuyén ciia dudng tron (O).

Trang: 3.
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Bai toan 6. Cho tam gidc ABC c¢6 AB=3;AC =4 va BC =5. Ching minh rang duong thang AC la
tiép tuyén cua duong tron (B;3).

Loi giai
B

3 5

4 4 €

Xét tam giac ABC, ta co:

BC* = AB*+ AC* (5" =3"+4%).

Theo dinh li Pythagore ddo, tam giac ABC vudng tai 4 hay 4B 1 AC (1)
Lai cé AB=3 néndiém A thudc duong tron (B; 3) (2)

Tur (1)va(2) = AC 1a tiép tuyén cua dudng tron (B; 3).

Bai toan 7. Cho duong tron (0) va diém I & ngoai dudng tron. Goi M 1a giao diém ciia duong tron tim
K dudng kinh JO va dudng tron (0) . Chimg minh dudng thang IM 1a tiép tuyén cta (O) tai
M.

Loi giai

I lA\
M la giao diém cua duong tron tim K dudng kinh JO va dudng tron (O) nén M thude

(K;%j,ta c6: KM = KI = KO hay KM =% (*).

Xét tam giac IMO c6 K 1a trung diém cta 1O nén KM 1a dudng trung tuyén va (*) nén tam
gidc IMO vuong tai M hay IM 1L OM (1)

Mit khac M <(0) (2)

Tur (1) va (2) = duong thang IM 1a tiép tuyén cua duong tron (O) tai M .

Trang: 4.
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Bai toan 8. Cho A 1a mot diém thudc dudng tron (0), M 1amot diém thudc tiép tuyén cia (0) tai 4 (
M khéc A4). Puong tron tim M ban kinh MA cat (O) tai B (B khiac A.Ching minh rang
MB 1a mot tiép tuyén cta (0).

Loi giai

Ta c6 MA 1a tiép tuyén ciia dudng tron (O) tai diém A4 nén MA L OA hay MAO =90°.
Puodng tron tAm M béan kinh MA cat (O) tai B nén MB=MA va Be (O)

Xét AMAO va AMBO c6:

OM chung,

OA=0B =r (r 1a ban kinh dudng tron (0))

MA =MB =R ( R 1a ban kinh duong tron (M))

Do d6 AMAO = AMBO(c.c.c) = MAO = MBO = 90°hay MB = OB

Ma = MBIa tiép tuyén ciia duong tron (O).
Bai todn 9. Cho duong tron (O) day BC khac duong kinh, qua O ké dudng thang vudng goc v6i BC cit
tiép tuyén tai B ctia duong tron & A Chimg minh rang AC la tiép tuyén ctia duong tron (O).

Loi giai B
Goi H 14 giao diém ctia OA va BC
ABOC can tai O c6 OH la duong cao (gt) A L N\o
nén dong thoi 1a dudng phan giac: (/)\1 = (/): "l
Xét AACO va AABO co: OB =0C =R, <

(/)\1 = (/)\2 (cmt), AO chung

—> AACO = AABO (c.g.c) = ACO = ABO = 90°
Chung t6 AC 14 tiép tuyén cua (O).

Trang: 5.
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Bai toan 10. Cho duong tron tim O, dudng kinh AB. K¢ tiép tuyén tai B v6i duong tron (O), trén tiép tuyén
lay P. Qua A ké duong thang song song vdi OP cit (O) tai Q. Chirng minh PQ 1a tiép tuyén cua

duong tron (O).
Loi giai
Ta co: AQ // OP (gt)
A\l = (/)\1(6 vi tri ddng vi)
Q =0, (6 vi tri so le trong)

P PSS Q
Ma A, = Q, (AAOQ can) =0, =0,

Xét APQO va APBO cé: OP chung, O, = O, (cmt), 0Q = OB

A
(=R) 9)
Vay APQO = APBO (c.g.c) = PQO = PBO = 90°

Hay PQ L OQ, chting t6 PQ 12 tiép tuyén cta (O).

Bai toan 11. Cho tam giac ABC cén tai A, duong cao AH va BK cét nhau tai I. Chirg minh rang HK 1a

tiép tuyén cua duong tron dudng kinh Al

Loi giai
Goi O 1a tam duodng tron dudng kinh AL Hién nhién K
thue (O) (vi AKI = 90°).

AABC cén tai A c6 AH la duong cao (gt) nén AH dong thoi
1a dudng trung tuyén =HB=HC.
Xét ABKC vudng tai K c¢6 KH 1a dudng trung tuyén nén

KH:BH:%

Do d6 ABHK cén tai H = B, = BKH (1)

Lai c6 AIOK can tai O (OI=OK=R)

=1, =OKIma = I, =1, (déi dinh)

= OKI=1, (2)

Mit khéc ABHI vuéng tai H (gt) nén B, +1I, = 90°(3)

Tir (1),(2) va (3) ta co6: BKH + OKI = 90°hay HK L OK

Vay HK 1a tiép tuyén ciia duong tron (O)

Bai toan 12. Cho dudng tron (O) di qua ba diém A,B va C clia mot tam giac can tai A. Ching minh ring

duong thing di qua A va song song véi BC 1a mot tiép tuyén cia (O).

Trang: 6.
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Loi gidi

Ta c6: AB = AC (gt)

OB = OC =R (R 1a ban kinh ctia duong tron (O)) nén OA thudc duong

trung truc cua doan BC
hay OA L BC tai H.
aquaAvaa/BC=al OAtai A

Chimg 6 a 14 tiép tuyén ctia dudng tron (O).

Bai toan 13. Trong hinh vé AB=9, BC =12,AC=15 va BC la duong kinh cua
duodng tron (O). Chimg minh AB 1a tiép tuyén cta dudng tron(O).

Loi giai

Ta co: BC* + AB> = AC*(12* +9° =15%)

Theo dinh ly Pythagore ddo, AABC vuong tai B hay AB 1 CB

ma BC 1a duong kinh ctia duong tron (O) (gt)

—AB 14 tiép tuyén ctia duong tron (O).

Bai toan 14. Cho duodng tron (O; R) c6 duong kinh AB. Vé day AC sao cho
AC=R. Goi I la trung diém ctia day AC. Puong thang OI cit tiép tuyén

AX tai M. Ching minh rang;

a) 1@ 6 s6 do béng 90°, tir do suy ra do dai ciia BC theo R;

b) OM Ia tia phan giac cua COA ;
¢) MC 1a tiép tuyén ctia duong tron (O; R).

Loi giai

a)Xét AAOC c6 OA = OC (=R)

nén AAOC cén tai O.

Lai c6 AC = R (gt) nén tam giac AOC déu
= AOC = 60°

— COB = 180° — 60° = 120° (k& bi)

Mat khac tam giac COB cling can tai O c6 goc 6
120°

:»(TB\C:(TCE:%:W)

AAOC déu (cmt) = ACO = 60°

— ACB = ACO +OCB = 60° +30° = 90°

Ta c6 ACB 1a nira tam giac déu c6 canh 2R

dinh

Trang: 7.
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= dudng cao BC:# =R\3

b) Vi AC =R (gt) nén tam giac AOC déu (cmt) c6 OI 1a dudng trung tuyén nén dong thoi 1a
duong phan giac cia goc COA hay OM la tia phan giac ctuia AOC.

¢) Xét AMCO va AMAO co:

OM canh chung, O, = O, (cmt), OC = OA (=R)

Do d6 AMCO = AMAO (c.g.c)

= MCO = MAO = 90° hay MC L OC
Ma C € (0) nén MC la tiép tuyén cua dudng tron (O; R).

Bai toan 15. Cho goc xOy voi dudng phan giac Ot va diém A trén canh Ox, diém B trén canh Oy sao cho

Bai toan 16. Cho SA va SB 12 hai tiép tuyén cit nhau cta duong

OA = OB. Puong thing qua A va vudng goc v6i Ox cit Ot tai P. Chimg minh ring OA va OB
1a hai tiép tuyén cat nhau ctia dudng tron (P; PA)

Loi giai
Xét AOBP va AOAP co:
OP canh chung, (/)\1 = 6\2(gt) , OB =0A (gt)
Do d6 AOBP = AOAP (c.g.c)
= PB = PA ,chung t6 B thudc duong tron tdm P.

Lai co 6}3\13 = @’ =90° (goc tuong trng)

— OB L PB, chimg to OB la tiép tuyén ciia duong " |
tron (P; PA). O B

Vay PA, PB 14 hai tiép tuyén cit nhau ctia duong tron (P; PA).

tron(O)(A va B 12 hai tiép diém)

Goi M 1a diém tuy y trén cung nho AB. Tiép tuyén cta (O) tai
M cit SA tai E va cat SB tai F.

a) Chtrng minh rang chu vi ctia tam giac SEF bang SA + SB.

b)Gia st M la giao diém ciia doan SO véi duong tron (O).
Ching minh rang SE =SF.

