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% QUY TAC GIAI BAI TOAN THUC TE

Budc 1: Poc hiéu va phén tich dé bai
o Xéc dinh vin dé thuc e dang duoc dé cap (lién quan dén kinh té, vat ly, dia ly, giao thong, dan $0,
hinh hoc,...).
o Tim hiéu cic dai lwong di biét va dai lwong can tim.
o Cht y dén don vi do lwong va diéu kién thue té (gi6i han, mdc thoi gian, pham vi,...).
Budc 2: Xay dung mo hinh toan hoc
o Gan dn sé/tham sé cho cac dai luong chua biét.
o Thiét 1ap cac biéu thirc, phwong trinh, bit phwong trinh hoic ham sé biéu dién mdi quan hé giira
cac dai luong.
e Co thé sir dung cong thirc toan hoc pht hop: ham sé bdc hai, bdc ba, lwong gidc, mii — log, hinh
hoc khong gian,...
Bude 3: Gidi mo hinh toan hoc
o Giai phuong trinh, hé phuong trinh, tim gia tri 16n nhit/nho nhét, dao ham dé khao sat ham so,...
o Kiém tra diéu kién xac dinh, loai nghiém khong phu hop véi thuc té (vi du: khong nhan nghiém am
néu d6 1a chiéu dai, thoi gian,...).
Budrc 4: Tra 10i dap an va dién giai két qua
« Dién dat két qua duéi dang ngén ngi thuc té: Pap an ding cu hoi ban dau cua dé.
o N8&u két lugn ré rang: “Vay chi phi toi thiéu 1a...”, “Vay thoi gian nhanh nhat 1a...”.
e Kiém tra tinh hop Iy cia két qua (co phu hop véi bdi canh khong?).

Q Luwu y khi giai bai toan thuc té
« V& hinh minh hoa (néu c6 thé) dé dé hinh dung.

« Don vi: luon giir nguyén don vi, dimg quén chuyén doi khi can.
« Céc bai toan thuc té thuong yéu cau giai thich ré rang, khong chi dua ra két qua.

MJi dang déu quy vé quy tic chung ma minh néi ¢ trén:
Hiéu dé — Pt an, bién — Lap phwong trinh hodc ham sé — Gidgi — Kiém tra thuc té — Két lugn.

s Cac dang bai toan thuc té thuong gip

Dang bai M0 ta Kién thirc sir dung
Chuyén dong Téc d0, quing dudng, thoi gian, gia tdc.|Chuyén dong déu, déu bién, dao ham,..
Ti vu loi nhuén San phém, gia thanh, thué Ham sd, dao ham
Thiét ké téi wu AR S0 I G, SROEREEAIN Ol e, i 5 o B

tich, thé tich,..
Mo hinh ting truong ||Dén s, tai khoan ngan hang,... Ham m, logarit, dao ham,..

Dién trd, dong dién, dong nudc, nhict

Vat 1y, co he,...
at ly, cong nghe, o

Cong thtrc vat ly va toan hoc

Y NGHIA THUC TIEN CUA PAO HAM

(1) Néu ham s6 s= f (t) biéu thi quang duong chuyén dong ciia vat theo thoi gian t thi f'(t,) biéu thi

toc do tirc thoi ctia chuyén dong tai thoi diém t,
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@ Néuham sé s = f (t) biéu thi quang duong chuyén dong ciia vat theo thoi gian t thi v=s'= f'(t) biéu

thi toc do tic thoi cua chuyén dong va a=V'=s"= f"(t) biéu thi gia toc cia chuyén dong.

(2) Néuham s T = f (t) biéu thi nhiét do T theo thoi gian t thi f'(t,) biéu thi toc do thay doi nhiét do
theo thoi gian tai thoi diém t, .

(3) Néu ham s6 Q = f (t) biéu thi dién lwong Q truyén trong day dan theo thoi gian t thi f'(t,) biéu thi

cudng d tac thoi caa dong dién tai thoi diém t, .

4 CAC DANG TOAN THUONG GAP

& BAI TOAN CHUYEN DON

Dang @ DUNG Y NGHIA VAT LY CUA PAO HAM
> Néuham s6 s = f (t) biéu thi quang duong chuyén dong cua vat theo thoi gian t thi f'(t,) biéu thi toc

d6 tac thoi cta chuyén dong tai thoi diém t,
> Néu ham s6 s = f (t) biéu thi quang duong chuyén dong cua vat theo thoi gian t thi v=s'= f'(t) bicu

thi toc do tic thoi cua chuyén dong va a=V'=s"= f"(t) biéu thi gia toc cia chuyén dong.

Vidu 1. Trong 5 gidy dau tién, mot chat diém chuyén dong theo phuong trinh s(t) = —t° +6t> +t+5,
trong d6 t tinh bang gidy va s tinh bang mét. Chat diém cd téc do tuc thoi 16n nhat bang bao nhiéu trong 5
gidy dau tién do6?

Loi gidi

Pap an: 13

Taco: v(t)=s (t) =—3t* +12t +1.

Nhan xét: v(t) co do thi 1a mot parabol nén trong 5s dau tién toc do tuc thoi cla chat diém dat gia trj 16n
nhét bang 13 tai t = 2s.

Vidu 2. Técdd ciiamot tau con thoi tir ltc cat canh tai thoi diem t =0 (s) cho dén thoi diém t =126 ()
duoc cho bai cong thirc v(t) = 0,001302t° —0,09029t% +83 (téc do duoc tinh bing don vi ft/s). Hoi tai thoi
diém tau con thoi dat gia toc nho nhat thi toc do tau con thoi gan bang bao nhiéu? (Két qua 1am tron dén hang
phan muoi).

Loi giai

bap an: 20,8

Ta co: a(t) =v'(t) =0,003906t* —0,18058t

Tac6 BBT ham a(t) =0,003906t> —0,18058t .

t ‘—:r: 23,1157

/

2,087
Thoi diém tau con thoi dat gia téc nho nhét 14 t ~ 23,1157
v(23,1157) =0,001302t> —0,09029t? +83 ~ 20,8 ft/s

+o0
+o0
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Vidu 3. Trén mot truc sé thang dung c6 chiéu duong hudng 18n trén, mot chat diém bat dau chuyén
dong doc theo truc sé. Gia si, tai thoi diem t gidy (t > 0) tinh tir lic bat dau chuyén dong thi vi tri s(t) cia

chat diém trén tryc s6 thang dimg dugc x4c dinh boi cong thirc s(t)=t°—18t*+81t (mét). Trong 15 gidy

chuyén dong dau tién thi chat diém di chuyén dugc quang duong bang bao nhidu mét?

Loi gidi
Dap an: 756
Taco s'(t)=3t>—36t+8L.
’ 2 t_
$'(t)=0=3t"-36t+81=0<|
Bang bién thién:
7 0 3 9 15
s'(1) + 0 - +

Trong 3 gidy dau, chat diém di chuyén hudng Ién 108m.
Trong khoang (3;9) gidy tiép theo chat diém di chuyén huéng xuong 108m.

Trong khoang (9;15) gidy cudi chat diém di chuyén huéng 1&n 540m.

Vay trong 15 gidy chuyén dong dau tién thi chat diém di chuyén duoc quing duong la
108 +108 + 540 = 756 (mét).

BAI TAP THAM KHAO

Cau 1. Mot tén lira bay vao khong trung véi quang duong di duoc 1a s(t) (km) 1a ham phu thudc theo bién

t (giay) tuan thelo b8idu thirc sau: s(t) =e' ™ +2te®*(km) . Téc do cua tén lira sau 1 giy 14 bao nhiéu?

Lam tron két qua dén hang don vi (biét ham biéu thi téc d6 1a dao ham cdp mét cua ham biéu thi quing
duong theo thoi gian)?

Léi giai

Pap an: 546

v(t) = 5'(t) = 2t + 2™+ 1 Bte™*

Tdc do cua tén lira sau 1 gidy 1a v(1) = 2e* + 2e* +6e* =10e* (km/s) ~546(km/s)
Cau 2. Mot chat diém chuyén dong thang trén mot truc s nam ngang c6 chiéu duong huéng sang phai
theo quy luat s(t) =—2t% + 24t? + 42t —3, vai t (gidy) (0<t <10) la thoi gian tinh tir IGc bat dau chuyén
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dong va s(t)(m) la vi tri cua chat diém tai thoi diém t. Hoi ké tir Ilc bat dau chuyén dong, chat diém
chuyén dong sang phai trong khoang thoi gian bao nhiéu giay?
Loi giai
Dap 4n: 6
Téc do chuyén dong cua chat diém duge xac dinh bai v(t) =s (t) =—6t> +48t—42(m/s).
Chét diém chuyén dong sang phai (tic 1a theo chiéu duong) khi
V(t) >0 —6t2 +48t—42>0 < t* —8t+7<0 1<t < 7.
Vay, tir thoi didm t =1 gidy dén thoi diém t =7 gidy, chat diém chuyén dong sang phai.
Cau 3. Xét mot chat diém chuyén dong trén mot truc s6 nam ngang, chiéu duong tir tréi sang phai. Gia st
vi tri s(t) (mét) ctia chat diém trén truc s da chon tai thoi diém t (gidy) dugc cho bai cong thirc
s(t) =t —9t? +15t,t > 0. Hoi chat diém chuyén dong sang tréi trong khoang thoi gian bao nhiéu gidy?
Lo giai
Pap an: 4.
Taco: v(t) =s'(t) = (£ 9t +15t) =3t> ~18t +15.

V(t) <0 = 3t* —18t +15< 0 < (t—-1)(t-5) <0 <1<t <5.

Chat diém chuyén dong theo chiéu am (tir phai sang trai) khi v(t) <0, tuc la 1<t <5. Hay trong khoang
thoi gian 4 (gidy) thi diém chuyén dong sang trai.
Cau 4. Téc do dong xe trén mot doan duong mot quoc 16 tir 6 gid sang dén 10 gio sang trong ngay thuong
duoc xap xi bai f (t) =20t —40t +52, 0<t<4 trongdo f(t) do bang km/gid va t do bang gio, V6i
t =0 @ng véi 6 gid sang. Qua d6 ngudi ta tim dwoc vao budi sang, toc do dong xe giam tir a gio dén b gio.
Tim b

Loi giai
Pap an: 7
Dao ham: f'(t):20—40~i:20—§
2t Jt
e e 20
Giai f'(t)=0:20="F=t=1=t=1
Jt
Xét dau
- o 20 RS
Véi 0<t<1:+/t <1 nén 20—$<0 = f nghich bien trén (0,1).
. A 20 Ay ihn tra
Véi 1<t <4:/t >1 nén 20—$>0 = f dong bientrén (1,4).

- Budi sang, toc do dong xe giam tir 6 gid sang dén khoang 7 gid séang
- Sau d6 tang cho dén 10 gio.
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Cau 5. Mat vat chuyén dong theo quy luat s = —%t3 +6t2 v6i t la khoang thoi gian tinh tir khi vat d6 bat

dau chuyén dong va s(m) la quang duong vat di chuyén dugc trong khoang thoi gian d6. Hoi trong khoang
thoi gian 6 gidy, ké tir khi bat dau chuyén dong, van toc 16n nhét cua vat dat dugc bang bao nhiéu?
Loi gidi
Pap an: 24
Van téc caa vat chuyén dong la v=s'= —gtz +12t = f (t)
Tim gié tri I6n nhat caa ham sé f (t) trén doan [0;6]
Taco f'(t)=-3t+12= f'(t)=0<=t=4€[0;6]
f(0)=0; f (4)=24; f (6)=18
Vay van toc 16n nhat 1a 24(mis).
Cau 6. Mot vat chuyén dong voi the do (m/s) duge xac dinh béi ham sé f (t) =—t° +3t* veéi t>0. Khi
do f'(t) lagiatdc cua vat tai thoi diém t (gidy). Toc do cua vat dat dugc cao nhét trong khoang thoi gian 3
gidy dau la bao nhiéu m/s?
Loi gidi
Pap an: 4

f'(t)=-3t" +6t; f’(t)zo@{t

Bang bién thién

t 0 2 3
f'@ + 0 —

4
£(2) 7 T

Tdc d6 cua vat dat dugc cao nhat1a 4 m/s
Cau 7. Mot vat chuyén dong theo quy luat v(t) = %1t3 +4t>+9t (m/s), voi t dugce do bang don vi gidy 1a

khoang thoi gian tir IGc bat dau chuyén dong. Hoi trong 12 gidy dau tién ké tir IGc bat dau chuyén dong vat
dat duoc téc do 16n nhat 1a bao nhiéu?
Loi giai
Pap an: 90
Xét ham sb v(t) =_€1t3 +4t% +9t trén [0;12].

t=-1(L)

t=9

Lai cd: v(0) =0;v(9) =90;v(12) =9.

Viy trong 12 gidy dau tién ké tir luc bat dau chuyén dong vat dat duoc toe do 16n nhat 1290 (m/s).

Taco: v'(t) :—t2+8t+9:0c{

Cau 8. Mot vat chuyén dong theo quy luat s =—2t% +24t> +9t —3 vai t 1a khoang thoi gian tinh tir lic bat
dau chuyén dong va s 1a quang duong vat di dugc trong khoang thoi gian d6. Hoi trong khoang thoi gian
10 giay, ké tir lac bat dau chuyén dong, toc do 16n nhat cua vat dat dwgc bing bao nhiéu?

Lo giai
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Pap an: 105.
Taco v(t)=s'(t
Khi do v'(t)=0

)=—6t" +48t+9=v'(t)=—12t+48
©-12t+48=0t=4.

t 0 4 10
v'(r) + 0 -

Do d6 toc d¢ 16n nhat ctia vat dat dugc bang v(4)=105.
Cau 9. Mat vat chuyén dong theo quy luat S =—t*+18t%, véi t (gidy) 1a khoang thoi gian tinh tir luc vat
bit ddu chuyén dong va s (mét) 1a quing duong vat di duoc trong thoi gian d6. Hoi trong khoang thoi gian
10 gidy, ké tir 14 bat dau chuyén dong, toc do 16n nhat cua vat dat duoc bang bao nhiéu (m/s)?

Loi giai

Pap an: 108.

Taco: v(t)=s'(t)=-3t"+36t voi t [0;10].