Loi giai
Goi P 1a chu vi cua tam gidc SEF.
Taco P=SE+EM +FM + SF

ma EA = EM (tinh chét tiép tuyén cét nhau)

Trang: 8.
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tuong tw FM = FB

= P=SE+EA+FB+SF

Ma SE + EA=SA vaFB + SF =SB

= P =SA + SB (dpcm)

Vay chu vi ctia tam giac SEF bang SA+SB.
b)(Xem hinh v¢).

Khi M 14 giao diém cua SO véi dudng tron (O), ta c6: EF L SO tai M.

Xét tam gidc ESF ¢6 SM 1a duong cao (vi M 14 tiép diém cua tiép tuyén tai M) dong thoi SM
hay SO 1a duong phan giac (tinh cht tiép tuyén cit nhau) nén tam giac SEF can tai S = SE =
SF(dpcm).

Bai toan 17. Cho diém A nam ngoai duong tron (O; R). V& dudng tron duong kinh AO cat dudng tron
(O; R) tai hai diém B va C.

a) Chtrng minh AB va AC 1 céc tiép tuyén ciia dudng tron (O; R).
b) Chirng minh AB=AC.
¢) Xac dinh tia phan giac cua BAC va BOC

Loi giai
a) Goi | }é tam cua duong tron duong kinh OA, taco11a
trung diém cua OA

Puong tron dudng kinh OA cit dudng tron (O; R) tai B va
Cnéntaco

IA:IB:IO:%

Xét tam gidc ABO c6 IB= % (cmt) nén tam giac ABO
vuong tai B hay AB L OB.

Chung minh tuong tu, ta c6 AC L OC ma B,C € (O)

Do d6 AB va AC 14 hai tiép tuyén ctia dudng tron (O; R).
b) Theo tinh chat hai tiép tuyén ctia mot dudng tron cit nhau tai mot diém, ta c6 AB=AC.
¢) Tia phan giac cua goc BAC va goc BOC 1a tia OA

Bai toan 18. Cho nira duong tron (O; R) dudng kinh AB. Ké cac tiép tuyén tai A va B véi nira duong
tron. Qua diém M thudc nira dudng tron (M khac A va B) ké tiép tuyén th ba cit céc tiép
tuyén tai A va B lan luot tai C va D.

Trang: 9.
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a)Chung minh rang: CD = CA + BD; COD = 90°

b)Chimg minh rang AB 1a tiép tuyén ctia duong tron duong CD. d,
kinh CD. D
Loi giai q, [
a) Ta c6 CA = CM; DB = DM M
(tinh chét cua hai tiép tuyén cat nhau) C
Ma CD=CM+DM=CD=CA+BD
AL L dg

Lai c6 CO va DO la cac tia phan giac cua goc ké bu AOM
va BOMnén COD = 90°

b) Goi I 1a trung diém ciia CD ta c6 OI la duong trung tuyén cua tam giac vuong COD nén IO
=IC =ID

hay I 1a tdm ctia dudng tron dudng kinh CD.

D@ thay ttr giac ABCD 14 hinh thang vudng c6 OI la dudng trung binh nén 10 / AC va BD ma
AC va BD cung vudng goc véoi AB (gt)

= 10 L AB.
Chumng t6 AB 14 tiép tuyén ctia duong tron duong kinh CD.

Bai toan 19. Cho dudng tron (O; R) duong kinh AB va cac duong thang m, n, p lan lugt tiép xtc véi
duong tron tai A, B, C (hinh v€). Chiing minh:

a) AD + BE = DE

b)(ﬁ:%éo\A va cTo\E:%cToTs

¢) Tam giac ODE vudng;
OD.OE
D

Loi giai —
a) Ta c6 cac duong thang m, n, p 1an luot 1a céac tiép tuyén tai
cac diém tai A, B,C véi duong tron(O;R). A N4

. . . 0

Ta c6 AD=CD (tinh chat hai tiép tuyén cat nhau)
Tuong tu BE = CE ma CD+ CE =DE = AD+BE =DE
(dpcm) m

Do DC va DA 14 hai tiép tuyén cét nhau tai D,

Ta c6: OD la tia phan giac cia goc COA hay COD = AOD = %CO/X

—_— —_— 1 —_—
Tuong tu OE Ia tia phan gidc cua goc COB nén COE = BOE = ECOB

e~~~

¢)Taco O, =0,;0, =0, (cmt)

Trang: 10.

im
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ma O, +0, +0,+0, =180°
=0, +0, =90°

Chung to6 AODE vuong tai O.
Bai toan 20. Cho duong tron (O) duong kinh AB. C 1a mot diém nam trén dudng tron (O), cac tiép tuyén
ctia dudng tron tai A va C cat nhau & D. Goi H 1a hinh chiéu ctia C trén AB va I 1a giao diém cua
BD va CH. Chirng minh rang CI = HI.
Loi giai

a) Ta c6: DA = DC (tinh chit hai tiép tuyén cat

nhau) C
OA=0C (=R)
A N , D
Nén DO 1a duong trung truc cia AC I
= DO 1 AC
Lai c6 CB L AC (AB la duong kinh) y : B

— DO//BC = AOD = ABC (dng vi)
Do d6 ADOA -~ ACHB (g.g)

40 _ 4D
HB HC

— AO.HC = AD.HB (1)

Lai c6 IH //AD (cung vudng goc vdi AB) theo hé qua ctia dinh 1i Thalés
% = % = AD.HB =[H.AB (2)

Tu (1) va (2) = AO.HC = IH.AB ma AB =240

= AO.HC=IH.2A0 = HC=2IH

Ching t6 I 1 trung diém ciia HC hay CI = HI.

Cach khac: E 4
C6 ACB=90° (AB la duong kinh) C
— ACE =90° hay ACD+DCE =90° (1) D
AACE vudng tai C = A4, +E =90° (2)

Lai c6 AADC can tai D (tinh chat tiép tuyén cit
nhau)

= 4 = ACD (3)

Tir (1), 2), 3) = E=DCE

Hay AEDC cantai D = DE = DC
Ma DC=DA = DE =DA
Laico AE//CH (L AB)

Trang: 11.
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Xét ADAB c6 IH//AD

IH BI
Theo hé qua ctua dinh li Thaleés — =—— (4)
AD BD

Tuong tu voi ABDE ¢6 CI//DE = %:% ma AD = DE (cmt) = [H =CI

Bai toan 21. Tir diém P nam ngoai dudng tron (O; R) v& hai tiép tuyén PA, PB (A, B 1a cac tiép diém).
Goi H 1a chan dudng vudng goc ké tir A dén duong kinh BC. Chimg minh rang PC cit AH tai
trung diém I cuia AH.

Loi gidi
Goi D 1a giao diém cua duong thang AC va C
BP. Ta c6 BAC =90° (BC la duong kinh)
— BAD =90° (k& bi)) ARY dy
= DAP+PAB =90° (1)
AABD vuédng tai A (cmt)

= DBA+ ADB =90° (2) D
Mit khac PA, PB 13 hai tiép tuyén cit nhau

tai P ciia dudng tron (O) nén PA = PB va PAB = PBA (3)

Tir (1), (2) va (3) suy ra : DAP = ADP

Do d6 AAPD cin tai P = PA = PD ma PA = PB (tinh chét tiép tuyén cit nhau) = PD = PB
Lai c6 DB//AH (L BC)

Xét APBCc6 1H //PB(L BC) = L — € dinh 1i Thales) (4)
PB PC

Tuong tw APDC c6 I4//PD (L BC) = % = IID—E (dinh 1i Thalés) (5)

IH Al
Tua @) va(s :—=——=IH=14 (viPB=PD
U (4) va (5) suy ra 8 DP (vi )

Bai toan 22. Cho duong tron tam I ndi tiép AABC, cac tiép diém trén cac canh AB, BC, CA lan luot la
D, E, F. Qua D ké duong thang song song véi BC cit EF tai N va AE tai M. Chtrng minh rang :
M 1a trung diém ctia DN.

Loi giai

Qua A ké duong thang song song voi BC cat duong thang EF tai H.