V'(t)=—6t+36; V'(t)=0<=1t=6

v(0)=0; v(10)=60;v(6)=108.

Vay téc do 16n nhat cua vat trong khoang thoi gian 10 gidy, ké tir Itc bat dau chuyén dong 1a 108( m/s).

@ BAl TOAN CHUYEN PONG CO BAN

@ Quy tic giai bai toan thye té vé chuyén déng

Buéc 1: Poc hiéu va phén tich dé bai
e Quang dwong (s): thuong dugc cho truc tiép hodc tinh tir nhiéu doan duong.
e Toc dp (v): co thé 1a hang s6 hodc bién thién.
e Thoi gian (1): c6 thé can tinh hoic cho trudc.
Xac dinh dang chuyén dong: chuyén dpng déu hay khong déu, cO hai vit chuyén dong cing liic
hay lién tiép.,...
Buéc 2: Xay dung mé hinh toan hoc
e  Cong thirc chuyén dgng co ban: s=vit
e Néu c6 hai chuyén dong:
o Chng chiéu: khoang cach giam dan.
o Ngwoc chiéu: khoang cach ting nhanh hon.
o Gap nhau: tong quing duong = quang dudng giita 2 vat.
o Puédi kip nhau: hiéu quing duong = 0 khi bét kip.
Goi 4n s6 (thuong 13 thoi gian, vin téc hodc quing dwong) Va Igp phwong trinh biéu thi mbi quan

hé gitta cac dai luong.
Neéu bai toan yéu cau toi wu hoa theo dai luong nao thi 1ap ham bi€u thi dai luong d6 theo mot dai

luong khac
o Vi du: Can tim thoi gian ngén nhat thi Lap ham can ti wu biéu thi thoi gian t = t(X) :
Buwéc 3: Gidi mo hinh toan hoc
» Gidi phuong trinh, bat phuong trinh hodc tim cue tri, max — min.
e Kiém tra diéu kién cua an, bién (toc do duong, thoi gian duong, quang duong hop 1y).
Buéc 4: Dap 4n va din gidi két qua
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o K&t ludn bang 1oi, kém don vi.

Q Mét s6 meo quan trong
e Toc d6 phai duong, thoi gian khéng am.
e Neéu c6 dong nudc, chiéu gio,... thi toc do thuc té.
o Dixubi dong: Toc dp thuc té = Toc do cuia vat + Toc dj ciia dong
o Dingwee dong: Toc do thuce té = Toc do ciia vat — Toc do ciia dong

Vidu 4. Anh Ba dang trén chiéc thuyén tai vi tri A cach bd séng 2km , anh du dinh chéo thuyén vao bo
va tiép tuc chay bo theo mot duong thang dé dén mot dia diém B toa lac ven bd séng, B cach vi tri O trén bo
gan vai thuyén nhét 1a 4km (hinh v&). Biét rang anh Ba chéo thuyén véi toc d6 6 km/h va chay bo trén b voi
téc do 10 km/h. Khoang thoi gian ngan nhét dé anh Ba tir vi tri xuit phat dén dugc diém B 1a bao nhiéu phat?

2km
.l ‘3 B B A
0 P B4 L '
" 4km g
Loi giai
Pap an: 40
A!Ev._..
2km 4+ x
. X 4—x B
o i P hd &

4km
Dit OP=x (0<x<4)=>BP=4-x; AP=v4+Xx’ .

Khoang thoi gian dé anh Ba tir vi tri xuat phat dén duoc diém B 1a;

4+x* 4-X X 1
t . =t,+ts= + h), =t =——-—-—.
(x) — AP " "PB 6 10 () () 6/4+X2 10
O<x<4

t{x):OQL—izocﬂ 44X =Bxeq ox=3,

634+ X’ 4x° =9 2
BBT:

3

X 0 Z 4
¢ (x) — 0 +

7(x) \ ; /

T BBT suy ra khoang thoi gian ngan nhit dé anh Ba tir vi tri xuat phat d&én duoc diém B la:
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2 2
t . =—(h)==.60=40 (phat).
min 3( ) 3 (p u)

BAI TAP THAM KHAO

Cau 10. Anh An muén di chuyén tir vi tri A dén diém B cang nhanh cang tot (nhuw hink vé). Dé di chuyén
tirvitri A dén diém B anh An c6 thé chéo thuyén caa minh truc tiép qua song dé dén C va sau do6 chay
dén B, hay c6 thé chéo thuyén truc tiép dén B, hoic anh ta co thé chéo thuyén dén mot diém D nam giira
B va C sau d6 chay dén B. Biét anh ay c6 thé chéo thuyén vai toc do 6km/h , chay véi tée do 8km/h,
AC =3km, BC =8km va toc do dong nude 1a khong déng ké so vai tbe d chéo thuyén cua anh An. Tim
khoang thoi gian nhanh nhét (d@om vi: gio) &é anh An d&én B (két qua dugc lam tron dén hang phén tram).

\\\\
N\ \\
\ S
km NS
\\ \\
\ e
ot TB
e po

Loi giai
Pap an: 1,33
bat CD =x (km) (0<x<8), AD=+v9+x*
Gia sir dé di tir A dén B anh An boi thuyén tir A toi D sau d6 chay dén B.

VI + x? 8—x
6

, thoi gian di tr D toi B la: 5

Thoi gian boi thuyén tir A t6i D 1a;

):\/9+x2 +8—x_
6 )

Tong thoi gian la: f(x 5

Y [o:8].

Nij

8

f'(x)=0=x=

+

3 J73
S (=) 2 \ / %
ﬁ

1+ —
8

Tur bang bién thién, ta co min f (x) =1+€.

Vay thoi gian nhanh nhit dé anh An ditir A d&én B la 1+g ~1,33.
Cau 11. Mot ngudi néng dan dang ding ¢ goc A ctia mot canh dong hinh chix nhat ABCD c¢6 chiéu rong
AD =2 km va chiéu dai AB =6 km. Nguoi d6 mubn di dén goc d6i dien C . Nguoi ndng dan c6 thé di bo
trén canh dong co véi tbe do 4 km/h va di bo trén dudng doc theo canh CD véi téc @6 8 km/h. Bé dén C
nhanh nhét, nguoi d6 nén di theo duong thang tir A dén mot diém E nao do trén canh CD, sau d6 di bo
doc theo duong tir E dén C . Hoi diém E phai cach diém D bao xa dé tong thoi gian di chuyén 1a it
nhat?(két qua duoc 1am tron dén hang phan tram)
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A 6km B
2km
D X E C

Lai giai
Pap an: 1,16
Goi E 1a diém trén canh CD ma ngudi nong dan di t6i tir A,
Goi x la khoang cach DE (0<x<6).
Khoang cach di b¢ trén duong la EC =DC -DE =6-x.
Tacd AE* = AD* + DE®* =2° +X* =4+ X°
Suy ra AE =+4+x* (km)
Lai c6 EC =6-x (km)

V4+X

Thoi gian nguoi ndong dan di tr A t6i E lat,. = 2 (9io)
Thoi gian nguoi nong dan ditr E t6i C la t.. = %X (gio)
Téng thoi gian ngudi ndng dan di tir A d&én C 1a tong cua hai khoang thoi gian trén:
2
T(x) = 4+X N 6—-X
4 8
. X 1
Taco T'(X) = ——=—=.
Ia+x* 8
T'(X)=O<:>L—1=O<:> x=i£. Vi 0<x<6 nénsuyra x:&.
4J4+x* 8 3 3
Bang bién thién
2
« |0 3 6

T'(X) - 0 +
N

Vay dé téng thoi gian di chuyén it nhat thi diém E phai cach diém D mot khoang 1a % km~1,16 km.

Cau 12. Ban Hoa thudng di boi & hd Sky Garden canh nha, hd boi c6 thiét ké 1a mot hinh chit nhat véi chiéu
dai 25 m, chiéu rong 15,5 m va bén canh d6 1a mot hinh ban nguyét duong kinh 10 m. Trong mét lan bé
boi vang ngudi nén Hoa da thuc hién mot chu trinh 13 boi theo doan thang AC rbi boi tiép doan thang CM,
véi M 1a mot vi tri bat ky trén hinh ban nguyét. Ngay sau d6 ban di bo theo mot huéng qua diém D doc bo
cua ho boi dé quay lai vi tri A va két thlic chu trinh. (tham khao hinh vg).

0983.900.570 10 2025-2026



V % Céng Truong Toan 12_Bai toan thyc té vé ham so
10m
M

7
;
/
.
,
C g
)
%
2

15,5m

A

25m
Biét rang toc do boi ciia Hoa 1a 2,4 km/h, tdc do di bo 1a 4,8 km/h va tde do boi, toe do di bo khong thay

ddi trong mot chu trinh. Hoi thai gian cham nhat dé Hoa thuc hién xong chu trinh trén 1a bao nhiéu phut? (két
qua lam tron d&én hang phan chuc).
Loi giai

Pap an: 1,4 phut.
10m

15,5m

25m
. 2 4
boi 2,4 km/h :§ m/s; 4,8 km/h :§ m/s.

Quing dudng Hoa di hét mot chu trinh 13 AC +CM + MD + DE + EA.

Téng thoi gian Hoa thuc hién mot chu trinh 13 T = AC ZCM LMD+ ZE tEA
3 3
Do AC, DE, EA khong doi nén T khi CTM+¥=ECM +%MD dat gia tri I6n nht.
3 3

Pit MCD =, (O<a<%j: MOD = 2a.
3 3 15
Suy ra CM =10cos «, MD=10a:>§CM +Z MD=15c05a+?a.
, N X 15 VA
Xét ham so f(a):15COSa+?a, O<a<5

Taco f’(a):—lSSina+§, f'(a)=0<:>—15sina+%:O<:>a:%e(0;

NN

Lap bang bién thién cua ham sé f () trén khoang (0; %) taco n(wax f(a)=f (%)
ae 0;%

0983.900.570 11 2025-2026
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2 2 3(15+15,5 . i
Vﬁy Tmax :M+E(\/§+Zj+¥z83,9 glayzl,4 phut

2 2 6
Cau 13. Chao d6n nam méi 2025, Thanh phd trang tri dén led biéu twong hinh chir V duoc ghép tir cac
thanh AB =4m, AC =5m sao cho tam gi4c ABC vuéng tai B . Dé ting hiéu tmg, cac ky su di thiét ké mot
chudi led chay tir B xudng A véi téc 46 4 m/ phat va mot chudi led chay tir A 18n C véi téc d6 10 m/
phut. Sau khi dong ngudn dién thi ca hai chudi led dong thoi xuét phat. Hoi sau bao nhiéu gidy tir thoi diém
dong ngudn thi khoang cach giira hai diém sang dau tién cua hai chudi led 1a nho nhét ?
A

Sm
4m

Loi giai
Dap an: 16
B

A
Goi X (phut) 1a khoang thoi gian ca hai chudi led dong thoi xuat phat dén M va N 13 hai diém sang dau
tién

BM = 4x _
= AM =4-4x v6i 0<x<4
AN =10x
Xét tam giac ABC vuodng tai B = cos MAN ::—gzg

Xét tam giac AMN taco: MN? = AM? + AN? —2AM.AN.cos MAN
MN? = (4-4x)" +(10x)’ —2.(4—4x).10x.g =180x" —96x+16 = f (x)

Dé khoang cach gitta hai diém sang dau tién cta hai chudi led nhé nhit < MN, . < MN?

Xét f(x)=180x*—-96x+16 véi x [0;4]

n

f'(x)=360x-96=0< x:% — MN? dat gi4 tri nho nhat < x:% (phat) =16 (giay)

Vay sau 16 gidy thi hai diém sang dau tién cua chudi led c6 khoang cach nho nhat.

0983.900.570 12 2025-2026
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& BAI TOAN TOI UU LOI NHUAN|

@ Quy tic giai bai toan t6i wu lgi nhuin

Budc 1: Poc hiéu va phan tich dé bai
1. Xdc dinh ham doanh thu:

Doanh thu (R) 14 tong tién thu duoc tir viéc ban san pham, thuong c6 dang:

R(x)=px

Trong do:

x 1 s6 lugng san pham ban ra,

p 1a gia ban mot san pham.
2. Xadc dinh ham chi phi:

Chi phi (C) 1a téng chi phi san xuit ctiia doanh nghiép, c6 thé bao gdm chi phi ¢ dinh va chi phi thay doi
theo s6 luong san pham.

C(x)=C; +C,(x)

Trong do:

C, la chi phi c6 dinh,

C, (X) 1a chi phi thay ddi (tinh theo s lugng san pham X).
3. Ham lgi nhudn (L):

Loi nhuén la chénh 1éch gitra doanh thu va chi phi:

L(x)=R(x)-C(x)

Buéc 2: Xay dung mé hinh toan hoc

Dua vao céc cong thure da xac dinh ¢ budc 1, xdy dung ham lgi nhuin L(X) :

L(x)= p.x—(Cf +C, (x))

Budce 3: Gidi mo hinh toan hoc
1. Tim cyec tri, max — min ciia ham L(X)

Lap bang bién thién, tim cuc tri. Suy ra dai luong t1 uu theo dé bai
2. Kiém tra cuwc tri:

Dam bdo gia tri tim dugc la cuc dai
Budre 4: Tra 10i dap an va dién giai két qua

S6 lwong sin phdm téi wu 13 s6 luong ma doanh nghiép can san xuat va ban dé dat dwoc lgi nhudn téi
da.