Trang: 12.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

Ta c6 AHF = FEC (1) (so le trong) 4 H /

Lai c¢6 CE = CF (tinh chét hai tiép tuyén cit nhau)
Nén AECF can tai C = FEC = CFE (2)

Ma EFC = AFH (3) (d6i dinh)

Tir (1), (2), (3) = AHF = AFH N
1
Hay AAHF cantai A =>AH=AF=AD
Xét AABE c6 DM // BE (gt)
B E
Theo h¢ qua cta dinh 1i Thales ta c6 M = AD =
E  AB
DM _ BE
AD AB

Ma AD = AH (cmt) va BE = BD (tinh chat hai tiép tuyén cit nhau)
DM BD EM
: — —

= = (4) (dinh li Thalgs)
AH AB AE
Mat khac xét AAEH c6 MN // AH (gt). Theo h¢ qua cua dinh 1i Thalgs ta c6 % = % (5)
Ta(@)va(s) = byM = MN = DM = MN hay M la trung diém ctia DN
AH AH

Bai todn 23. Cho gbc xOy = 60° . Dudng tron tim K ban kinh R tiép xtc véi Ox tai A va Oy tai B. Tir diém

M trén cung nho AB, v& tiép tuyén v&i duong tron, tiép tuyén nay cit Ox, Oy lan luot tai C va

D.
a) Tinh chu vi ACOD theo R. Chiing to chu vi d6 khong doi khi M chay trén cung nho AB.
b) Chung t6 s6 do C/'KTthéng d6i khi M chay trén cung nho AB.
Loi giai
a) Ta c6 OA, OB 14 hai tiép tuyén ciia (O) nén OA = OB va OK la phan gidc cia AOB

:@;ﬁ;%;@ _30°

Do d6 AOAK 1a nira tam giac déu c¢6 canh AK =R =>OK = 2R nén

Trang: 13.
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OA =O0B =+vOK’ - 4K’
=JQR) -R* =R\3

Lai c6 CD tiép xuc voi (K) tai M nén CM =
CA va DM = DB

Goi p la chu vi cia AOCD , ta c6
Pocp=0C+CM+MD + OD

=0C+CA+DB+0D

=2 OA =2 R+/3 (khong dbi)

b) Ta c6 CK 14 phan gidc ciia AKM

DK la phan giac cua BKM

Ma AKM + BKM = AKB =120° (vi O=60" va A=B=90")
= 61{7):%2153:%.120" = 60° (khong dbi)

Bai toan 24. Tir mot diém A ¢ bén ngoai duong tron (0), ké hai tiép tuyén AB va AC vé6i dudng tron. Tir
mot diém M trén cung tron trén cung nhé BC ké mot tiép tuyén thi ba cit hai tiép tuyén kia tai
P va Q. Ching minh riang khi M chuyén dong trén cung BC thi chu vi tam gidc APQ c6 gia tri
khong doi.

Loi giai
Ta c6 chu vi AAPQ bang AP + PQ + QA va
PQ = PM + MQ nén chu vi AAPQ bang AP +
PM +MQ + QA (1)
Mat khéc ta c6: PB=PM va QC = QM (2)
(tinh chét cua hai tiép tuyén cat nhau)
Ta(l)va(2)tacod:
AP+PM+MQ+QA=AP+PB+QC+ QA
=AB + AC

Viay chu vi A4PQ bang AB + AC khong doi.

Bai toan 25. Cho duong tron (I ; r) ndi tiép AABC, cac tiép diém trén cac canh AB, BC, CA lan luot la
D, E, F. Chting minh rang : 2AD = AB + AC — BC (*¥)

Trang: 14.
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Loi giai p
Ta c6 AD = AF (tinh chat hai tiép tuyén cat nhau)
Tuong ty BD = BE va CE = CF
Do do: F

AB + AC - BC = AD + BD + AF + CF — (BE + CE)
= AD +BE + AF + CE - BE - CE

=AD+ AF=2 AD 5 ‘
Bai toan 26. Cho tam gidc ABC vuong tai A Goi R, r lan luot 14 ban E
kinh dudng tron ngoai tiép, noi tiép tam giac ABC.

Chung minh ring AB + AC =2(R +1)
Loi giai
Dé thay AFID 1a hinh chir nhat (c6 3 goc vudng)
Lai c6 AD = AF nén AFID la hinh vuéng
= AD=AF=ID=r
Ta c6 BD = BE va CE = CF

—=AB+AC=AD+BD+ AF +CF
=AD+AF+BD+CF
=2r+2R

=2 (r+R)

Bai toan 27. Cho ntra dudng tron (O ; R) dudng kinh AB. Tir A va B vé hai tiép tuyén Ax va By. Mot diém
M di d6ng trén nira duong tron nay qua M vé tiép tuyén thir ba cit Ax va By lan luot tai C vaD.
Hay xac dinh vi tri cia diém M trén nira duong tron (O ; R) sao cho AC + BD nhd nhéat.

Loi giai
Ké AE // CD (E thudc By) y
D@ thdy tir gidc ACDE 1a hinh binh hanh

= AE = CD ma AC = MC (tinh chat 2 tiép tuyén
cit nhau)

Tuong tw BD =MD nén AC + BD=MC + MD =
CD M

Laic6 AE > AB
= AC + BD > AB (khong dbi)

Dau “=" xay ra < E tring v6i B

< CD//AB <& OM 1 AB.

Vay khi M 1a giao diém cua duong thang vudng goc
v&i AB thi AC + BD nho nhét.

Bai toan 28. Cho ntra dudng tron (O ; R) dudng kinh AB. Tir A va B vé hai tiép tuyén Ax va By. Mot diém
M di dong trén nira duong tron nay, qua M vé tiép tuyén thir ba cat Ax va By lan lugt tai C va

Trang: 15.
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D. Hay xéc dinh vi tri ctia diém M trén nira duong tron (O ; R) sao cho
3AC + BD nho nhit.
Loi giai
Ta c6 CM va CA 14 hai tiép tuyén nén O, = O,

~

Tuong tu 53 =0,

—~ —~ y

Ma O, +0,+0, +0, =180’

= 0,+0, =90 x
Hay tam gidc COD vudng tai O D
CD la tiép tuyén tai M nén CD L OM
Xét ACMO va AOMD cé:

CMO =DMO=90°, O, =CDO (cing
phu véi géc DCO) c
Nén ACMO -~ AOMD (g.g)

CM OM
= —=—
OM MD ! 4

= CM.DM = OM?* = R* (khong dbi)
Ma CM =AC,DM =BD = AC.BD =R’

. (e . AC+BD
Ap dung bat dang thuc Cauchy cho hai s6 duong ta co: % >~/3.AC.BD

& 34C+BD>23.A4CBD < 34AC+BD>2J3.R
Diu “=" xdy ra <> 34C=BD=+3.R < AOC=30" < AOM =60’

Vay M di dong & trén (O) sao cho AOM = 60° thi 3AC + BD nho nhit.

Bai toan 29. Cho ntra dudng tron (O;R) duong kinh AB. M 1a diém bét ki thudc nira duong tron, ké
MH vuéng goc v6i AB (H thudc AB). V& duong tron tim M ban kinh MH . Ké céc tiép
tuyén AC, BD vé&i dudng trontam M (C, D 1a cac tiép diém).

a) Chimg minh ba diém C, M, D thiang hang va CD 1a tiép tuyén ciia (O).
b) Chirng minh ring khi M di chuyén trén nira dudng tron (O) thi AC +BD khong doi.

Loi giai

Trang: 16.
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a) Tacod AC, AH latiép tuyén cua duong tron (M;MH ) nén AM 1a phan gidc cua goc
CMH hay CMA = AMH

Ching minh tuong tu co6 HMB = BMD Ma AMH + HMB = AMB =90° (AB 1a duong kinh)
— CMA + AMH + HMB + BMD =180° Hay ba diém C, M , D thing hang

= CA//BD(L CD) hay tir gidc ABDC 1a hinh thang vudng c6 OM 13 dudng trung binh nén
OM //AC va BD = OM L CD . Chimg t6 CD la tiép tuyén cua (O).

b) Tacdé AC = AH, BD = BH (tinh chat tiép tuyén cit nhau)
= AC+BD = AH + BH = AB = 2R khong d0i.

Bai toan 30. Cho duong tron (O;R) mot duong thang d cét dudng tron (0) tai hai diém D va E. Mot
diém A di dong trén duong thang d va A nam ngoai duong tron (O), ké hai tiép tuyén AB,
AC dn duong tron (B, C 1a hai tiép diém). Goi  1a trung diém cta DE , dudng thang Of
cit duong thing BC tai N . Chimg minh rdng: Khi 4 di dong trén duong thang d thi BC luén

di qua mot diém cb dinh.

Loi gidi

N

I 1a trung diém ciia DE(gt)= OI L DE hay AOIA vuéng tai [

Goi H 1a giao diém cua 04 va BC.
Ta co6 AOHN vudng tai H

Ta c6 AOHN ~ AOIA (g.g) = g_]:i[ _on = ON = OAOH .

o)) oI

Trang: 17.
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Xét AABO va AHBO c¢6: ABO=BOH =90°, A0B chung

Do d6 AABO ~ ABHO (g.g) = OB _ 04 _ 040H = 0B =R’
OH OB

2

Do d6 ON = % (khong d6i), d cho trude, O ¢b dinh = I ¢b dinh = N ¢ dinh.
III. Tinh toan
Bai toan 31. Trong hinh v&, 4B 1a tiép tuyén cua dudng tron (O) tai B.

a) Tinh ban kinh » cia duong tron (O).

b) Tinh chiéu dai canh O4 cuta tam giac 4BO.

Loi giai

a) AB 1a tiép tuyén ctia dudng tron (O) tai B = AB L OB . Xét tam gidc ABO vuéng tai B,
theo dinh i Pythagore: OA” = OB> + AB* hay (r+2)* =r* +4°
=’ +4r+4=r"+16
—4r=16-4=12
=>r=3
Vay ban kinh cua duong tron (0) 1a r=3.
b) OA=0C+AC=r+2=04=3+2=5.
Bai toan 32. Cho diém M ndm ngoai dudng tron (736 cm) va ME, MF 1 hia tiép tuyén cua dudng
tron ndy tai E va F . Cho biét EMF =60° .
a) Tinh s do EMI va EMI .
b) Tinh do dai MI .

Loi giai

Trang: 18.
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M

F

a) Ta c6 MI 1a dudong phan giac cia goc EMF (tinh chat hai tiép tuyén cit nhau)

:%:1@:%:%:30.

Xét tir giac MEIF co: MEI = MFI =90° (tinh chat cia tiép tuyén)
— EIF =360° —(@+A7ﬁ+ﬂ4?) =360~ (90" +90° +60°) =120

b) Xét tam giac MEI vudng tai E co EMI =30° (cmt)
= MI =2EI =2.6=12( cm).

Bai toan 33. Cho dudng tron (O;6 cm) . M nim ngoai duong tron sao cho OM =10 ¢m. Tt M ké hai

tiép tuyén MA, MB dén duong tron (A, B 1a hai tiép diém). Tinh d¢ dai cac canh ciia tam
giac MAB .

Loi giai

AMAO vuédng tai A (tinh chat tiép tuyén)

Theo dinh li Pythagore MA® = MO* — 04’

MA® =10° -6 =64 = MA=8( cm)

Taco MB=MA= 8( cm) (tinh chét hai tiép tuyén cat nhau)

D@ thdy MO 1a duong trung truc ctia AB (OA=O0B, MA=MB) = MO 1 AB tai H.

Xét AMAO va AAHO ¢6: MAO = AHO =90°, MOA chung

Trang: 19.
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MO A0

Do d6 AMAO ~ AAHO (g.g) = ——=— = AO> = MO-HO
A0 HO
2 2
:HOZAO :6—:3,6(cm)
MO 10

= HM =MO—-HO=10-3,6=6,4 (cm)

Chtrng minh tuong tu, ta c6: AAHM ~ AOHA (g.2)

:>A—1LI=1L[—O:>AH2 =MH-HO=6,4-3,6
MH AH

= AH =/6,4-3,6 ~ 4,8 (cm)
Vi MO la dudng trung tryc ciia AB(cmt)= HA=HB =4,8 (cm)
= AB=HA+HB=4,8+4,8=9,6 (cm)
Bai toan 34. Cho duong tron (O;5 cm) .Piém M nam ngoai (0) sao cho hai tiép tuyén MA va MB (
A, B 14 hai tiép diém) vudng goc voi nhau tai M .
a) Tinh do dai cia M4 va MB .
b) Qua giao diém / cia doan thang MO va dudng tron (O), v& mot tiép tuyén cit MA, MB
lan lugt tai C, D. Tinh d6 dai ctia CD.

Loi giai

M c A
a) D@ thay tir giac MBOA 1a hinh chit nhat (c6 ba goc vudng)
Lai c6 MA=MB (tinh chat hai tiép tuyén cat nhau)

Nén MBOA 1a hinh vudng (hinh chit nhat c6 hai canh ké bang nhau 14 hinh vuéng)
= MA=MB=S5 cm.

b) DB va DI 1a hai tiép tuyén cit nhau ctia duong tron (O) nén OD 1a tia phan gic cua
45 Q
MOB =45 :>DOB:D0]=T:22,5 .

Xét tam giac DBO vuong tai B, co DOB = 22,5° va canh goc vudbng OB =5 cm .

Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:

Trang: 20.
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BD =OB-tan DOB =5-tan22,5" = 2,1 (¢m) = DI = DB ~ 2,1 (cm) (tinh cht hai tiép tuyén
cit nhau).
Tacdé MD = MC (tinh chat hai tiép tuyén cit nhau).
Tam giac DMC can c¢6 MI 1a dudng cao nén dong thoi 1a trung tuyér. Hay IC = DI = 2,1 (cm)
=CD=22,1=4,2 (cm)

Bai to4n 35. Cho dudng tron (O), diém M nim ngoai (O) sao cho MA va MB 1a hai tiép tuyén (4, B

14 hai tiép diém) thoa man AMB = 60". Biét chu vi tam gidgc MAB 1a 18 cm , tinh do dai day
AB.

Loi giai
Ta c6 MA=MB (tinh chét hai tiép tuyén cit nhau) nén tam giac AMB cantai M c6
AMB = 60° (gt) nén tam gidc AMB déu = MA=MB =AM ma

MA+MB+ AB =18( cm):AB=?=6( cm)

Bai toan 36. Cho diém 4 ndm ngoai duong tron (O;R) véi OA=2R. V& hai tiép tuyén 4B, AC dén
duong tron (B, C 1a tiép diém). Chimg minh ring AABC déu va tinh cac canh ciia né theo R .

Loi gidi

AABO vudng tai B (tinh chit tiép tuyén)
OB_R 1_ ~

Ta 6 sinA1=a—ﬁ=2:>A1:3O°:>§4\C:6O°

Trang: 21.
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AB* = A0*-OB* =(2R)* -R*=3R* = AB=R\3
AABC cén (tinh chit tiép tuyén cit nhau) c6 BAC = 60" nén 1a tam giac déu
— AC=BC=AB=R\3.
Bai toan 37. Cho duong tron (0) noi tiép AABC, cac tiép diém trén cac canh AB, BC, CA lan luot 1a
M,Nvas.
a) Chimg minh rang: AB+ AC —BC =2AM .
b) Cho AB=4 c¢cm, BC =7 cm va CA=5 cm. Tinh cac doan thing AM , BM va CS .

Loi gidi

a)Taco AB+ AC—-BC =AM + MB+ AS +SC—-BN - NC
=AM + AS =2AM
b) Theo cau ata cd: 4B+ AC—-BC =24AM

AB+ AC-BC
2

BM =4-1=3; AS=AM =1=SC=5-1=4

= AM =

Bai toan 38. Cho tam giac ABC vudngtai A ¢c6 AB=6 cm, AC =8 cm. Goi [ 1atam cia dudong tron
noi tiép AABC . Tinh ban kinh ctia duong tron tam 1 .
Loi giai
A

Trang: 22.
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Ta c6 tam giac ABC vudng tai A (gt) Theo dinh li Pythagore:
BC? = AB* + AC* =6 +8” =100
= BC=+6>+8" =10 (cm)
Goi S ;. 1a dién tich tam giac ABC
. 1 1 2
Tacd Syc = AB-AC =—-6-8=24 (em?)
Goi ban kinh duong tron noi tiép A4BC 1a r

1 1 1
Taco S pc =S +Spic +Scu :EF'AB+§F'BC+EF-AC

=S 5 :%r(AB+BC+AC)

=24-2=7r(4B+BC+AC)

e 48 48 _9
AB+BC+AC 6+8+10

Vay béan kinh duong tron tim [ ndi tiép AABC 1a r=2 (cm).

Nhén xét: Theo bai toan 36 trén. Goi 7 14 ban kinh dudng tron noi tiép tam giac ABC, S, BC

AB+ AC+ BC thi r=£

p

la dién tich vantrachuvila p =

Bai toan 39. Cho tam giac ABC cantai 4 ¢c6 AB=AC =10 cm, BC=12 cm va I 1a tam cta duong
tron ndi tiép AABC . Tinh ban kinh ciia duong tron (1 ) .
Hudng dan: Theo bai 36. Pé tinh ban kinh dudng tron noi tiép A4BC ta tinh dién tich cua tam
gidc (S) vanira chu vi (p).
Loi giai
AABC cantai A, ké duong cao AH tacd AH ddng thoi la dudng trung tuyén

HB:HC:%:%:6 (cm) Theo dinh li

A
Pythagore:
AH? = AB* — HB* =10* -6°
:>AH:8(cm). 10 7
s =lpeag-L 128=48(cm2)
e =5 BC. S12.
AB+ AC+BC 5 a €
p=227 > il =16(cm). Cmmmm e 2 >

Vay r=%=3(cm).