Tinh duoc lpi nhudn t6i da bang cich thay gia tri X téi wu vao ham lgi nhuan L(X)

@ Luu y khi giai bai toan t6i wu lgi nhuén
e Don vi: Can chu v dén don vi cta céc dai lugng trong bai todn (nghin déng, triéu déng, chiéc, san
pham,...).
o Diéu kién thuc té: Kiém tra xem gia tri xxx toi wu c¢6 phit hop véi thuc t& hay khong (vi du: sd
lwong san pham phai 13 sé nguyén duong).
« Chi phi ¢6 dinh va chi phi thay ddi: Pam bao phéan biét giita chi phi ¢ dinh va chi phi thay dbi khi
l1ap phuong trinh chi phi.
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Vidu 5. Mot gia dinh dan lugi danh c4, mdi ngay dan duoc X mét ludi (1< x<18). Tong chi phi san

Xuit x mét ludi, tinh bang nghin dong, cho bai ham chi phi: C(x) = x® —3x?> —20x+500. Gia sir gia dinh lam
nghé dan lu6i ban hét san pham mdi ngay véi gia 220 nghin déng/mét. Goi L(x) 1a loi nhuan thu dugc khi
ban x mét lugi. Hoi loi nhuan tbi da ciia gia dinh dan ludi trong mot ngay (don vi tinh nghin dong)?
Loi giai
Pap an: 1200.
> S tién thu vé (doanh thu) khi ban x mét ludi 1a: R(x)=220x.
» Loi nhuan thu duoc khi ban x mét ludi la:
L(x) = R(X)—C(x)=220x — (x* —3x* — 20x +500) = —x* + 3x* + 240x — 500
> Xétham sé L(x) =—x° +3x +240x—500 véi x €[1;18]
x=10€[118
L'(x) =—3x*+6x+240; L'(X)=0< clL18]
x=-8¢[118]

Bang bién thién

— 7258 —1040
Viy gia dinh dan ludi trong mot ngay thu duoc loi nhuan tdi da 1a 1200 nghin dong khi dan 10 mét ludi
trong mot ngay.
Vidu 6. Mot doanh nghiép du dinh san xuat 200 may tinh bang danh cho hoc sinh. Néu doanh nghiép
d6 ban x may tinh bang (1< x <200, x €N) thi gid ban cho m&i may tinh bang 1a p(x)=4000-10x (nghin

1000 1 hin déng). Hoi
X

dong), trong d6 chi phi dé san xuat mdi may tinh bang la c(x)=x*—70x+400+

doanh nghiép do6 s& ban bao nhiéu may tinh bang dé loi nhuan cao nhat?.
Loi giai
Pap an: 60.
Ta c6 doanh thu cua doanh nghiép khi bdn x may tinh bang la
D(x)=x.p(x)=x(4000-10x) = 4000x —10x".
Chi phi ciia doanh nghiép dé san xuat x may tinh bang la
C(x)=xc(x)= x(x2 —70x+400+@j = x* —70x* +400x +1000.
X

Loi nhuan cta doanh nghiép khi bdn x may tinh bang la
L(x) = D(x)~C ) = 4000x —10x* —(x* — 70x* + 400x +1000) = —X* -+ 60X’ +3600x ~1000 .
Xét ham L(x)=—x’+60x +3600x —1000(1< x < 200;x € N) .

. , x=60 (N)
Co y'=-3x"+120x+3600. y'=0< .
x=-20 (L)

Ta c6 bang bién thién
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x |0 60 200
V' + 0 -
215000
Y / \b
0 —4881000

Dua vao bang bién thién ta thay doanh nghiép d6 s& ban 60 may tinh bang dé loi nhuan cao nht.

Vidu 7. Motnha may A chuyén san xuit mot loai san pham cho nha may B, nha may A chi ban san
pham cho nha may B va nha may B cam két thu mua hét s6 san phdm ma nha may A san xuit duoc. Nha
may A c6 kha ning san xuat duoc téi da 1a 200 tan san pham trong 1 thang. Néu bén ra x tan san pham cho
nha may B thi gia ban mdi tan san pham la 50—0,0002x? tri¢u dong. Trong mot thang nha may A phai chi
phi cho nhan cdng va chi cho khau hao may méc mot lwong ¢ dinh 1a 150 triéu dong, ngoai ra khi san xuat
mai tan san pham thi nha may phai chi phi thém cho mua nguyén liéu 1a 35 triéu déng. Biét rang nha may A
phai nop 5% doanh thu cho co quan thué. Tinh loi nhuan sau thué (loi nhuan sau khi d4 trir tién thué) 16n nhat
thu dwogc trong 1 thang caa nha may A (don vi tinh 1a ti dong va két qud lam tron dén hang phan tram).

Loi gidi

Dap an: 1,08.

Doanh thu cia nha may A khi ban x (0<x<200) tan san pham trong 1 thang la:
D(x)=x.(50-0,0002x").

Chi phi cho x tan san pham la: C(x)=150+35x.

Tién thué phai nop caa nha may A khi ban x tin san pham Ia T (x) = x.(50—0,0002x* ) .5%.

Suy ra loi nhuan sau thué cia nha may A la:

L(x)=D(x)—C(x)-T(x)=x.(50-0,0002x* ) - (150 +35x) — x.(50 - 0,0002x* ) 5% .

= L(x)=-0,00019x° +12,5x —150.

L'(x)=-0,00057x> +12,5.

L'(x)=0< —0,00057x* +12,5=0<> x~148,09 (Vi x>0).

L(0) =—150; L (148,09) ~1084, 06; L (200) =830.

Vay loi nhuan sau thué I6n nhat thu dugc trong 1 thang cia nha may A 1a 1084,06 triéu dong hay ~1,08
ti dong.

BAI TAP THAM KHAO

Cau 15. Mot ctra hang ca phé ban ca phé espresso, nhan thiy rang loi nhuan cia cra hang y (tinh theo don
vi triéu ddng/ngay) phu thudc vao gié ban x (chuc nghin ddng) mai ly espresso. Qua khao sat, ctra hang md
ta lgi nhuan theo ham sé sau: y =—2x* +36x% —90. Hoi cira hang nén chon mic gia mdi ly la bao nhiéu
nghin dong dé loi nhuan tbi wu nhat?
Loi giai
Pap an: 30
o 3 o {x=0
Taco y'=-8x"+72x Gial y'=0=
X=13

Vi db thi ham béc 4 trung phuong hé s6 a <0, ta chon x =3 d& ham sé dat cuc dai.

Viy gia ban dé t6i wu loi nhuan 1a 30 nghin dong/ly.
0983.900.570 15 2025-2026
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Cau 16. Mot ctra hang quan ao da thong ké s6 lwong quan 4o ban ra trong ngay thir x(1< x <30) cua mot

thang xac dinh tuan theo quy luat dugc mé hinh hoa boi ham s (x) = 3x* —54x +256. Hoi trong thang do,
c6 bao nhiéu ngay c6 sé luong quan 4o ban ra nhiéu hon ngay hom trudc?
Loi gidi
Pap an: 21
Tacod: f'(x)=6x-54;f (X)=0<=x=9
Ta c6 bang bién thién:

z 11 9 30
) - 0 +
205 1336
flx)
13

Vay, cac ngay trong thang ¢ sé lugng quan do ban ra nhiéu hon ngay hom trudc 12 tir ngay 10 dén ngay
30.

Khi d6 c6 30-10+1= 21 ngay thoa man yéu cau bai toan.
Cau 17. Doanh sb ban hang ciia mot loai san pham (chuc triéu dong) trong mét phién livestream béan hang

kéo dai sau gio theo quy luat ham sé f (t) = ﬂt,o <t <6 trong d6 thoi gian t duoc tinh bang gid ké tir khi
o?

bit dau livestream.

s f(0)

>

0 2 4 6
t

Khi d6, dao ham f'(t) s& biéu thi toc d6 ban hang. Hoi sau bao nhiéu gid ké tir khi bat dau phién livestream

thi doanh s6 béan hang la Ion nhat?
Loi giai

Pap an: 2
6-3t

t
2e?
f't)=0<=6-3t=0<=t=2
Ta c6 bang bién thién voi t €[0;6]:

Taco: f'(t) =

t 0

f® + 0 -

£ 7 T

I3
=3

Vay sau 2 gio ké tir khi bat dau phién livestream thi doanh sé ban hang 1 16n nhét.
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Cau 18. Gia st lgi nhuan cua mot cura hang tap hoa nho trong ngay thir x cua mot thang nao dé duoc cho
boi cong thirc h(x) =—2x2 +40x+700 (don vi: nghin d6ng). Gia sir thang d6 c6 30 ngay, héi ¢6 bao nhiéu
ngay trong thang do cira hang c6 lgi nhuan tang so véi loi nhuan ngay lién trugc do?

Loi giai

Pap 4n: 9
Taco: h'(x)=—4x+40; h'(x)=0< x=10.
Bang bién thién ciia h(x) trén doan [1;30]:

L1 10 30
W (x) + 0 —
900

h(x)

738 00

Duya vao bang bién thién, ta thiy ham loi nhuan h(x) c6 gi4 tri ting trén doan [1;10]. Do d6 cac ngay co
loi nhuan tang so véi ngay lién trude d6 1a tir ngdy 2 dén ngay 10.

Vay c6 10—-2+1=9 ngay.
Cau 19. Mot khach san ¢ 50 phong cho thué. Gia sir doanh thu (ttc 13 tong s6 tién thu duoc) 1a
T(x)= _3_18 X2 +2x (triéu dong) véi x 1a sé phong cho thué duoc. Hoi c6 bao nhiéu gia tri nguyén duong

cia X nam trong mién doanh thu T (x) tang?
Loi giai
Pap an: 38.
Ta co: T'(x):—%x+2;T'(x) =0 x=38.

r |p 33 50
F'(x) + 0 —
38
F(x)
650
0 19

Khi do, véi x € (0;38] thi T(x) tang.
Vay c6 38 gia tri nguyén duong x thoa man.
Cau 20. Gia str doanh sb (tinh bang sé san pham) ctia mot san pham méi (trong vong mot sé nam nhat dinh)

tun theo quy luat logistic dwoc mo hinh hoa bang ham sé f (t) = 15050 CL ,
+ o€

t >0 trong do thoi gian t dugc

tinh bang nam, ké tir khi phat hanh san pham méi. Khi d6, dao ham f'(t) s& biéu thi tdc do ban hang. Hoi
sau khi phat hanh bao nhiéu nam thi tdc do ban hang 1 16n nhat? (1am tron két qua dén hang phan muoi)
Loi giai
Pap an: 1,6
_ “tyr —t
Taco: f'(t) = 5000(1+ 5‘2 )" _ 25000¢ i
(1+5e) (1+5e™)

Téc d6 ban hang 13 16n nhat khi f'(t) 16n nhat.
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Pit h(t) = 22000
(1+ et )
. ~25000¢ " (1+5e™) ~2- (—5e-4‘ )-(1+5¢™)-25000¢ "
(1+ 5" )
_ —25000e " (1+ 5e )(1+ 5et —10e™ ) ~ —25000e " (1— et )
B (1+5¢)’ C (1+et)
~25000e " (1-5e ™) ) 1
h'(t) =0 < - =0 ©1-5"'=0<e' == <t=In5(tm)
(1+ 5e! ) S
Ta c6 bang bién thién véi t e [0;+0):
t 0 Ins 40
() N 0 _
) P~

Vay sau khi phat hanh khoang In5~1,6 nam thi thi tc 6 ban hang 13 16n nhat.
Cau 21. Mot xudng san xuat non bao hiém cé ham chi phi san xuat cho x chiéc non la
C(x)=0,01x?+20x+1000 (nghin d6ng). Gia ban mdi chiéc non 1a 50 nghin dong. Hay xac dinh s6 luong
non can san xuat dé xuong dat loi nhuan téi da.

Lo giai

Pap an: 1500

* Doanh thu tir viéc ban x chiéc non 1a: R(x) =50x (nghin dong)

* Loi nhuan 12 hiéu sé gitra doanh thu va chi phi nén

P(x)=C(x)—R(x) =50x—(0,01x2+20x+1000) = —0,01x2+30x —~1000..

* P'(x)=-0,02x+30

* P'(x) =0« x=1500.

* P"(x)=-0,02<0 véi moi x nén x=1500 la diém cuc dai.

* K&t luan: Xudng can san xuat 1500 chiéc nén bao hiém dé dat loi nhuan tbi da.
Cau 22. Gia sr tong chi phi san xuat x (0<x<50) don vi san pham A mdi ngay tai mot nha may duogc

2
cho béi cong thuc C(x) = XI+ 3x+400 (nghin ddng) va toan bo chiing duoc ban hét véi gia (900 —6x)

nghin déng mot san pham. Tim muc san luong (d6 1a s lwong san pham dugc san xuat) dé chi phi trung
binh tinh trén mdi don vi san pham 1a dat cuc tiéu.
Lo giai
Pap an: 40.
Ki hiéu C(x) 1a chi phi trung binh tinh trén m&i don vi san pham.

Tacé C(x)=c(x)=§+3+@.
X 4 X
2
bao ham: 5'(X):X;—i§00:0<:>X:40 (vi 0<x<50).

Béng bién thién nhu sau

0983.900.570 18 2025-2026



) ;s ,
VAV V6 Cong Truong Toan 12_Bai toan thuc té vée ham so

x 0 40 50
rod - 0 +
“+o00
c \/23, 5
23 %

Vay muc san lugng X =40.
Cau 23. Loi nhuan tong hang ngay (tinh theo d6 la) ma TKK Corporation thu dwoc tir viéc san xuét va ban
X dia DVD c6 thé ghi lai duoc cho boi ham loi nhuan
P(x) =—0,000001x +0,001x? +5x—500; 0 < x <2000

Tim mirc san xuat x dé loi nhuan hang ngay dat cuc dai. (lam tron két qua dén hang don vi)

Loi giai
Pap 4n: 1667
Tinh dgo ham P'(x): P'(X) =(-10°x* +10°x* +5x - 500)' =-3.10°x?+2-10°x+5

Xét P'(x)=0: —3.10°%* +0,002x+5=0=3.10"°x* —0,002x —5=0.
Chia ca hai vé cho 107°°: 3x? —2000x —5000000 =0
‘= 2000 + \/ 2000° + 4-3-5000000 ~ 2000+ /4000000 + 60000000

Giai phuong trinh bac hai: 2:3 6
_2000:++/64000000  2000+8000
6 6 '
Két qua: x, = 200028000 = 10200 ~1666,67, X, = 2000-8000 —1000 (loai)

Chon x =1666,67 (nam trong doan [0; 2000] ).

Lap bang bién thién ta suy ra duoc P dat cuc dai tai x ~1666,67 .