Trang: 23.
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Cach khac:

AABC céan nén dudng cao AH ciing déng thoi 1a duong phan giac, 7 1a tAm cua dudng tron
noi tiép nén CI 12 phan giac ciia AAHC .
14 _C4 _10_5

TacO —=——
IH CH 6 3

M_IH_M+IH_AH |
5 3 5+3 8

:%zl:le?&(cm).

Vay ban kinh duong tron ndi tiép A4BC 1a 3(cm).
Chu y: D6i v6i mot tam giac tiy ¥ ta ¢ thé chimg minh cong thirc dién tich sau day:

a+b+c

S=pr(p= : ntra chu vi, 714 ban kinh duong tron noi tiép tam giac, a,b,c 1a do dai

ba canh cua tam gidc) (Xem cach chirng minh bai toan 36).
Bai toan 40. Cho tam gidc ABC cantai A c6 AB=AC =13cm, BC =10cm . Goi O 1a tdm duong tron

ngoai tiép tam giac ABC . Tinh ban kinh ciia dudng tron (0O).

Loi giai
Ké duong kinh 4D cit BCtai H taco
mp=pc=2¢_1_s

2 2 A

Theo dinh li Pythagore AB* = AH* + BH’
AH? = AB> —BH? =13* —5* = AH =~/13* - §°
= AH =12(cm).

Xét tam gidc ABD c¢b BO 1a dudng trung tuyén ma

, O
1 ||
BO = A0 = DO hay BO:EAD nén tam gidc ABD B \f/c

vuong tai B. D

Xét AABD va AAHB co: BAD chung va
ABD = AHB = 90"
Do d6 AABD ~ AAHB (g.g)

AB _ AH

= = AB* = AD.AH
AD AB
2
o ap=AB_13 —=14,1(cm)
AH 12

1

1

Vay ban kinh duong tron (O) ngoai tiép AABC: R=——=7,05(cm).

Trang: 24.
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Bai to4n 41. Quan sat hinh v&. Biét 4B, AC lan lugt 14 tiép tuyén ciia dudng tron (O) tai B,C . Tinh gia
tri cua x.
Loi giai
Taco: AB=AC B

(tinh chét hai tiép tuyén cat
nhau) 7x -4

o
Hay 7x—-4=3x+8
=T7x-3x=8+4
=4x=12 . .
4 3x+ 38 C
= x=3.

Bai toan 42. Tl diém M nim ngoai dudng tron (O), MO =13cm , v& hai tiép tuyén MA, MB ( A4, B 1a cac
tiép diém).
Tinh d¢ dai MA, MB .
Cho C la diém bét ki thuoc dudng tron (O) va ndm trong goc AOB. Tiép tuyén tai C cua
duong tron cit MA tai N va cit MB tai P. Tinh chu vi tam giac MNP .
Loi giai
Ta c6: MA 1L OA (tinh chét tiép tuyén) hay tam gidc MAO vudng tai 4.
Theo dinh li Pythagore, ta co:
MO* = MA* + 04> = MA® = MO* — 04’ =13° -5°
= MA=+13" -5 = 12(cm)
Véay MB = MA=12(cm)(tinh chat hai tiép tuyén cat nhau).
Goi p la chu vi cua tam giac MNP, ta co:
p=MN+NC+CP+MP
ma NC = NA (tinh chat hai tiép tuyén cat nhau)
Tuong tw CP = PB
= p=(MN + NA)+(PB+MP)
=MA+MB=12+12=24(cm)
Vay chu vi tam gidc MNP bing24(cm).
III. TOAN THU'C TE

Bai toan 43. Banh da ctia mot dong co dugc thiét ké co dang 1a mét duong tron tdm O, ban kinh 15¢m
dugc kéo boi mot dy curoa. Truc quay ciia md to truyén luc duoc biéu dién boi diém M (hinh
v&). Cho biét khoang cach OM 1a 35cm.
Tinh d6 dai cta hai doan day curoa MA va MB (két qua lam tron dén hang phan muoi).

Tinh s6 do AMB tao boi hai tiép tuyén AM, AB va sé do AOB (két qua 1am tron dén phut).

Trang: 25.
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Banh da
o
Day curoa
Mb to
a) b)

Loi giai
Xem hinh vé.
Ta c6 MA = MB (tinh chat hai tiép tuyén cit nhau)
MA 1a tiép tuyén ctia duong tron (O)
= MA 1 OA hay tam gidc OAM vuong tai A4 .
Theo dinh li Pythagore, ta co:
MO? = MA® + 04 = MA* = MO? - 04” =35* -15°
= MA=+/35"-15" ~ 31,6(cm)
Vay MA=MB =31,6cm .
Tam giac vuong OAM c¢o6 canh huyén MO =35c¢m, canh goc
vuong 04 =15cm.
Theo dinh 1i v& hé thirc lugng trong tam gidc vudng, ta co:
OA=OM sin AMO
= sin AMO =22 - 1> , 1310~ 2523
OM 35
Vi MO la tia phan giac ciia goc AMB
= AMB =2.25"23"=50°46"
Xét tor giac MAOB, ta cé:
AOB = 360" —(@+@+@)

AOB = 360" ~(90° +90° +50°46') =129°32

15cm

35cm

Bai todn 44. Trong hinh v&, mat cat cla Trai D4t cd thé xem 1a duwong tron tdm O béan kinh R = 6400km . TUr

diém A nam & do6 cao /1 so véi muc nwdce bién, mot ngudi cé thé thay xa nhat dén diém B trén (O)

sao cho AB 13 tiép tuyén cla (0) . Khoang cach AB khi dé dugc goi la tAm nhin xa tir diém A . Tinh

AB néu h=20m.
Loi gidi

Trang: 26.
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Doi: h=20m =0,02km
Vi 4B 1a tiép tuyén ctia dudng tron (0;6400km)nén AB L OB.

Tam giac ABO vudng tai B, c6 canh huyén O4 = R+h va canh gbc vudng OB = R . Trong d6
R =6400km .
Theo dinh li Pythagore, ta co:

0A* =OB* + AB?

= AB* =04’ -~ AB* =(R+h)" — R* =(6400+0,02)" ~ 6400

= 4B =/(6400+0,02)’ —6400" =16 (Jm)

Bai toan 45. Trong hinh v&, dé tau khdng trat banh ray khi chuyén hudng tir
duong ray thang X4 sang duong ray thang YB, doan day ndi
duoc thiét ké la mot phan cla dudng tron (O) ti€p xtc vai X4
tai A va BY tai B.Biét géc chuyén huwdng cla tau la
AMB =105° va khoang céch gitra hai diém 4 va B 1a 730m .
Tinh bén kinh clia dudng tron (O), lam tron két qua dén don vi
mét.

Loi giai

Ta ¢c6 OA=OB=R;MA=MB (tinh chat hai tiép tuyén cit
nhau) nén MO 1a dudng trung tryc cua doan 4B .
Goi I 1a giao diém cua MO va AB,taco I 1a trung diém cua

doan AB hay IA=IB = A2B = 7;0 =365(m).

Xét tir giac AOBM co:
A0B =360" -(OBM + AMB + OAM )

=360° —(90" +105° +90°) = 75°
Lai c6 MO latia phén giac clia goc AOB (tinh chat hai tiép tuyén cat nhau).
0
= AOI = BOI = AOB o 37,5°
22
Vi MO 1a dudng trung truc cia AB (cmt) = MO L AB tai [.
Xét tam gidc AOI vuodng tai I ¢6 canh goc vudng /4 =365(m), goc nhon A0l =37.5".

Trang: 27.
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Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:
A= 0A.sin 401

14 365
sin AOI - sin37,5’
Vay ban kinh duong tron (0) 1a 599m.

— OA = ~599(m)

Trang: 28.
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BAI 17. VI TRi TUONG POI CUA HAI PUONG TRON
PHAN A. KIEN THUC CAN NHO

Nhan xét: Bang tom tat vj tri twong d6i cla hai dwdng tron phan biét (O;R) va (O';R') véi R>R'
BANG TONG KET
Vi tri twong ddi S6 diém chung Hé thirc lién hé Hinh anh
A
Hai dudng tron cét
ai duong tron cat | R-R'<0O0'<R+R' /1
nhau "
B
ol demg wintil | o
XUc ngoai
Hai duong tron tiép \ \ ‘

, 1 00'=R-R 4
Xxuc trong v
Hal‘qu’ongtrono 0 00'> R+ R'
ngoai nhau
Duong tron (O;R)
dung dudng tron 0 OO'<R-R'

(0%

PHAN B. PHAN LOAI CAC BAI TAP

I. Xac dinh vi tri twong doi ciia hai dwong tron

Bai toan 1. Cho hai diém O va O' cach nhau mot khoang 5 cm. Mdi dudng tron sau day co vi tri twong

d6i nhu thé nao d6i véi duong tron (O; 3cm).

a) Puong tron (O'; 3cm) b) Pudng tron (O'; 1em)

b) Puong tron (O'; 8cm)

Loi giai

Trang: 1.
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a) bat R =3cm,R'=3cm

Taco: 3-3<5<3+3

R—-R'<OO'<R+R'hay 0<5<6

Do d6 hai duong tron (O; 3em)va(0'; 3cm) cét nhau.

b) bat R =3cm,R'=1cm

Taco: 5>3+1

00'>R+R'

Do do6 hai duong tron (O; 3cm)va (O'; 1cm) & ngoai nhau.

c)bat R=3cm,R'=8cm

Tacé: 5=8-3hay OO'=R'-R

Do d6 hai duong tron (O; 3em)va (O'; 8cm) tiép xtic nhau.
Bai toan 2. Xac dinh vj tri twong ddi cta hai dudong tron (O; R) va (O'; R') trong mdi truong hop sau:

a) 00'=12;R=5R'=3;b) OO'=8;R=5,R'=3;

c) O0'=7;R=5,R'=3;d) OO'=0;R=5;R'=4;.

e) OO'=3;R=4;,R'=1.

Loi giai

a) Taco: 12>5+3 hay OO'> RR'.

Do d6 hai duong tron (O; R)va(O'; R') & ngoai nhau.

b) Tacd: 8=5+3 hay OO'=RR".

Do d6 hai duong tron (O; R)va(O'"; R') tiép xtc ngoai.

c)Taco: 5-3<7<5+3 hay R—-R'<OO'<R+R'.

Do d6 hai duong tron (O; R)va(O"; R") cét nhau.

d) Taco: 0<5-4 hay OO'<R-R".

Do d6 hai duong tron (O; R) dung duong tron(O'; R") .

e) Tacd: 3=7—4 hay OO'=R'-R.

Do d6 hai duong tron (O; R)va(O"; R") tiép xuc trong.

Bai toan 3. Cho hai diém O va O' sao cho OO0'=3cm . Mbi dudng tron sau ddy co vi tri trong ddi nhu
thé nao d6i v6i duong tron (O; 3cm).

Loi giai
bat R=8cm,R'=5cm
Ta c6: 3cm =8cm—S5cmhay OO'=R—-R'

Viy hai dudng tron da cho tiép xtic trong v6i nhau.

Trang: 2.
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Bai toan 4. Xéac dinh vi tri ctia hai dudng tron (O;3cm)va (0';2cm) biét 00" > Scm.
Loi giai
bat R=3cm,R'=2cm
Taco: OO'=5>R+R'
Do d6 hai duong tron (O;3cm)va (O';2cm) hai dudng tron ¢ ngoai nhau.

Bai toan 5. Cho hai diém O va O' sao cho O0'=2cm . Xac dinh vi tri twong dbi cta hai duong tron
(O; 5¢m) va (O'; r) biét rang r<3cm .
Loi giai
bat R =8cm va duong tron tam O' ¢ ban kinh »<3cm .
Taco: O0'=2<5—r (vi r<3cm)
Do d6 duong tron (O;5cm) dung duong tron (O';r) khi r<3cm.

Bai toan 6. Cho ba diém thang hang O, 4 va O'. Vi mdi truong hop sau hdy viét hé thuc gitta cac do
dai 00',04 va 0'A 16i xét xem hai duong tron (0;04) va (0';0' A) tiép xiic trong hay tiép
xUc ngoai voi nhau; v€ hinh dé khéng dinh du doan cia minh.

a) Piém A nim giira hai diém O va O';
b) Piém O nim giita hai diém 4 va O';
¢) Biém O' nam giita hai diém 4 va O.

Loi giai
a) Piém A nim giira hai diém O va O';
Taco: O0'=04+0A4'
Hai duong tron (0;04) va (00" A) tiép xtic ngoai (Xem
hinh a)

Hinh a

b) Piém O nim giita hai diém 4 va O".
Taco: 00'=0'4—-0A4
Hai duong tron (0;04) va (0%;0'A) tiép xuc trong(Xem A
hinh b)

Hinh b
¢) Piém O' nam giira hai diém 4 va O.
Taco: O0'=04-0'4
Hai duong tron (0;04) va (0%0'A4) tiép xic trong (Xem
hinh c)

>

Hinh ¢

Bai toan 7. Cho hai dudng tron (0) va (O') tiép xic ngoai véi nhau tai 4. Mot duong thang qua 4 cat
(O)tai B va (O") cittai C. Chirng minh rang OB//O'C..

Trang: 3.
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Loi giai
Goi ban kinh duong tron (O)1a R.
Ta c6: O4 =0B =R hay tam gidc AOB cén tai O C
=B=4, P ‘(
Tuong ty, ta ¢6 tam giac AOC cantai O'= C= 1/4; ma B '
4, = A, (dbi dinh)

Dodé B=C = OBI//O'C (cdp goc so le trong bang nhau).
Bai toan 8. Cho nira duong tron (O) dudng kinh AB. Trén cing nira mit phang bd 4B , v& nira dudng

tron tam O' duong kinh OA.

a) Xac dinh vi tri tuong ddi cua duong tron (0) va dudng tron (O')

b) Vé day cung AC cua nira duong tron (O) va nira duong tron (O') tai D. Ching minh OC
va OD song song vdi nhau.

q q Loi giai

a) Ta co badiém 4,0',0 thang hang va
00'=04A-0'A(d=R-R")
Chtng to (O) va (0") tiép xtic trong tai A.
b) Tacé AAO'Dcan (vi 0'A=0'D=R'") = 4,=D, (1)
Tuong tw AAOC can :>:4\l = a (2)

T (1) va(2)tacé D, =C, =0'D//OC (cip gbc ddng vi bing nhau)
Chu y: Céc ban c6 thé giai thém céu c) sau day:
Chung minh D 1a trung diém cia AC va OD song song v6i BC .

Huéng din: D thudc nira duong tron duong kinh 40 nén ADO=90°. Khido D la trung
diém ctua AC (dinh li duong kinh day cung) ta chimg minh OD 1a dudng trung binh ctia
AAOC &é suy ra OD//BC .

Bai toan 9. Cho doan thing OO' va diém A4 nam giita hai diém O va O'. V& duong tron (0;04) va
duong tron (0';0'A4). Qua 4 vé& duong thang cit (O) tai B va (O') cat tai C.

a) Ching minh (O) va (0") tiép xtic nhau.
b) V& dudng kinh BD cia (O)va CE cia (O'), chimg minh D, 4, E thing hang.

Loi giai

Trang: 4.
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a)Taco: O0'=04+0'A(d=R+R")
Chung t6 (0) va (0") tiép xuc ngoai tai 4.
b) Ta c6 BD la duong kinh ctia (O) nén

04 = %BD )

Xét AABD c6 AO 1a trung tuyén (1) nén AABD
vuong tai 4 hay AD | AB, ma B, A,C thang
hang nén AD 1 BC, tuong tu AE 1 BC.

Vivady 4D va AE phai tring nhau hay ba diém D, 4, E thiang hang.

Bai toan 10. Cho hinh binh hanh ABCD (AB > AD). V& duong tron tim A ban kinh 4D, duong tron (A4)
cit AB tai E. V& duong tron tim B ban kinh BE, dudng tron (B) cét duong rhawngr DE tai
F. Chtng minh duong tron (4; AD) va (B; BE) tiép xtic v6i nhau va ba diém F, B,C thang
hang.

Loi giai

Tacd AB=AE+EB (d=R+R")
Chting t6 (4; AD) va (B; BE) tiép xuc ngoai
v6i nhau tai E.
Tacd AADE cantai A (AD = AE =R)

—~

:>131=El

—~

Tuong ty AEBF cantai B = F= E,

ma E =E, (dbi dinh) = D, = F.

Do d6 AD//BF . Lai ¢ AD//BC (gt)
Theo tién dé O-clit: BF va BC phai tring nhau hay F,B,C thang hang.

Bai toan 11. Cho duong tron (O) duong kinh BC . Mot day AD vudng goc voi BC tai H . Goi E,F
theo thir tir 13 chan cac dudng vudng goc ké tir H dén AB, AC . Goi (I) va (K) lan luot 1a cac
dudng tron ngoai tiép cac tam giac HBE va HCF.

Xac dinh vi tri trong ddi cua duong tron (Z) va (0); (K) va (0); (1) va (K).

Loi giai

Trang: 5.
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Taco: Ol =0B—-IB(d=R-R)) A
Chung to (1) va (0) tiép xtc trong.
Tuong tu ta chimg minh duoc (K) va (O) tiép E

xuc trong vo1 nhau

K
Laico: IK =IH +HK (d =R +R,)Chimg to (1) B{—71 {5 C
va (K) tiép xac ngoai véi nhau. y
D

Bai toan 12. Cho dudng tron (O) duong kinh 4B . Mot diém C (khac A, B) nim trén dudng tron. Tiép

Bai toan

tuyén Cx cua dudng tron cét tia AB tai /, phan giac cta ges CI4 cit OCtai O'.
a) Xéc dinh vi tri tuong ddi cua duong tron (0) va (0%0'C).

b) Chimng minh rang duong tron (0';0'C) tiép xtc v6i AB.