Pé loi nhuan hang ngay I6n nhat, TKK Corporation nén san xuat khoang 1667 DVD
Cau 24. Binh mirc cau mdi thang ciia dong ho deo tay Peget phu thudc vao gia don vi p theo phuong trinh
50

0.01x2 +1’
phai ban bao nhiéu nghin chiéc dé doanh thu R = px dat cuc dai?

cau p= 0<x<20 trong d6 p tinh bang d6 la va x tinh bang nghin chiéc. Hoi nha san xuat

Loi giai
Pap an: 10
Doanh thu R(x) 12 R(X) = p(x)x = —x

0,01x? +1

Tinh dao ham R'(x)
(0,01x* +1)-50-50x-(0,02x)  50(0,01x* +1-0,02x*) 50(1-0,01x*)

R'(x) = S . = ~;0<x<20
(0,01x* +1) (0,01x* +1) (0,01x* +1)
Giai R'(X)=0:1-0,01x? =0= x*> =100=> x =10
C6 bang xét dau:
x | 0 10 20
R ()| o0 -

Suy ra dugc ham s dat cuc dai tai x=10
Gia tri cuc dai la R(10) =250.
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Cau 25. Sau khi kinh té suy giam, gia thué vin phong cao ngat ngudong cudi thap nién 1990 bat dau ha nhiét.
Ham R(t) cho gia thué (USD/ ft*) ciia viin phong hang A & khu Back Bay va Financial District (Boston) tir
dau 1997 (t=0) dén dau 2002(t =5) la

R(t) =—0,711t° + 3,76t + 0,2t + 36,5, 0<t<5.

Hoi gia thué cao nhét trong giai doan nay la bao nhiéu? (1am tron két qua dén hang phan mudi)

Loi giai
Dap an: 52,8
Tinh dao ham R'(t) = (-0, 711t° +3,76t* +0, 2t + 36, 5)' =-2,133t% +7,52t +0, 2.

Giai R'(t)=0: —2,133t* +7,52t +0,2=0
Ap dung cong thic nghiém:
o 52+/7,52° ~4(-2,133)(0,2) _—7,52+./56,5504+1,7064 —7,52+7,632
2(-2,133) —4,266 4,266
—7,52+7,632 ~—0,03 (loai), t, ~ —7,52-7,632
—4,266 —4,266

Lap bang bién thién ta suy ra duoc ham sb dat cuc dai tai t ~ 3,55

Hay gia thué cao nhat 1a R(3,55) ~52,8USD/ ft?
Cau 26. Tran bong da giao hitu giira doi tuyén Viét Nam va Thai Lan & san van dong My Dinh c6 stc chira
55 000 khan gia. Ban t6 chirc ban vé véi gia mdi vé 1a 100 nghin dong, sé khan gia trung binh dén san xem
bong da 1a 27 000 nguoi. Qua tham do du luan, ngudi ta thdy rang mdi khi gia vé giam thém 10 nghin dong,
s& ¢ thém khoang 3 000 khan gia. Hoi ban té chirc nén dit gia vé 1a bao nhiéu dé doanh thu tir tién ban vé 1a
I6n nhat véi don vi tinh gia vé 1a nghin déng?

Hai nghiém thu dugc: t, = ~ 3,55.

Lai giai
Dap an: 95
Goi x (x>0) nghin la sé tién gia vé giam.
Khi d6 gia vé sau khi giam 1a 100—x (nghin dong).
Sau mdi lan giam gia thi c6 thém 300x khan gia.
Do d6 tong sé khan gia dén xem 1a 27000 + 300x.

Vi sén van dong cé suc chira 55 000 khan gia nén 27000 +300x < 55000 <> x < %

Doanh thu tir tién ban vé 1a: y = (27000+300x (100 — x ) =—300x” +3000x + 2700000
Yéu cau bai toan tré thanh tim gid tri 16n nhat ciia ham s6 y =—300x? +3000x + 2700000

Tap xac dinh D = (0;2—:0}

y'=-600x+3000. y'=0< x=5
Bang bién thién:

5
x |0 5 %‘0
v+ 0 -
2?0?500\
y
2@:0 2700000

Dua vao bang bién thién, ta thay ban té chic nén dit gia vé 1a 95 nghin ddng thi doanh thu tién béan vé 1a
I6n nhat.
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Cau 27. Mot ho gia dinh chuyén 1am thit tru siy kho dé ban, mdi ngay ho do san suat duoc x kg thit,

(1< x < 20) . Tong chi phi san xuat x kg thit trau kho, tinh bang nghin ddng, cho bai ham chi phi:

C(x) = X* —9x® +345x +450. Gia sir ho gia dinh nay ban hét s thit Iam ra mdi ngay vai gia 750 nghin
ddng/kg. Goi L(x) 1a loi nhuan thu duoc khi ban x kg thit trau siy khd. Hoi loi nhuan téi da ma ho gia dinh
nay thu duoc trong mot ngay?

Loi giai
Pap an: 4275
Sé tién thu vé khi ban x kg thit 1a: 750x..

Loi nhuan thu duoc khi ban x kg thit 1a: L(x) = 750x — (x° —9x* + 345x +450) = —x° +9x” + 405X — 450
Xét ham s6 L(x) =—x3 +9x* +405x—450 véi x e[1;20]
x=15€][1,20
L'(x) = —3x2 +18x+405; L'(x) =0 < clL20]
x=-9¢[1,20]

Bang bién thién

X 1 15 20
L'(x) + 0 _
v 275
e N
1) .
e .
377 *3250

Vay ho gia dinh san xuat thit kho nay thu dugc loi nhuan t6i da trong mot ngay la 4275 nghin dong khi
san xuat 15 kg thit trau kho trong mot ngay.
Cau 28. Gia sir doanh s6 ban hang (don vi triéu ddng) cua mot san pham méi trong vong mot sb nam nhat
dinh tuan theo quy luat logistic duoc m hinh héa bang ham s6 f (t)=1000(t* +me™*)vsi t >0 Ia thoi gian
tinh bng ndm ké tir khi phat hanh san pham méi, m la tham so. Khi d6 dao ham f'(t) s& biéu thi téc do
ban hang. Tinh tong cac gia tri nguyén &m caa m biét rang toc do ban hang ludn ting trong khoang thoi gian
10 nam dau phat hanh san pham.

Lo giai

Pap an: -3

Taco f'(t)=1000(2t—me™), f "(t)=1000(2+me™)

Téc d6 ban hang ludn ting trong khoang thoi gian 10 nam dau phat hanh san pham khi va chi khi ham sé
f'(t) ddng bién trén [0;10] < f"(t)>0 Vvt [0;10]

< 2+me” >0 Vte[0;10]< m>-2¢' vte[0;10] (1)

Xét ham g (t)=—2e' ludn nghich bién trén [0;10] = r[g;?g](g(t) =g(0)=-2

Do d6 (1)< m>-2

Suy ra tong cac gia tri nguyén am caa m bang —3.
Cau 29. Mot gia dinh dan ludi danh ca, mdi ngay dan duoc X mét ludi (1< x <18). Tong chi phi san xuat
x mét ludi, tinh bang nghin dong, cho boi ham chi phi:

C(x) = x® —3x* —20x+500.

Gia sir gia dinh lam nghé dan luéi ban hét san pham mdi ngay véi gia 220 nghin dong/mét.

Goi L(x) lalgi nhuan thu dugc khi ban x mét luai.

Hoi loi nhuan ti da cta gia dinh dan ludi trong mot ngay (don vi tinh nghin dong)?
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Loi giai
Pap an: 1200.
S6 tién thu vé khi ban x mét ludi 1a: 220x.
Loi nhuan thu duogc khi ban x mét ludi la:
L(x) = 220x — (x* —3x* —20x +500) = —x> + 3x* + 240x —500
Xét ham s6 L(x) =—x® +3x? +240x—500 Véi x €[1;18]

, 5 , x=10€[118]
L'(X) =—3x"+6x+240; L'(X)=0 =
X =-8¢[118]
Bang bién thién
7 | 1 10 18
1200
Y /
_ 258 — 1040

Viy gia dinh dan luéi trong mot ngay thu dugc loi nhuan téi da 1a 1200 nghin dong khi dan 10 mét ludi

trong mot ngay.

Cau 30. Mot khu vui choi giai tri gianh cho tré em dang c6 ké hoach diéu chinh gia vé dé tang loi nhuan.
Sau khi khao sét thi truong, ngudi ta xac dinh duoc rang: néu gié vé vao cira 1a 50000/ngudi thi trung binh
¢6 500 ngudi dén. Nhung néu ting thém 1000/nguoi thi s& mat 10 khach hang hoac giam di 1000/ngudi thi s& 6
thém 10 khach hang trong sé trung binh. Biét rang, trung binh, mdi khach hang con dem lai 5000 loi nhuan
trong cac dich vu di kém. Hoi gia vé vao cira 1a bao nhiéu nghin dong dé thu nhap 1a 16n nhét?

A

Loi gia
Pap an: 47,5 (nghin dong).

Goi gia vé vao cira sau khi diéu chinh 1a 50+ X ( nghin dong); diéu kién: 50+ x >0 < x> -50..

S6 khach hang dén sau khi diéu chinh gia vé 1a 500-10x (nguoi).

Khi d6 tong thu nhap 1a:
f (x) = (50 + X)(500—10x) +5.(500 ~10x)
=—-10x* —50x + 27500
Xét ham s6: f (x) =—10x* —50x + 27500
Bang bién thién:
X —50 =5

2

]
+
&

') + 0 -

, 55125
.r (.11-) / 5 \
5000 2 e

Dua vao bang bién thién, taco f (x)dat gia tri I6n nhét tai x = —g.
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Vay dé thu nhap 16n nhat thi gia vé vao cua la 50—2 = 47,5 (nghin dong).

Cau 31. Mot ctra hang c6 ban loai san pham A . .Khi cira han ban san pham A véi gia 400 ngan dong thi mai
tuan ctra hang ban dugc 200 san pham. Cira hang du dinh c6 dot giam gia ban dé kich cau trong dip 18 sip
t6i. Theo khao sat thi trudng, mdi 1an giam gia 20 ngan ddng 1 san pham thi ctra hang ban thém duoc 20 san
pham mdi tuan. Hoi cira hang can ban mot san pham vai gia bao nhiéu ngan ddng thi doanh thu trong 1 tuan
I6n nhat.

Loi giai

Pap an: 300.

Goi x la s lan giam gia (0 < x < 20).

Suy gia ban mot san pham la: (400—20x).

S6 san pham ban ra trong tuan 1a: 200+ 20x

Doanh thu trong tuan la f (x) = (200+ 20x).(400—20x), 0< x < 20

f (x) = (200+ 20x).(400 — 20x) = 20.20.(10 + x) (20— x) = 400.(—x* +10x + 200).

Tacd f'(x)=400.(-2x+10)=0 <> x=5.

f (x) dat GTLN trén (0;20) khi x=5.

Vay gia ban san pham cua cira hang dé doanh thu trong 1 tuan I6n nhét la 400—20.5=300 ( ngan dong)
Cau 32. Mot trang trai rau sach & Da Lat mdi ngay thu hoach duoc 1 tan rau. Néu gia ban rau 1a 30000
dong/kg thi 1 tan rau thu hoach duoc ban hét. Néu gia ban rau cao hon 30000 dong/kg thi khdng ban hét 1
tan rau. Ctr ban ting thém 1000 dong cho 1 kg rau, sb rau thira lai ting thém 20 kg. S6 rau thira nay duoc
Mot co s chan nudi thu mua hét d&é 1am thire dn chin nudi véi gia 2000 dong/kg. Hoi dé mdi ngay thu duoc
s6 tién béan rau 16n nhat thi trang trai d6 nén ban rau véi gia bao nhiéu nghin ddng?

Léi giai

Dap an: 41.

Goi X (nghin d6ng) la sé tién can ting gia ban cua mdi kg rau.
Suy ra gia ban mdi kg rau 12 30+ x (nghin dong)

Khi d6 mdi ngay trang trai ban dugc 1000 —20x kg rau.

Piéu kién 0< x <50 va x la sb ty nhién.

MJi ngay trang trai thu duoc s tién béan rau la:
L(x)=(1000+20x)(30+ x)+20-X- 2 (nghin dng)

Hay L(x)=-20x’+440x+30000
L(x) Iaham bac hai c6 he s6 a=-20<0 vadinh la 1(11;32420) nén L(x) dat gia tri I6n nhat tai x =11

Vay gia ban mdi kg rau 1a 41 (nghin dong) thi s tién béan rau cua trang trai trong mdi ngay 12 16n nhat
Cau 33. Tai mot nha méy, khi san xuat va ban ra x san pham A (0 <x<250) trong mét thang thi tong chi

phi ma nha may phai tra 1a C(x)=0,00024x° —0,03x* +5x+30 (triéu déng) va doanh thu twong tng la
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D(x)=-0,01x* +16x— 25 (triéu dong). Hoi trong mét thang, loi nhuan 16n nhat ma nha méay do c6 thé thu

duoc nho vao san xuat va ban san pham A bang bao nhiéu triéu dong? (Lam tron két qua dén hang don vi).
Loi giai
Pap an: 1237.
Loi nhuan trong mét thang cua doanh nghiép khi san xuat va ban ra x san pham A Ia

R(x)=D(x)-C(x)
=(-0,01x* +16x - 25) - (0,00024x° - 0,03x’ +5x +30)
=-0,00024x° +0,02x? +11x — 55
Xét ham s6 R(x)=-0,00024x* +0,02x* +11x~55 vdi x €[0;250], ta c6
R’(x) =-0,00072x’ +0,04x +11;

1007130 + 250

: 9
R'(x)=0< -0,00072x° +0,04x +11=0 < 100, 250
9
Véi x €[0;250] ta duoc x = 100*/13?““ 230 _ 154, 463...
Ham R(x) lién tuc trén [0;250] vata c6
R(0)=-55; R[lOOJlS?+ 250] =1236,796...~1237 ~ R(154) ~ R(155); R(250)=195.

Suy ra lgi nhuan 16n nhat ma nha may thu dwoc vao khoang 1237 (triéu dong) khi x =154 hoac x =155.
Céau 34. Doanh thu (Revenue) cua mot cdng ty bat dong san khi ban can ho thi n ( n nguyén dwong, nho
(n—4)(n —30)2

100
ban ra, cin ho thir bao nhiéu cho doanh thu thap nhat?
Loi giai

hon 200) dugc cho béi ham s6 R(n)= +36 (triéu dong). Trong 100 cin ho dau tién dugc

bap an: 1.