Loi giai
a) Hai duong tron (0) va (0") c6 chung diém C X
Cx 1a tiép tuyén cua duong tron (O) (gt)
—0C LCx ma 0'eO0C = 0'C 1 Cx =
Vay Cx 1a tiép tuyén chug hy duong tron (0) va ‘\
duong tron (0';0'C) tiép xuc nhau tai C.
b) O' nam trén phan giac cua goc CIA nén O' A 0 B :

cach 14 mot khoang bang O'C nén dudng tron

(00'C) tiép xtic voi AB.

13. Cho duong thing O0'=13cm . Dung dudng tron (O;12¢m) va (O';5¢m)

a) Xac dinh vi tri twong d6i cua duong tron (0) va (O").

b) V& dudng kinh AC caa (O) va AD cia (O"). Ching minh ba diém C, B, D thing hang.

Loi giai

a) Taco: OO'<R+R'(13<12+5) nén dudong

tron (O) va (O') cat nhau tai hai diém phén biét

A va B.

b) Ta c6 ABC=90" (AC 1a dudng kinh) o o

Tuong tw ABD =90°, do d6 ABC + ABD =180" / \
c D

nén C, B, D thang hang.

II. TINH CHAT

Ap dung tinh chat hai dwong tron tiép xiic

Trang: 6.
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Bai toan 14. Cho duong tron (0;3cm) va dudng tron (O';1em) tiép xtc ngoai nhau tai A, v& hai ban

kinh OB va O'C song song v&i nhau va cung thudc nira mit phing c6 bo 1a 00",

a) Tinh BAC.

b) Goi / 14 giao diém ciia BC va OO'. Tinh OI .
Loi giai

a) Taco OB//O'C (gt)

= BOA+CO'A=180"

(c@p gbc trong cung phia)

Lai c6 cac tam giac AOB va AO'C can tai

O vaO'

180°—BOA .
—FFF va
2
0_ 4

A2=180 2COA

nén 4 =

0 (DBAA LA
:>A+A2=36O (BOzA+CO A)

— BAC =180° — (4, + 4,) = 90°

= 90"

iy

b) AIBO c¢6 OB//O'C theo hé qua cua dinh 1i Thalés:
I0 OB _10-10' OB-0'C

= =
10" 0O'C 10 OB
0O0' O0OB-0'C 4 3-1
Hay - ==
10 OB 10

:>IO=%=6cm.

Bai toan 15. Cho duong tron (O; Scm) va duong tron (O'; 3cm) tiép xuc ngoai nhau tai 4. Mot dudng
thang qua 4 hop v6i 00" mot goc 30° cat (O) tai B va (O") tai C.
a) Chung minh AOB = 40'C va OB//O'C
b) Tiép tuyén tai C cta (O") cit O0' tai D . Tinh CD,O'D.
Loi giai
a) AAOB cantai O ¢6 A, =B,
twong tw véi AAO'C 6 4»=C)
ma A = 4> (d6i dinh)
— A =4=B=C

—

— AOB=A0C (hai tam giac cin co cac goc & day bang nhau)

va B, =C, = OB//O'C (cap goc so le trong)

Trang: 7.
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b) C6 A> =30°(gt) = C) =30°

—

= A0 C=180°( 42 +C1)=180° - (30°+30°) =120° = CO'D = 60°

Xét tam giac vuong CO'D ¢6 tan C/07) = S—D

—

CD=0CtanCO'D = Rtan 60° = R\/3 =33 cm

ﬁzcosC/OTDzO'D:O—C,:i
OD cosCOD 1

Bai toan 16. Cho dudng tron (O;R) dudng kinh 4B . Goi S 1a trung diém ciia OA4 v& dudng tron tam S
diqua 4.

a) Ching minh dudng tron (O) va dudng tron (S) tiép xac nhau tai 4.

b) Mot duong thing di qua 4 cat dudng tron (S) tai M va cit (O) tai N (M, N khac A)
ching minh SM // ON .

¢) Goi I 1a trung diém ctia ON , dudng thing A7 cit NB tai K . Chimg minh rang
BK =2KN .

Loi giai
a) Tac6 SO=04-SA(d =R-R) N

Vay (0) va () tiép xuc trong tai 4 }
b) AASM cantai S = A =Miva AAON can

tai O = 21 = ]/\71 ’

= M\l = ]/\\71 f l B
= SM //ON (cdp goc dong vi bang nhau). $ 0

c)Ké OE//IK c6 I latrung diém caa ON

(gt)

= IK la duong trung binh cua

ANOE = KN =KE

N

A

Mit khac AAKB ¢6 O 1a trung diém cua AB, OE// AK (gt)
= E 1a trung diém cua BK . Do 6 BK =2KN .

Bai toan 17. Cho duong tron (K) c6 dudng kinh BC. Goi D 1a trung diém cua KC va I 1a tam dudng
tron c6 duong kinh BD.

a) Chimg t6 dudng tron (K) va (1) tiép xtic nhau.
b) Qua B v& duong thang (khong trung voi BC) cét (K) tai 4 vacit (/) tai E.Ching to

KANIE vatiss SL khong doi.
DE

Loi giai

Trang: 8.
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a) Taco KI =KB—IB(d =R-R)
Vay (K) va (I) tiép xtic nhau tai B.

b) Chlrng minh tuong tu cau b bai toan 16
taco: KA // IE

Tacé DE L BE (BD la duong kinh)
Tuong tu CA L BA= DE// AC.

* Ap dung tinh chat hai dwong tron cit nhau
Bai toan 18. Cho duong tron (O;4cm) va (O';3cm) va doan ndi tim OO =5cm.
a) Chung té duong tron (O) va (O) cit nhau tai hai diém 4 va B.

b) Tinh d¢ dai 4B .

¢) Goi AC, 4D lan luot 1a duong kinh cta duong tron (0) va (O'). Chimg minh rang C,B,D

thang hang.
Loi giai

a) Tacd OA—O A<OA+0 A

(4-3<5<4+3)

Ching t6 (O) va (O') cit nhau tai hai diém

phan biét 4 va B.
b) Xét tam giac 400 cb

A0 =4cm; A0 =3cm va 00 =5cm.
Taco: 5° =4° +3% hay 00° = A0* + AO”
Theo dinh li Pythagore ddo, ta c6 tam giac
AOO vudng tai A.

Tacd: OA=0B=4cm; O A=0B=3cm nén OO la dudng trung truc ciia doan AB

= 00 1 AB.

Goi I 1a giao diém ctia OO va AB, tacd Al 1a dudng cao clia tam giac vudng A0O .

Goi S, 1a dién tich ctia tam gidc vudng 400

, 1 : |
Taco S, =EA]-OO =A0.A0 5

_04-04 43

— Al 5 =2.4(cm) = 4B =4,8(cm)

nén tam gidc ABC vuong tai B hay BC L AB.
Chirng minh tuong tu tacé BD L AB.
Do d6 ba diém C,B, D thing hang.

Bai tofin 19. Cho hai duong tron (0;10cm) va (O';17cm) cét nhau tai hai diém 4 va B, biét

AB =16cm. Tinh do dai doan 0O .

Trang: 9.
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Loi giai
Truong hop 1: (Xem hinh v¢).
O va O nam vé hai phia d6i voi 4B .

A
Taco: OA=0B=10cm Ah\
OA=0B=17cm “V
B

Nén OO’ 1a dudng trung tryc cuia doan AB nén
OO L AB tai H va

HA=HB:A7B:%=8(CWL)

Xét tam giac AHO vuodng tai H .

Theo dinh li Pythagore, ta co:

OA’> =OH* + AH® = OH? =04’ — AH* =10° - 8’

= OH =+/10" —8% = 6(cm)

Tuong tu véi tam giac vuong AHO', tacé HO =15(cm).

00 =0OH + HO =6+15=21(cm)
Truong hop 2:

A

OO’ nam vé cuing mot phia di voi AB
Tacd OO0 =0O'H—-OH =15—-6=9(cm). \
B

Bai tofin 20. Cho hai duong tron (0) va (O') cit nhau tai hai diém 4 va B (xem hinh v&). V& hinh binh
hanh OBO'C . Chimg minh rang AC// OO
Loi giai

Goi H la giao diém cta 4B va OO ta cd

H 14 trung diém cua AB .

Goi I 1a giao diém ciia BC va 00

Vi OCO'B 1a hinh binh hanh nén 7 1 trung
diém cua BC.

Do @6 IH 1a duong trung binh cia AABC

= IH /| AC hay OO // AC.