R(n) =i(n—4)(n2 —60n+900)+36 =i(n3 —64n” +1140n—3600) + 36
100 100

Co R'(n)= ﬁ(an2 ~128n+1140) <> n = 3_:;3;n =30
38
n |1 3 30 100
R'(n) + 0o -0
41876 4740
R)lyo, 77 — o5 \ 36 /

Duya vao bang bién thiéntacon =1
Céau 35. Gia sir gia cua mot ¢d phiéu nao do (tinh bang euro) trong mot ngay nhit dinh (cé 8 gid giao dich)
dugc mo ta boi ham so: f (x) =35, 7%;x [0;8], trong d6 x la thai gian (tinh bang gio) ké tur khi phién
X2 +
giao dich m¢ cira. Néu mot nguoi mua 100 ¢6 phiéu va ban chiing ngay trong ngay nay thi ngudi d6 c6 1oi
nhuan téi da 13 bao nhiéu euro?
Lo giai
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Dap an: 255

2 _ 2
Taco f(x)=35,7. "2 2X(x+2) _gq 5 X —Axi 2L
(x*+21) (x*+21)
=3
Xét f'(x):Oc{X
X=—7
Két hop voi x €[0;8] thi x=—7 (loai)
€T 0 3 8
F(x) + 0o -

5,95
F@) |3 0— =42

Gia thap nhit dé mua 1 ¢ phiéu 14 3,4 va gia cao nhat dé ban 1 ¢ phiéu 1a 5,95.
Vay loi nhuan téi da cua 1 ¢6 phiéu 145,95 — 3,4 = 2,55.
Vi ngudi d6 mua 100 ¢ phiéu nén ngudi d6 c6 loi nhuan tdi da 1a 255 euro
Cau 36. Nhamay A chuy@n san xuat mot loai san pham cung cap cho nha may B . Hai nha may thoa thuan
rang, hang thang nha may A cung cap cho nha may B sb lugng san pham theo don dit hang cua B (ti da
100 tan san pham). Néu s6 luong dat hang 1a x tan san pham thi gia ban cho mdi tan san pham la
P(x)=45-0,001x (triéu dong). Chi phi && A san xuét x tan san pham trong mot thang gom 100 tri¢u

ddng chi phi ¢ dinh va 30 triéu ddng cho mai tan san pham. Nha may A can ban cho nha may B bao
nhiéu tan san pham mai thang d¢ loi nhuan thu dugc 1 16n nhat? (két qua 1am tron dén hang phan muoi).

Léi giai

Pap an: 70,7.
Chi phi & A san xuat x tan san pham trong mét thang 1a C(x)=100+30x (triéu dong).

Doanh

thu khi nha may A ban hét x tin

XP(x)=x(45-0,001x* ) = 45x—0,001x".
Loi nhuén thu duoc la: L(x)=45x-0,001x’ —(100+30x) =-0,001x° +15x—100.

Taco: L'(x)=-0,003x* +15=0 < {

X~ 70,7
X~-70,7

Bang bién thién:

X

0 70,7 +o0

/\

pham cho nha may B &

Nhu vay, nha may A can ban cho nhaméay B 70,7 tin san pham mdi thang dé loi nhuan thu duoc 1a Ion

nhat.

Cau 37. Nha may A chuyén san xuat mot loai san pham cho nha may B; Hai nha may thao thuan rang, hang
thang nha may A cung cap cho nha may B s6 lugng san pham theo don dat hang ciia nha may B (t6i da 90
tan san pham). Néu sb luong dat hang 1a x tin san pham thi gia ban cho mdi tan san pham la

p(x) =90—0,01x? (don vi triéu ddng). Chi phi dé nha may A san xuat X tan san pham trong mot thang 1a

C(x)= % (200+27x) (don vi triéu dong), thué gia tri gia ting ma nha may A phai déng cho nha nudc la

10% tong doanh thu mdi thang. Hoi mdi thang nha may A thu dugc lgi nhuan cao nhat 1a bao nhiéu trigu
dong (sau khi da trir thué gié tri gia tang)?
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Lo giai
Pap an: 2150
Goi x 1 s6 tAn san pham nha may B dit hang nha may A hang thang (0 < x <90)
Téng doanh thu hang thang cua nha may A 1a xp(x) =90x —0, 01x° (triéu dong)
Thué gié tri gia ting ma nha may A phai dong cho nha nudc 1a 9x —0,001x (triéu ddng)

Téng chi phi ma nha may A phai chi tra hang thang 1a %(200+ 27x) + (9x—0,001x°) (triéu dong)
Khi d6, 1oi nhuan hang thang cia nha may A la
(90x—0,01x%) — % (200+27x) — (9% —0,001x%) = —0,009x° +67,5x —100 (triéu dong)

Xétham s6 f (x) =—0,009x% +67,5x—100 , x €[0;90]
Taco: f'(x)=-0,027x*+67,5.

F(X) =0 {X =30 A £(0) =100, f (50) = 2150,  (90) = _586.
X =50 (1)

Vay mdi thang nha may A thu duoc lgi nhuan cao nhat 1a 2150 triéu dong.
Cau 38. Mot ho kinh doanh san xuat méi ngay dugc X san pham, (1< x < 20). Chi phi san xudt x san pham
dugc cho bsi C(x)=x>—3x*+80x+500 (nghin dong). Gia st ho kinh doanh nay ban méi san pham vei
gia 320 nghin doéng. Loi nhuan I6n nhat ma ho kinh doanh cé duoc la bao nhiéu trigu dong? (lam tron két
qua dén hang phan mudi).

Loi gidi
Dap an: 1,2.
Doanh thu t6i da ma ho kinh doanh c6 thé thu duoc 14 320x (nghin dong).

Loi nhuan h kinh doanh thu dugc 13 L(x) =320x—( x> —3x* +80x +500) = —x° +3x” + 240x—500.
L 5 x=10

Taco L'(x)=-3x"+6x+240=0= _

Bang bién thién

x 0 10 o0

L'(x) + 0 -

L(x) / 1200 \

Vay loi nhuan 16n nhat ma ho kinh doanh c6 dugc 1 1200 nghin ddng=1,2 triéu dong.
Cau 39. Tir ndm 2004 dén ndm 2019 doanh thu R(t) (tinh bang triéu d6 la) cia McDonald’s ¢ thé dugc
mo hinh hoa bsi R(t)=-130,769t° + 2296, 47t* —11493,5t + 35493 (4 <t <19), trong d6 t la dai di¢n cho

nam, véi t =4 twong tng véi ndm 2004. Biét rang R'(t) 1a ham toc do doanh thu theo thai gian. Toc do
thay doi doanh thu ciia McDonald’s 16n nhat vao nam nao? (Két qua 1am tron dén hang don vi, tinh theo
triéu d6 la mdi nam).
Lai giai
Dap an: 2006.
Ta c6 ham toc do doanh thu la R'(t)=-392,307t* +4592,94t —11493,5
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R'(t)=—784,614t+4592,94=0 <t~6 (nhan).
Ta c6 bang bién thién cua ham s
t l 6 19

R"(t) t 0
1941

R'(t)

601 65851
Duya bao bang bién thién ta thay rang toc do thay d6i doanh thu ciia McDonald’s 16n nhat vao nam 2006

(twong ung voi t=6).

Cau 40. Mot nha méay san xuit x san pham trong mdi thang. Chi phi san xuit x san pham duoc cho boi

ham chi phi C(x)=16000+500x—1,6x* +0,004x° (nghin dong). Biét gia ban ciia mdi san pham la mot

ham s6 phu thudc vao so lugng san pham x va duoc cho béi cong thic p(x)=1700—7x (nghin dong). Hi
mdi thang nha méay nén san xuét bao nhiéu san pham dé loi nhuan thu dwoc 1a 16n nhat? Biét rang két qua
khao sat thi truong cho thiy san pham san xuét ra sé tiéu thu hét.
Loi giai

Pap an: 100.

+) S6 tién nha may thu dwgc khi ban hét x san pham Ia: x.p(x)=1700x—7x* (nghin dong)

Loi nhuan nha may thu dwoc khi san xudt va ban hét x san pham Ia:
X.p(x)—C(x)=-0,004x> -5,4x* +1200x ~16000 (véi x>0).

+) Xétham so f (x)=—-0,004x° -5, 4x* +1200x—16000 trén (0;+w)

x =100
Taco f'(x)=-0,012x*-10,8x+1200; f'(x)=0<
X =-1000
Bang bién thién
10 100 +00
f(x) + 0 -
6000

— —
—16000 T

Tir bang bién thién, suy ra max f (x)= f (100) = 46000 (nghin dong).

Vay mdi thang nha may nén san xuat 100 san pham thi loi nhuan thu duogc 12 16n nhat.
Cau 41. Gia sir doanh sé (tinh bang sé san pham) ciia mot san pham méi (trong vong mot s6 nam nhat dinh)
5000
1+5e’

tuan theo quy luat logistic duoc md hinh hod bang ham sé f (t) = t >0 trong d6 thoi gian t duoc

tinh bang nam, ké tir khi phat hanh san pham méi. Khi do, dao ham f'(t) s& biéu thi tbc d¢ ban hang. Hoi
sau khi phat hanh thi tc do ban hang dat 16n nhét bang bao nhiéu?
Loi gidi
Pap an: 1250
5000 5000
1+5e"  e'+5

Taco f(t)=
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t 5000¢' (&' +5)-5000e  25000.¢'

(e‘ +5)2 (et +5)2

25000.".(¢' +5) ~50000£". (¢! +5).¢
) (e +5)

25000.'.(e' +5).(e' +5-2¢')  25000¢".(5-¢')
) (e +5) C (e+s)

C6 f"(t)=0<=5-e'=0<t=In5.
Ta c6 bang bién thién

’ 0 In5 + o0
S + 0 _
1250

[ 6250
/ \p

Dua vao bang bién thién ta cd téc do ban hang 16n nhat 1a 1250.
Cau 42. Mot doanh nghiép du dinh san xuat khong qué 500 san pham. Néu doanh nghiép san xuat x san
pham (1< x <500) thi doanh thu nhan duoc khi ban hét s6 san pham d6 1a
F(x) = x> —1999x* +1001000x + 250000 (d6ng), trong khi chi phi san xuat binh quan cho mét san pham la

= f >0,vVt>0

= (1)

G(x) = x+1000+ 250000 (d6ng). Doanh nghiép can san xuat bao nhiéu san pham dé loi nhuan thu dugc la
I6n nhat?
Loi gidi
Pap an: 333.
Ta xét ham loi nhuan néu doanh nghiép san xuat x san pham (1<x<500) Ia:
f(X) = F(X) = xG(X) = X* —~1999x° +1001000x+250000—x(x +1000+ 250000)
X

— % 2000% +1000000X ;
£/(x) = 3%* —4000X +1000000;
x =290 _ 333 33 [1:500]
F(0=0s| 3 .
x =1000 ¢ [1; 500]

Ta lap bang bién thién ciia ham s trén doan [1,500]

* e 1 @ 500 1000 oo
£(x) + 0 - 0~
@ / \ \

Tir bang bién thién, ta c6: Maxf (x) = f
[1;500]
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Vi x 12 56 tu nhién, nén ta tinh thém hai gid tri ciia x lién ké @:

f (333) ~148148037; f (334) ~ 148147704,

Do d6 doanh nghiép loi nhuan thu dwoc 13 16n nhat khi san xuat 333 san pham.
Cau 43. Mot doanh nghiép du dinh san xuat khong qua 300 san pham. Néu doanh nghiép san xuit x san
pham (1< x<300) thi doanh thu nhan duoc khi ban hét s6 san phdm d6 la F (x)=-2x*+1312x (nghin

40000 (nghin

dong), trong khi chi phi san xuat binh quan cho mot san pham 13 G (x) = x* —77x+1000 +

d6ng). Loi nhuan thu dwoc cia doanh nghiép (tinh theo don vi triéu déng) dat gia tri I6n nhit bang bao nhiéu
(1am tron két qua dén hang don vi).
Loi giai
Pap an: 38.
Chi phi san xuat cho x san pham 1a xG (x) = x> — 77x* +1000x + 40000 (nghin dong).
Loi nhuan thu dugc cua doanh nghiép:
h(x) =-2x* +1312x—(x3 —77%° +1000x+40000) =—x%+75x? +312x—40000 (nghin dong).
Taco: h'(x)=-3x*+150x+312.
X =52
Xéth'(x):Oc{ .
X=-2
Bang bién thién:
X 1 5
h'(x)

+
h(x) /. 38416 \

Vay lgi nhuan 16n nhat cia doanh nghiép khoang 38 tri¢u dong.
Cau 44. Mot doanh nghiép du dinh san xuit khéng qua 400 san pham. Néu doanh nghiép san xuit x san
pham (1< x < 400) thi doanh thu nhan dugc khi ban hét s6 san pham 1a

F (x) = x> -1999x’ +1001000x + 250000 ( ddng).Trong d6, chi phi van hanh may moc cho mdi san pham Ia
100000x

(]

300

=

G(x) = dong. Téng chi phi mua nguyén vat liéu 1a H (x) = 2x* +100000x —50000 ( dong) nhung

—X+1
2

do doanh nghiép mua véi sb lugng 16n nén dugc giam 1% cho 200 san pham dau tién doanh nghiép san xuat
va giam 2% cho san pham tiép theo. Doanh nghiép can san xuét bao nhiéu san pham dé loi nhuan thu duoc
la I6n nhat ?
Loi giai

Dap an: 253

Ta co6 chi phi

H (200) = 35950000

H (x— 200) = 2(x — 200)* +100000(x — 200) —50000, vi 400 > x > 200

Ta ¢6 loi nhuan thu dugc tinh nhu sau:
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2
x* —1999x? +1001000x + 250000 — 10??000)( - 99 (2x* +100000x —50000), khi 0 < x < 200
—X+1
H0= :I.O%OOOX2 99 98
x* —1999x* +1001000x + 250000 — - H (200) ——H(x-200), khi200 < x <400
100 100
—X+1
*, Xét truong hop khi 0<x <200
2
f () =-0,98x% —1999x* +902000x + 299500 — M
X+
= f'(x)= —26,46x"* —36017,28x° +8070912, 24x* +10080008x + 3608000
(3x+2)?
= f'(x)=0< x~196,98
BBT:
X 0 196,98 200
£(x) [ + 0 = i
W 79,834.10° //
*, Xét truong hop khi 200 < x <400
2
f(x) =-0,96x>—823x" + 6678OOX—115OO—M ,200 < x <400
3X+2
2
= £(x) = -2,88x" ~1646x+ 667800 - 00 00X_+300000x
(3x+2)
= f'(x)=0<x=25311
BBT:
x 200 25311 400
FO L+ o - 77
i 83,894.10°
/(%)

Vi s6 san pham san xuat dugc 1a s6 tw nhién, tir BBT trén ta so sanh f (253) va f (254)
Tac6: f(253)~83893648,05 va f (254)~83892445,32
Vay doanh nghiép can san xuat 253 san pham thi loi nhuan Ia Ién nhat
Cau 45. Chi phi xuat ban x cudn tap chi (bao gom: luong can b, cdng nhan vién, gidy in...) duoc cho boi
) Xz ) T(X
C(x)=x*—2000x+10° dong. Chi phi phat hanh cho m&i cuén Ia 4 nghin dong. M (x) =L voi T(x)
X
la tong chi phi (xuat ban va phét hanh) cho x cudn tap chi, duoc goi la chi phi trung binh cho mot cudn tap
chi khi xuat ban x cudn. Khi sé lugng cudn tap chi phat hanh cuc Ién thi chi phi trung binh cho mdi cuén
tap chi M (x) s& tiém can véi dudng thang c6 phuong trinh dang y =ax+b. Tinh P =68a+3b+800.
Loi giai
Dap an: 6868.
Theo gia thiét, ta co:
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T (x) =C(X)+4000x = x + 2000x +10° (dong).