Trang: 10.
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BAI TAP CUOI CHUONG V
Bai toan 1. Cho dudng tron (O) dwong kinh BC va diém A (khac B va C ).
a) Ching minh rang néu 4 nam trén (O) thi ABC 1a mot tam gido vudng; nguoc lai, néu
ABC 1a mot tam giac vudng tai 4 thi 4 nam trén (O).
b) Gia st 4 12 mot trong hai giao diém cua dudng tron (B; BO) voi duong tron (O) . Tinh cac
gbc cua tam giac ABC.

¢) Véi cung gia thiét cdu b, tinh do dai cung AC va dién tich hinh quat nam trong (O) gidi
han boi cac ban kinh O4 va OC, biét ring BC = 6cm.

Loi giai
a) Anam trén (O) = 0A=0B=0C.

4
Tam giac ABC ¢6 O la trung diém doan m
BC nén AO la trung tuyén ma A0 =%BC. B o) C
Do d6 AABC vudng tai 4. U
Nguoc lai tam gidc ABC vudng tai 4 c6 AO 1a dudng trung tuyén
= 04=0B=0C

Ching t6 A thudc duong tron (O).
b) Khi 4 1a giao diém cua dudng tron ( B;BO ) voi

A
duong tron (0) / \\
Ta cb6 OA= 0B = AB nén tam giac ABC déu A .
= B=AOB=60° "

— AOC = 180°— AOB (hai goc ké bi)
=180°—60° =120°

Xét tam giac AOC can tai O co:

AOC =120°(cmt) = C = OAC = 30°

Xét tam gidc ABC ¢6 BAC =180°—(B+C) =180°—(60°+30°) = 90°
Céc goc cla tam gidc ABC 1a BAC =90°,B = 60°,C =30°.

¢) Khi BC =6c¢m ta co ban kinh duong tron (O) 1a 3cm.

Goi [/, 1a do dai cung AC c6 [, :%-ﬂ-3z6,3(cm)

Goi S 1a dién tich hinh quat ndm trong (O) gidi han boi cac ban kinh 04 va OC , ta c6:

120,

S =
360

7-3* =9,4(cm)

Bai toan 2. Cho tir gidc ABCD ¢6 B=D =90°.

a) Chirng minh bon diém 4,B,C,D cung nim trén mot duong tron.

Trang: 11.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

b) So sanh d6 dai cua AC va BD.

Loi giai

a) N6i 4 voi C. Goi O 1a trung diém doan AC .
Xét tam giac ABC vuong tai B (gt) c6 OB la duong trung
tuyén

:OB:%AC hay O4A=0B=0C

Do d6 ba diém 4, B,C nim trén duong tron (O; %)

Chting minh tuong tw D nam trén dudng tron (O;A—ch .

b) AC > BD ( AC 1a dudng kinh).
Bai to4n 3. Cho 4B 1a day bat ki (khong phdi la dudng kinh) ctia duong tron (0; 4 cm). Goi C va D
lan luot 13 cac diém d6i xtmg v6i A va B quatam O.

a) Hai diém C va D c6 ndm trén dudng tron (O) khong? Vi sao?

b) Biét ring ABCD 1a mot hinh vudng. Tinh d6 dai cung 16n AB va dién tich hinh quat tron
tao boi hai ban kinh OA4 va OB .

Loi giai
a) Vi C dbi xtmg A quatim O = OC =0A.
Ching minh tvong tw OD = OB
Ma OA=0B=4cm
= 04=0B=0C=0D =4 cm hay hai diém C va D nam trén duong tron (O).

b) ABCD 14 hinh vuéng AC 1 BD tai O hay s6 do cung nhd AB bing 90°.

Trang: 12.
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= s6 do cung 16n 4B bang 360° —90° =270°.
A s . . 90
Ta c6 dg dai cung 16n 4B la: 12@'7[-4 =6,28 (cm)
Goi S 1a dién tich hinh quat tron tao boi hai ban kinh O4 va OB

Taco S =0 . .42 =12,56 (cmz).
360

Bai toan 4. Cho hai dudng tron (O; 2 cm) va (A4; 2 cm) cit nhau tai ¢
C, D, diém A nam trén duong tron tim O (hinh v§).
a) V& duong tron (C; 2 cm)
b) Duong tron (C; 2 cm) c6 di qua hai diém O va 4 khong?
D

Vi sao?
Loi gidi
a) Xem hinh vé.

b) Vi Ce(0; 2em)=CO=2cm.

Tuong ty Ce(4; 2cm)=CA=2cm. /\
Tacd CO=CA=2 cm nén (C; 2 cm)di qua hai diem O va 4. )

NS—————
Bai toan 5. Cho tam gidc vuong ABC (A vudng). V& hai duong tron '

(B; BA) va (C; CA) citnhautai 4 va A'. Chimg minh rang:

a) BA va BA' 1a hai tiép tuyén cdt nhau cua dudng tron (C; CA).

b) CA va CA' 14 hai tiép tuyén cit nhau ciia duong tron (B; BA).
Loi giai

a) Xét ABA'C va ABAC co:

BC (canh chung),

BA =BA',

CA=CA"

Do @6 ABA'C =ABAC (c.c.c)

— BA'C = BAC =90 (gbc tuong ting) hay BA' L CA'

Chimg t6 BA' 1a tiép tuyén cua duong tron (C; CA)
Lai co BA L CA (gt) nén BA 1a tiép tuyén ciia duong tron (C; CA)
Do d6 BA va BA' 14 hai tiép tuyén cit nhau ctia duong tron (C; C4)

b) Chirng minh twong ty CA va CA' 14 hai tiép tuyén cét nhau cua dudng tron (B; BA).

Trang: 13.
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Bai to4n 6. Cho hai duong tron (O) va (O') cdtnhau tai 4 va B. Mot dudng thang d diqua A cét
(O) tai E vacit (0") tai F (E va F khac A).

Biét diém A4 nam trong doan EF . Goi I va K lan
lugt 1a trung diém cua AE va AF (hinh v&)

a) Chimg minh rang tir giac OO'KI 1a mét hinh
thang vudng.

b) Chimg minh rang IK = %EF

¢)Khi d & vitrindo (d vanqua 4)thi OO'KI 1a
mot hinh chir nhat?

Loi giai
a) Ta co: OF = OA nén tam gidc AOE cantai O c6 I la trung diém ctia AE (gt) nén OI 1a
duong trung tuyén ma AAOE cantai O (cmt)
= OI d6ng thoi 1a duong cao hay OI 1 AE

Chirng minh tuong tu, tacd O'K 1 AF ma E, A, F €d nén OI, OF cung vudng goc voi d
=0Il//0'K

Do @6 tr giac OO'KI 1a hinh thang vudng.

b) Tacod: IK =14+ AK ma IA= %EA;AK :%AF

= IK = ~(EA+ AF) = - EF
2 2

c)d diqua A va d//O0" thi OO'KI la hinh chir nhat.
Bai toan 7. Cho diém B nim giita hai diém 4 va C, sao cho 4B =2 cm va BC =1cm. V& cac duong

tron (A4; 1,5 cm), (B; 3 cm), (C; 2 cm). Hay xac dinh cac cap duong tron:

a) Cit nhau; b) Khong giao nhau;

¢) Tiép xtic nhau.

Loi gidi

a) * Duong tron (4; 1,5 cm) va duong tron (B; 3 cm) cét

nhau.

* Pudng tron (4; 1,5 ¢m) va duong tron (C; 2 cm) cit nhau.

b) Khong co.

c¢) Buong tron (B; 3 cm) va duong tron (C ; 2 cm) tiép xuc

trong.

Trang: 14.
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Bai toan 8. Trong hinh v€, d§ dai canh cua céc hinh vuéng 16n la
10 ¢m . Tinh dién tich va chu vi ctia phan duogc t6 mau.

Loi gidi
Dién tich cua phﬁn duoc td6 mau trén hinh vé 1a dién tich cia 8
hinh vién phan tao bdi cung AB va ddy AB (xem hinh v§).
Goi § la dién tich hinh vién phan, ta c6: S=S, -5,
(S, : dién tich hinh quat chin cung AB, §,,; 1a di¢n tich hinh tam

giac vuong can canh 5 cm ).

Taco: S =2~7z-52 =—7 (cmz)
7360 4

1 1. 25,

Sior = AlBI ==+5:5= " (em?)

Do d6 dién tich 1 hinh vién phan la:
25 25 )
S0 ZTII—? ~7,13 (cm )
Vay dién tich phan dugc t6 mau 1a: 8.7,13 ~ 57 (sz)

Chu vi phan dugc t6 mau la 8 cung 4B .

Goi / 1a d9 dai cung AB, ta co: l=2-ﬂ'-5=§-ﬂ'
180 2

3 HET ©

Trang: 15.
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