8
M (x):mzx+£+2000.
X X

lim [ M (x)—(x+2000) | = lim [x+@+2000—(x+2000)}: lim {@}zo.

X—>+00 X—>+00 X X—+0| X

8

Khi d6 db thi ham s6 M (x)= X+ 4 2000 c6 1 tiém can xién la y = x+2000.
X

Khi s6 lugng cudn tap chi phat hanh cuc 16n thi chi phi trung binh cho mdi cudn tap chi M (x) s& tiém can
v6i duong thing y = x+ 2000 .

Suy ra )
i {b:ZOOO

Vay P =68a+3b+800=68-1+3-2000+800 = 6868 .
Cau 46. Mot cong ty chuy@n san xuat dung cu thé thao nhan dugc don dat hang san xuat 9000 qua bong ro.
Cong ty c6 mot s6 may mac, mdi may cd kha nang san xuat 36 qua bong rd trong mét gid. Chi phi thiét lap
mdi may la 250 nghin ddng. Sau khi thiét lap, qué trinh san xuat s& dién ra hoan toan tu dong va chi can c6
ngudi giam sat. Chi phi tra cho nguoi giam sét 1a 225 nghin ddong mdi gio. S6 may moc cong ty can sir dung
dé chi phi hoat dong dat murc thap nhat 1a bao nhiéu?
Loi gidi

Dap an: 15
Goi s6 may mac cong ty can str dung dé san xuat 9000 qua bong rd 1a: X (x>1x e Z).
Chi phi thiét 1ap mdi may la 250 nghin dong nén chi phi thiét Iap x may la 250X nghin dong.
Do mdi may san xuét trong 1h dugc 36 qua bong ré nén x may trong 1h s& san xuat duoc 36X qua.
Dé san xuat 9000 qua bong thi can % _2%0 (h).
X X

Chi phi tra cho nguoi giam sat 1a 225 nghin déng 1h nén chi phi can tra cho nguoi giam sét 1a: 225,220
X
nghin dong.

225.250

Tong chi phi phai tra dé san xuat 9000 qua bong 1a:  (x) = 250x +

Taco: f'(x)=250—

225.250  250x° —225.250 {x =-15
= =0

x? x=15
BBT:
X 1 15 +a0
S'(x) - 0 +
S v

8

Tu BBT taco f(x)dat gi tri bé nhat tai x =15.

Vay s6 may moc cong ty can si dung dé chi phi hoat dong dat mirc thap nhat 1a 15.
Cau 47. Mot nha xuét ban nhan in 4000 4n pham. Nha xuit ban c6 tt ca 14 méy in duogc cai dat, hoat dong
tu dong va giam sat bai 1 ki su. Mdi mdy in c6 thé in duoc 30 4n pham trong mot gid. Chi phi cai dit may in
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la 12 USD cho mét may, chi phi giam sat 1a 9USD maét gio. Tinh sé may in nha xuat ban nén st dung dé chi
phi in 12 nho nhat ?

Loi gidi
Pap an: 10
Goi x (0<x<14) la s may in can sir dung d¢ in 16 hang.
Chi phi cai dat 12 12x .

S6 gid in hét s6 4n pham la 4000 (gio), chi phi giam sét la 4000 9 —@ (USD)
30x 30x X
Téng chi phiin Ia P(x)=12x+ 22
X
1200
P’ 1
(x)=12-=
x=10
P'(x)=0< x* =100 :
x=-10 (L)
Bang bién thién:
+ 0 10 14

P'®) N

P(x) \ P(lﬂ:/ /j

Vay dé chi phi in nho nhat thi s6 may phai sir dung 1a 10 may.
CAau 48. Gia sir chi phi dat hang va van chuyén C (don vi: triéu dong) ciia mét linh kién duoc sir dung trong
19200000 27x%

+
X2 X +3000
kién dugc dat hang va van chuyén. Tim x dé chi phi dat hang va van chuyén cho mdi linh kién trén 1a nho
nhat.

san xuat mot san pham duoc xac dinh theo cong thic C = ,Xx>1. Trong 6 X lasé linh

Loi giai
Pap an: 2400.
19200000 27X
> Xx=>1
X x +3000
38400000 N 81000
X* (x+3000)°

38400000 81000

3

X (x+3000)"

Xétham sé C(x) =

Tacod C'(x)=—

C'(x)=0<

>12800( x+3000)° = 27x° < x = 2400.
Ta c6 bang bién thién

T 1 2400 +00

] - 0 +

I
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Vay chi phi dat hang va van chuyén cho mai linh kién trén 1a nho nhat khi x = 2400 .
Cau 49. Mét cong ty san xuét dung cu thé thao nhan dugc mot don dit hang san xuat 300.000 qua béng
Pickleball. Cong ty nay s& hitu mot sé6 may mac, mdi may cé thé san xuit dugc 60 qua bong trong mot gio.
Chi phi thiét 1ap may nay 1a 125 ngan dong cho mdi méay. Khi duoc thiét 1ap, hoat dong san xuat s& hoan
toan dién ra ty dong dudi sy giam sat. Sb tién phai tra cho ngudi gidm sat 1a 90 ngan ddng mot gio. S6 may
moc cong ty nén st dung 13 bao nhiéu dé chi phi hoat dong 1a thap nhat?

Loi gidi
Dap an: 60.
Goi x(xeN,x>0)lasé may moc cong ty sir dung dé san xuat.
300.000

Thoi gian can dé san xuat duoc 300.000 qua bong la

Tong chi phi cho san xuat la: T (x) = 30:(’)000 90+125x = 450.000
X X

+125x

Tach T’(x)=—45(3('2000+125:>T'(x)=0<:> X =60

T'(x) - 0 +

T(x)

15.000

Vay nha may phai st dung 60 may dé chi phi hoat dong la thap nhat

Cau 50. Néu mot doanh nghiép san xuit x san pham trong mot thang (x e ¥ *; 1< x <4500) thi doanh thu
nhan dugc khi ban hét s6 san pham d6 1a F (x)=-0,01x* +300x (nghin dong), trong khi chi phi san xuét
30000

binh quan cho méi san pham 13 G(x) = +200 (nghin d6ng). Gia sir s6 san pham san xuat ra luén

duoc ban hét. Trong mot thang, doanh nghiép d6 can san xuét it nhat bao nhiéu san pham dé lgi nhuan thu
dugc Ién hon 100 triéu dong?
Loi gidi
Pap an: 1536
30000
X

Tong chi phi san xuat x san pham l&: C(x)=xG(x)= x.( + 200) =30000 + 200x .
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Loi nhuan P(x) thu duoc khi ban x san pham la:
P(x)=F(x)—C(x)=-0,01x* +100x —30000.

D lgi nhuan I6n hon 100 trigu ddng thi P(x)>100000 <> —0,01x* +100x —130000 > 0

<1535,9 < x < 8464,1.

Két hop véi didu kien x e¥"; 1< x<4500.

Suy ra 1536 < x <4500.

Vay doanh nghiép can san xuat it nhat 1536 san pham dé loi nhuan thu duoc 16n hon 100 triéu ddng.
Cau 51. Giam d6c mot nha hat A dang phéan van trong viéc xac dinh mirc gia vé xem céc chuwong trinh dugc trinh
chiéu trong nha hét. Viéc nay rat quan trong no s& quyét dinh nha hat thu dugc bao nhiéu lgi nhuan tir cac budi trinh
chiéu. Theo nhitng cudn sé ghi chép cia minh, 6ng ta xac dinh dugc rang: néu gia vé vao cira 1a 20USD/ ngudi thi
trung binh c6 1000 nguoi dén xem. Nhung néu ting thém 1USD / nguai thi s& mat 100 khach hang hoac giam di
1USD / nguoi thi s& ¢6 thém 100 khach hang trong s6 trung binh. B iét rang, trung binh, mdi khach hang con dem lai
2 USD lgi nhuan cho nha hét trong cac dich vu di kém. Hay gitp giam d6c nha hat nay xac dinh xem can tinh gia vé
VAo cira 1a bao nhiéu dé thu nhap 1a 16n nhat.

Loi giai

Pap an: 14

Goi gid vé sau khi diéu chinh 12 20+ x( DK: x >—20)
S6 khéch 1a: 1000 —100x

Téng thu nhap
f(x)=(20+x+2)(1000—100x) = (22+x)(1000-100x ) = —100x* —1200x + 22000
Bang bién thién:

T [-20 . o
f'(z) * 0 2

(-6)
f(z) / 6\

£(-20) @

Jpex )f(x) = f(—6).Suyragiavéla: x+20=20-6=14 USD
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@ BAI TOAN THIET KE TOI UU (Cuc tri hinh hoc: d§ dai, khoang cach, dién tich, thé tich,...)
@ Quy tic gii bai toan thuc té vé thiét ké t6i wu

Budéc 1: Doc hiéu va phan tich dé bai
« Trong yéu ciu bai toan thuong c6 cum tir: dg dai, khodng cach, dign tich hay thé tich lén nhdt (nhé
nhat)
Buéc 2: Xay dung moé hinh toan hoc
« Goi bién s6 vasuy ra cac dai luong tuong Gmg. .
e Lap ham biéu thi dai lugng can xac dinh theo yéu cau cua dé bai.
Budce 3: Gidi mo hinh toan hoc
 Tim cuc tri hay max — min theo yéu cau cta dé toan.
 Kiém tra diéu kién cua bién (néu can)
Budc 4: Tra 1oi dap 4an va dién giai két qua
o Két luan bang 101, kém don vi.

Vidu 8. Mot nha san xuat mudn thiét ké mot chiéc hop cé dang hinh hop chir nhat khéng ¢ nip, c6 day 1a hinh

vudng va dién tich bé mat bing 108 cm® nhu hinh bén dudi. Tim chiéu cao cua chiéc hop sao cho thé tich cua chiée
hop 1a 16n nhit.

Lai giai
Pap an: 3
Hinh hop trén c6 d¢ dai canh day 1a x(cm,x >0 va chiéu cao la h(cm, h > 0)

108 - .X'Z ( Cm)

Dién tich bé mat cua hinh hop 1a 108 cm® nén x° +4xh =108 = h = n
X

(didu kién 0 < x <+/108).

) 1 a2 1 a3
Thé tich cia hinh hop la: V =x? -h = x*- oi ¥ _108x-x (cm3).
x

3
- . N X
Cau toan tr¢ thanh tim gia tri I1én nhat caaham so V = vy +27x(0< x <+/108)

_ 2
Ta co: vew,w:o@x:a (do 0<x <+/108)

Lap bang bién thién cua ham sé:

|0 6 V108
Vv’ + ] -

Vip——"" =0

Do d6, thé tich cua chiéc hop 1a Ion nhat khi d6 dai canh day x =6 cm
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_ 2
Khi dé, chiéu cao cua chiéc hop Ia: 103 66 = 3( cm).

Vidu 9. Dé tich trit nu6c ngot sinh hoat chuan bi cho mua han man ¢ Bong bang séng Ctru Long, mét
ho dan mubn xay mot bé nude khong nap dang khdi hop chir nhat khéng nap cé thé tich bang 200m?® . Pay bé
1a hinh hop chir nhat c6 chiéu dai gap doi chiéu rong. Biét chi phi xay bé 1a 850 nghin dong/m?. Hay tinh chi
phi thap nhat ma ho gia dinh can bo ra dé xay dung bé chira nuéc ngot dy trir (1am tron dén don vi triéu dong).

Léi giai

Pap an: 144
Goi x (m) la chiéu rong day bé (x > 0), chiéu dai day bé 1a 2x (m)

Dién tich day bé: S =2x?. Thé tich bé chira nuéc: V =Sh=h= 209 1020
X X
Dién tich xung quanh bé nudc: S,q =6x. @=@ Dién tich xay dung: S, = 2x° +@
X2 X X
Chi phi xay dung bé: f (x)=850. (Zx 620)

Ta co: f’(x):850(4x—%j 850(@] f'(x)=0=x= 3/150

axo 15300 T00

fiz) -

f («3/15 ~143979

Chi phi thap nhét ho gia dinh can bo ra dé xay dung bé dy trir nuéc ngot 1a: 144 tridu dong.
Vidu 10. Mot soi day kim loai dai 60 dm duoc cit thanh hai doan. Poan day thi nhat udn thanh hinh
vubng canh a, doan day thtr hai udn thanh duong tron ban kinh r . Bé tong dién tich caa hinh vuéng va hinh

. TR I A
tron nho nhat thi ti s6 — bang bao nhiéu?
r

l l

0983.900.570 36 2025-2026



A . o
%9 V6 Cong Truong Toan 12_Bai toan thuc té vée ham so

Loi giai
Pap an: 2
Taco: 4a+2xr =60 < nr =30-2a
Piéu kién: 0<4a<60<=0<a<15.
Téng dién tich cua hinh vudng va hinh tron:
_ 2
S =a2+r2;z=a2+M=1[(7z+4)az—120a+9oo]
T T
Xét f(a)=(r+4)a*-120a+900 véi ae(0,15)
f (a) dat gié tri nho nhit tai a= 120 _ €0 €(0,15).
2(r+4) z+4
S dat gid tri nho nhat khi a=—20 = zr=30—2.- 90 307 _ 30
T+4 r+4 rw+4 T+4
Khids: 2= . 30 _,

r 7+4 7+4

Két luan: 2 _2dm.
r

Vidu 11. Hai thanh phd A va B cach nhau mét con séng. Nguoi ta xay dung mot cdy cau EF bac qua
song. Biét rang thanh phé A céch con sdng mot khoang 1a 4km va thanh phé B céach con séng mot khoang
la 6km (hinh v&), biét HE + KF = 20km va do dai EF Khong do6i. Hoi Xy cay cau tai vi tri E cach thanh phé
A 12 bao nhiéu km dé duong di tir thanh phd A dén thanh phd B 1a ngan nhat (di theo duong AEFB)? (két
qud lam tron dén phan tram).

A gkm M
F
E
L 5
K 6km
Loi giai
Pap an: 8,94
bat HE=x, FK =y, vdi x,y >0
AE =16+ x?

Taco: HE+KF =20= x+y =20,

BF =/36+y” =36+ (20— x)’

Nhan xét: Vi EF khong d6i nén AB ngan nhat khi AE + BF nho nhit.

Taco AE +BF =+/x2 +16 +4/(20—X)? +36 =/X? +16 +/x* —40x +436 = f (X)
X x—20

+
VX2 +16 /X2 —40x+436
Cho f'(x)=0=x=8
Bang bién thién

F'()= ,Vx & (0;20).
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X 0 8 20

, 3 0+
£(x) \loﬁ/

Vay AE =+/8°+16 ~8,94km.

BAI TAP THAM KHAO

Cau 52. Bé tao mot kién hang dang hinh ling tru ding voi day 1a hinh chit nhat c6 chiéu dai gap doéi chiéu
rong, ngudi ta ding cac thanh gd ghép khit dong lai véi nhau. Biét rang, dung tich kién hang bing 9m? va

gia thanh 1m? g sir dung 1a 200000 dong. Hoi sau khi hoan thanh kién hang d6, ngudi ta can bo ra it nhat
bao nhiéu triéu ddng? (dién tich cAc mép gitra hai mit ké nhau khong dang ké).

Loi giai
Pap an: 54.
Goi x(x>0) la chiéu rong ciia ddy bé. Khi d6 chiéu dai ciia kién hang 1a 2x 1a chiéu cao cua kién hang

la 29—2 Khi d6 dién tich cua kién hang la 4x? +£
X X

Xét ham sb f(x)=4x2+2—x7 co f’(x)=8x—%=0c>x=1,5

Bang bién thién cia ham sé f (x) nhu sau:

x 0 1.5 +00

f'(x) - 0 +

+00 +0o0o

f(x) \\\ /’/

T bang bién thién ta c6 minf(x)=f(15)=27Vay chi phi thdp nhat lam kién hang Ila:
200000.27 = 5400000 dong.
Cau 53. Nha san suét dy dinh sir dung hét 6 m?® kinh dé 1am maot bé cé bang kinh c6 dang hinh hop chir nhat
khong nép, c6 day 1 hinh vudng (cac mbi ghép co kich thudc khong déng ké). Xac dinh kich thudc day cua
bé ca dé bé ca co dung tich 12 16n nhat? (don vi mét va lam tron dén hang phan tram)

Loi gidi
Pap an: 141
Goi X,y lan luot la canh ddy va chiéu cao cua bé ca (diéu kién x,y >0 ).

Taco, thé tich bé ca 1a V = x?y.
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2

4X (didu kien y>0<6-x2>0=0<x<+/6 )
X

, 6-x°  6x-x° 6—3x°

Khi doé: V =x°- =V'=
4x 4 4

V' =0=6-3x=0c x=+/2.
Ta c6 bang bién thién:

Theo dé Cau ta co: 4xy+ x> =6<> y=

I’! ]
I”

=% 15

N

0 0

SuyraV . =+/2 tai x:ﬁ;y:%.

2

5 R -\ \ 1 N s S 4 A
Vay bé cé c6 kich thuéc 12 canh day 1a ~/2 , chiéu cao 12 — thi dung tich Ia 16n nhét.

2

Cau 54. Mot hop khong nap duoc lam tir mot manh céc tong theo hinh vé. Hop ¢ day 1a mot hinh vuéng
canh x(cm), chiéu cao 1a h(cm) va thé tich 1a 4000cm®. Tim x(cm) sao cho chiéc hop lam ra ton it bia

cac tong nhat.

Loi gidi
Dap an: 20.
biéu kién x>0
Ta c6 thé tich caa chiéc hop 1a V = x2.h

Theo gia thiét thé tich chiéc hop bang 4000cm® nén ta cé x*.h =4000 < h = 4?(90

Ta c6 dién tich xung quanh va day cua chiéc hop 1a S = x* + 4xh = x® +4x. 4?(80 =x*+ 16())(00
Ta khdo sat ham s f (x)=x"+ 16200

Taco f’(x)=2x—16f—2“, f'(x)=0= x=20
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x 0 20 +

f'(x) - 0 *

(=) \ 1200 /

Tacod x=20(cm) thi chiéc hop lam ra ton it bia nhat.

Cau 55. Dé thiét ké mot chiéc bé ca hinh hop chir nhat khong nép c6 chiéu cao 12 60 cm , thé tich
96000 cm®. Ngudi the ding loai kinh dé str dung 1am mat bén c6 gia thanh 70000 VND/m? va loai kinh dé
lam mit day co gia thanh 100000 VVND/m?. Tinh chi phi thap nhat dé hoan thanh bé ca.
Loi giai
Pap an: 83200
Goi x,y(m)(x>0,y>0) lachiéu dai va chiéu rong cia day bé.

Khi d6 theo dé ta suy ra: 0,6xy =0,096 < y = 016

Gi4 thanh cua bé ca duoc xac dinh theo ham s sau:

f(x)= 2-0,6[x+%j-70000+100000-x-% o f (x):84000(x+w)+16000
X X X
L 0,16 ,
Tacé: f'(x)=84000|1-—— |= f'(x)=0<x=0,4
X
Bang bién thién:
0 0.4 +I

f(x) = 0 +

Fix)
S10,4)

Dua vao bang bién thién suy ra chi phi thap nhat dé hoan thanh bé ca la f (0,4)=83200 VND.

Cau 56. Ong A du dinh str dung hét 5 m? kinh dé lam mét bé ca bang kinh c6 dang hinh hop chit nhat
khong nap, chiéu dai gap doi chiéu rong. Bé ca c6 dung tich 16n nhat bang bao nhiéu?

Léi gidi

Pap an: 1,01
Goi x va y lan luot I chiéu rong va chiéu cao cua bé ca.

Ta co: Thé tich ciia bé ca la vV =2x7y.
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Theo dé, ta co:

2 2 5—2X2
2XYy +2.2Xy +2X° =5 06Xy +2X" =5 y= 5
X
_ 2 _ 3 _ 2
:>V=2x2~5 2X =5x 2X :>V'=5 6X
6X 3 3
:>V’:0<:>x:\/E
6
Bang bién thién:
= 3
r | 0 s i
V6 V2
| + 0 =
530
V 27
0/ \O
5J_

Vay thé tich 16n nhit cua bé cé la ~1,01m?

Cau 57. Ong Khoa mudn xay maot bé ca chira nudc dang khdi hop chix nhat khong nap cé thé tich 288 m®.
Pay bé 1 hinh chit nhat c6 chiéu dai gap déi chiéu rong, gia thué céng nhan xay bé 1a 500000 déng /m”.
Néu 6ng Khoa biét xac dinh cac kich thudc mét cach hop 1i thi chi phi thué nhan cong s& thap nhét. Hoi ng
Khoa tra chi phi thap nhat dé xay dung bé ca d6 1a bao nhiéu?

g A

.:J
2a
Loi giai
Pap an: 108

Theo Cau ra ta ¢6 chi phi thué nhan cong thap nhat thi bé phai xay dung cé téng dién tich xung quanh va
dién tich day nho nhit.
Goi ba kich thuéc cua bé 1a a,2a,c vai (a,c>0).

Dién tich cac mat can xay la S = 2a® +4ac + 2ac = 2a* + 6ac .

ThétichbélaV =a-2a-c=2a’c= 288:0—144
a’

144

Khi d6: S =2a’+6a- —:2a2+864
a’

864 2, 432 432 > 350242 . 432 ﬂ-ZlG.
a a a \} a a
Vay chi phi thip nhét 1a 216.500000 =108 triéu dong.
Cau 58. Cho mot tdm bia hinh vudng c6 canh 2m . Tir tim bia nay 1am mot md hinh kim tu thap Ai Cap,
ngudi ta cat bo bon tam giac can bang nhau c¢é canh day 1a cac canh cua hinh vudng roi gp I1én va ghép lai
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a2
= (M) (

thanh mot hinh chdp tir gidc déu. Thé tich cia mé hinh 16n nhét khi canh déy ciia mé hinh biang

a,b € Z;a,bnguyén té cing nhau). Tinh tdng a? +b??

A | B
" g
M K - ! AN
X
Jp N 0% % Q
S
, o
/ P
& :
D C
Loi giai
Pap an: 41
A | B S
. IM.
. A
WK
X
g Nl Oq 5Q
S P
s
P M =
| K X N
D C

Goi d6 dai canh day cua hinh chop 12 x(m). Do MN <13 =+2 = x<(0;2).

Ta co: OK=§;OA=A—2C:\/§:>SK=AK=\/_—§.

2 2
Do vay: SO =+/SK? —OK? :\/(ﬁ—fj X _a-ax.

2 4

Khi d6 thé tich khéi chép 1: V :%xz 2-V2x.

Xét f(x)=éx2 2—\/§X,(X€(O;\/§)), ta co:

f'(X):%(Zx\/z—\/ix 1[ #x(2-V2x) V2 ) g5

3| 22_2x _3(2M)

B J
22 —\2x

f'(x)=08x-5V2x =0| 42

Ta c6 bang bién thién:
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4/2
x | o 5 2
o) . 0 _
f (%) \

42

Ta thay thé tich cia m6 hinh Ién nhat khi canh day ctia mé hinh la x = — —as 4b=5=a’+b’*=

Cau 59. Ban An c6 mot doan day thép dai 16 dm mudn udn thanh mot kim tu thép c6 dang chép ti giac
déu (doan day thép duoc ubn thanh 4 canh bén va 4 canh day cua kim ty thap). Hoi thé tich 16n nhat caa kim
tu thap ban An c6 thé 1am dugc 1a bao nhiéu? (don vi: dm®, két qua Iam tron dén hang phan tram).

Loi giai
Pap an: 1.95

Ki hiéu kim ty thap dang chdp tir giac déu 1a S.ABCD c¢6 day tam O nhu hinh v&.

2 2
Pit AB = x. Khidé SA=4—x=0<x<4.Laicod OC = — nén soz\/(4—x)2—%=\/16—8x+x?

NA)
X2 . {x<8—4\/§
=

DPé SO xéc dinh thi 16 —8x +— > .Kéthop véi didukien 0<x <4 tacd 0< x<8—442
2 X >8+42

Thé tich caa chop 13 V jeep = 16-8x ? \/_\/32x -16%° +x°

Pat f(x) =32x* —16x° +x°. Taxét f(x) trén [O 8— 4\/_}
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Tacd: f'(x)=128x>—-80x"+6x° =0 < | x

x=0
_4(5-+13)
3

Thay vao ta dugc f(0)= f(8—-4/2)=0; f (%_T@J ~1.95.

Vay thé tich 16n nhat cua kim tu thap ban An cd thé 1am duoc 1a 1,95.
Cau 60. Khi san xuat vo lon sita DUTCH LADY, céc nha san xuét ludn dit tiéu chi sao cho chi phi san xuat
v6 lon 12 nhoé nhét. Biét rang lon sira c6 hinh try va thé tich cua lon sira 1a 530 cm®. Khi dién tich toan phan
cua lon sira nho nhat thi ban kinh day ciia né bang bao nhiéu centimet? (Iam tron két qua dén hang phan

tram)

Pap an: 4,39.

Loi giai

Goi r, h lan luot 12 ban kinh day va chiéu cao cua lon sira.

biéu kién: r>0, h>0

+Tacd: V=530= zr’h=530=h=

r

+ Dién tich toan phan cua lon sira la:

S=2xrh+2xr* = @ +27r?
r

530

2

+ Ta c0: S':—l?_?0+47zr:0<:>r:3/@
T

+ Bang bién thién:

=
T 0 1'3 f @ “+00
ki

s - 0+

s \ /

Vay: S, &I = 3‘/@ ~4,39.
T

Cau 61. Mot xuang thi cdng my nghé san xuat loai chup dén trang tri dang hinh chop cut tir giac déu. Goi
X 13 d6 dai canh d4y 16n (don vi:dm). Tinh toan cho thiy tong chi phi vat liéu (tinh bang nghin dong) cho

mot chup dén la C(x)=x*+108 (nghin déng). Thoi gian san xuat cho mét chup dén duge xéc dinh 1a

0983.900.570

44

2025-2026



) , e D T £
VA‘/ V6 Cong Truong Toan 12_Bai toan thuc té ve ham so
T(X)=x+6 (gid). Xuéng mudn x4c dinh kich thuéc x dé chi phi vat liéu trung binh trén mét gio san xuét

1a thap nhét, nham t5i wu hoa hidu qua sir dung thoi gian va vat liéu. Hay tim gid tri ciia X.

Lot giai
Pan an: 6

Goi ham chi phi vat liéu trung binh trén mot gio san xuat 13 f (x)= =

2 - X =—18(L
Taco 1"(x)=—X +12x 108:0«:{ (L)

(x+6)° X=6
Ta c6 bang bién thién :

Tur bang bién thién ta thdy f (x) dat GTNN bang 12 khi x=6.

Vay dé chi phi vat liéu trung binh trén mot gior san xuat la thap nhat thi x=6.
Cau 62. Cho mot tim nhém hinh luc giac déu canh 90 cm. Ngudi ta cat & mdi dinh ciia tim nhdm hai hinh
tam giac vudng bang nhau, biét canh gc vudng nho bang x (cm) (cat phan t6 dam cua tim nhom) rdi gap
tAm nhém nhu hinh v& dé duoc mot hinh ling tru luc gidc déu khéng co nip. Tim x dé thé tich cua khdi
lang tru luc giac déu trén 1a 16n nhat (Néu két qua 1a sé thap phan thi 1am tron két qua dén hang don vi).

|
X
"_,_*.'._

v

Loi giai
Dap an: 15.
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B
A

C 0

Lang tru co:
Dién tich day:

5_60C3 _ 3J— (OB-BCY’ —3‘/_(05_Lj

4 cos ABC
3‘/_(90 2x)" = 6+/3(45-x)’
Chiéu cao: h=AC = x.tan ABC = x\/§
Thé tich lang tru: V = Sh=18x(45— x)? =18(x* —90x? +45?)

NI 2 2xgr x=15=y=243000
Pao ham: V' =18(3x" -180x+45°);V'=0=

Xx=45=y=0
x 0 15 45
1% + 0 — 0
243000
Vv
0 0

Dua vao bang bién thién ta nhan x =15.
Cau 63. Mot ngudi c6 mot day ruy bang dai 130 cm, ngudi d6 can boc dai ruy bang nay quanh mot hop qua
hinh tru. Khi boc qua, ngudi ndy dung 10 cm cua dai ruy bang dé thit no & trén nap hop (nhu hinh ve§). Dai
ruy bang c6 thé boc duge hop qua cd thé tich bang a.z(cm®),aeN". Gidtri 16n nhit ciia a 1a bao nhiéu?

B i

L]

Loi giai
Pap an: 1000.
Goi x(cm); y(cm) lan luot 1a ban kinh day va chiéu cao caa hinh tru (x, y > 0; x < 30).
Do dai dai day ruy bang con lai khi d3 thit no 1a: 120 cm.
Taco: (2x+Yy)-4=120<<y=30-2x>0=0<x<15.
Thé tich khéi hop qua la: V = zx% - y = zx?(30—2x) . Thé tich V 16n nhat khi ham s f (x) = x*(30—2x),
(0 < x <15) dat gié tri I6n nhat.
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Taco f'(x)=-6x"+60x;
Cho f'(x)=—6x"+60x=0=>x=10.
Lap bang bién thién ta thiy thé tich dat GTLN 1a: V =z f (10) =10007 ( cm?®)

Cau 64. Trén manh dét hinh chir nhat ABCD c6 dién tich 25m?, ngudi cha ldy mot phan dat dé trong co.
Biét phan dat trong co nay c6 dang hinh chir nhat voi hai dinh di dién 13 A va H , voi H thudc canh BD.
Hoi sb tién 1on nhat nguoi chu can chuan bi dé trdng co (mién to ddm) 1a bao nhiéu ( lam tron dén nghin
ddng) vai chi phi trdng co 1a 70.000 dong/ m? ?

A D
M H
B c
Loi gidi
Dap an: 438
A N D
M H
B C
Taco AB.AD=25(m2);M:%.
AB DA
bit E=%=x:> NH = x.AB; AN =(1-x) AD
AB DA

Dién tich dét trong cé la: S = AN.NH = x.(1-x).AB.AD = 25.x.(1- )

. , . ) L X+1—X 2
Dién tich I6n nhat khi x.(1-x) 16n nhat ma x.(1-x) < % :%
L, FY Y 12 £ 1 25
Dién tich dat trong co I6n nhat S = Z.Z5 =

S6 tién 16n nhat dé tréng co: T = %.70000 = 437500 (ddng) ~ 438 ( nghin dong)
Cau 65. Hai nha may san xuét dat tai cac vi tri A va B cach nhau 4km . Mot nha may cung cap nude duoc
dat ¢ vi tri C nam trén duong trung truc cua doan thang AB , cach trung diém M cua doan thang AB mét
khoang 4km . Ngudi ta mudn 1am mot duong 6ng dan nudce tir nha may nuéc C dén mot vi tri | nam gitra
doan thang MC sau d6 chia ra hai nhanh dan t6i hai nha may A va B (hinh v&). Tong d6 dai duong 6ng dan
nuéc nho nhat bang bao nhiéu km ? (1am tron két qua dén hang phan tram)
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Loi giai
Pap an: 7,46
+Goi Cl =x(km),(0<x<4)=IM =4—x.

+Khi do, 1A= ||3=1/4+(4—x)2 —/20-8x+x* (Pinh Iy Pi-ta-go).

Téng do dai duong 6ng din nu6c 13 T =CI + 1A+ 1B = X+ 24/x2 —8x + 20,
Xét T(x)=x+2yx*—8x+20,0<x<4.
2Xx—8

Jx?—8x+20

Xét T’(x):0<:>1+&:0

X2 —8x+20
< x*—8x+20 =—(2x-8)

T'(x)=1+

X<4
X2 —8x+20 = (2x—8)’

X<4
3x*—24x+44=0
_12 _32\/_ (théa man diéu kién)
Bang bién thién
X —00 0 12 _22\/§ 4 +00
T - ot _
7 4+ 243 7

Tong d6 dai dudng dng din nuéc nho nhat xap xi bang 7, 46km.
Cau 66. Mot san dién kinh gom hai san hinh ban nguyét ¢6 ban kinh x(m) (x> 0) va mot san hinh chit nhat

nhu hinh v&. Biét chu vi cta san dién kinh 1a 400 m, tim dién tich 16n nhat cta san hinh chix nhat theo mét
vudng (l1am tron két qua dén hang don vi).
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Loi giai
Dap an: 6366.
Chu vi phan hinh ban nguyét 1a 27x .
Do dai canh con lai cua hinh chixr nhat la 200 —zx.
Dién cta san hinh chit nhat 1a S(x) =2x(200—7x) = 400x — 27X".
S'(x)=400—47x.
S'(x)=0:>x=@.
T

— +0

S'(x) + 0 -

S (%) / \

Vay dién tich 16n nhat caa hinh chit nhat 1a S (@j ~ 6366 m°.

T
Cau 67. Mot man hinh NP ¢6 chiéu cao 1,6 mét duoc dit thang ding va mép dudi cua man hinh cach mit
dat mot khoang NM bang 1,9 mét. Mot chiéc dén chiéu sang man hinh dat & vi tri O trén mat dat (xem

hinh minh hoa). Bé g6c chiéu sang NOP 16n nhét thi d6 dai doan OM  bang bao nhiéu? (1am tron két qua
dén hang phan tram).

P
1,6
1,00 !
Yoond 0)
M
Léi giai
Dap an: 2,59
bat OM = x(m). Ta co:
N-P _ ON < sin NOP = NP.sinOPM
sinNOP sinOPM ON
oM
NP.——
L SnNOP = OP _ NP.OM 1,6.x

ON  JOMZ+MNZAJOMZ+MP?  \[x?+1,9%.\/x? +3 52
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1,6x 3 1,6x
JE+1,92.x2+3,5%  |x* +15,86x% + 44,2225
. 1,6(44,2225-x")
(Jx“ 115,86 + 44, 2225)3

\/665

V=0 x"=44,2225 = x =+ 0

Xéthamsé y =

~ 12,59

Lap bang bién thién véi diéu kién x >0 ta dwoc gi tri 1on nhit cia y dat duoc tai x = 2,59.

Tathdy NOP I6n nhat khi va chi khi sin NOP Ién nhat hay y 16n nhat.

Vay x=0M =2,59.
Céau 68. Bac Binh st dung mét khic gd hinh tru c6 dudng kinh bang 32 cm dé 1am mot chiée xa nha. Bé
dam bao tinh thAm mi thi bac Binh du dinh s& cho tho x¢ khiic gb thanh mét chiée xa c6 tiét dién ngang (1a
mién gach soc nhu hinh v& bén) bao gdm mét hinh vudng ABCD va 4 miéng phu I 4 hinh chit nhat bang
nhau. Bén diém A, B,C,D nam trén dudng tron (T); miéng phu MNPQ c6 hai dinh M, N nam trén dudng
tron (T) va hai dinh P,Q nam trén canh AB . Mat khéc, dién tich cua tiét dién ngang cang I6n thi chiéc xa
chiu lyc cang tét. Hoi bac Binh c6 thé tao ra mét tiét dién ngang cé dién tich Ién nhat bang bao nhiéu
centimet vudng (Iam tron két qua dén hang don vi)?

M N
A Ll

77

B

(T)
D
Loi giai
Dap an: 684.
Pat MQ=x, MN =y (Pk: 0<x,y<8y2)
M N
A Y. B
O
% / (7
DN Zc
E
C6 AC=32=NE va AD:%:%\E, ME =16+/2 +2x.

Xét tam giac MNE : NE? = ME? + MN?
:>y:\/512—64\/§x—4x2 :
DO @6 Syypo = X+ Y = Xy/512 — 644/2x — 4x°

— \J512x2 — 642X — 4x* |
Xétham sb f(x) =512x" ~644/2x° —4x*, x<(0;82).
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Taco f'(x)=0<1024x-192y2x* ~16x° =0

Str dung casio, ta tim duoc x, ~3,17.

Khi d6: (Syweq ) = [ (%) ~431
VAY Sy = Saco + 4T (%) =(16v2) +4.43,1~ 684

Cau 69. Hinh bén md ta mot mit cit ngang caa mot toa nha cao ting. Mot chiée thang tir xe ciru hoa 16n dén
mit tudng phia truede cua toa nha phai vuot qua phan mai che cao 10m so véi mit dat va ving mai nay nhd
ra 12m so véi tuong. Gia sir, do cao cua xe ciru hoa 1a khong dang ké, hay tim d6 dai ngan nhit caa chiéc
thang dé cac linh ciru hoa c6 thé thuc hién nhiém vu nay (1am tron két qua dén hang phan mudi)

y oml1lk
L = "F‘MW“'—?HT

SR AR

simiwimimiw wowl

Loi giai
Pap an: 31,1
Pt L 1a do dai cua chiéc thang, va 6 1a goc tao bai thang véi
phuong ngang, goi d, 1a doan thang tir mat dat Ién téi mai hién, d, 1a
10 12
+—c

doan tir mai hién téi twong. Khido L=d,+d, =——
sin@ cosé

Mién x4c dinh caa L(9) 1a 0 e (o%) .

Ham sb f(9)=£+£ lién tuc trén (0%)

sin@ cosé
Ta tinh dao ham f'(¢9)=—_1—0cot0+£tan0
sin@ cosd@
Giai f'(49):0:
- - 3
12 tano=22 cotgm1p L SN0 _yq 1 08O SO 10 sg=2,
cosd sing cosd cosd sin@ sin@ cos’d 12 6

Do d6 8 ~0,76rad
Lap bang xét dau f'(6), ta thiy day 1a diém cuc tiéu duy nhét trén [0%)

Cudi cung f (0,76) ~ 31,07 nén d6 dai thang ngén nhat can thiét 1a 31,1m.
Cau 70. Mot 6ng chi nha mudn lam mat cai thang ciru ho khi ¢6 nguy hiém xay ra. Ong ta muén lam céi
thang dé n6 dimg dudi dit vuon qua hang rao tya vao ngdi nha (tham khao hinh v&). Véi hang rao cao 2,4
mét duge dit song song va cach birc tudng caa ngdi nha mot khoang bang 1,5 mét. Chiéu dai ngan nhat cua
cdy thang bao nhiéu centimet (cm) dé né dimg duéi dat vuon qua hang rao twa vao ngdi nha (1am tron dén
hang don vi)?
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\>/'
1.5m
Loi giai
Dap an: 547.
Cl
M
N
2, 4m
A L5m H B

Goi goc hop boi thang va mit dat 13 o (0 <a< %) Chiéu dai thang 1a BC = BM +MC .

Tam giac vubng MHB c6 BM :_2’—4.Tam giac vubng MNC c¢6 Mczi.
sina cosa
BC =BM + MC :_2’—4+£. Xét ham s6 véi XE(O;ZJ
sina  cosa 2

, —2,4.cosx 15sinx —2,4.cos’x+15.sin° x
sin® x cos? x sin? x.cos? x

y’=0c>2,4.cos3x=1,5.sin3x<:>tan3x:%cﬂanx=?Jg, do XE(O;%) nén x~0,863rad

Ta c6 bang bién thién

™
= 0 0,863 2
] /
5,47

Dua vao bang bién thién, ta thiy chiéu dai thang bé nhat xap xi 5,47 mét hay 547 cm.
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Cau 71. Trong mét cira hang, nha quan Iy dy dinh treo mot do trang tri trén cao. Vat trang tri duoc dit trén
gia d& ndm dudi thanh treo 1m. Biét khoang cach giira hai thanh treo 12 3m. Biét tong d6 dai nho nhat cua
cac doan day xich la a+byc (trong d6 a,b,c 1a c4c s6 ty nhién). Tinh a —b—c.

Léi giai

2
bat OH =x(0<x<1) tacd OA=0B = /(g) +x2=,/%+x2 va OC =1-X.

Tong do dai cac day xich 1a

L(x)=2(OA+0B+0C) :2{2 /%+x2 +l—XJ :4,/%+x2 +2-2x.

x>0
L'(x)= LSNPS, DI g+x"‘:2x<:> , 9<:>x=£.
9 4 4K =X"+— 2
—+X 4
4
Bang bién thién
T 0 @ 1
2
L’(CL‘) - 0 +

L) v'/
7 243v3 Z

Vay chiéu dai tdi thiéu cua day xich 1a L[?J =2+33.
a=2

Suyra {b=3=a-b-c=-4.
c=3
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Cau 72. Mot chiéc cong hinh Parabol c6 chiéu cao 9 m, khoang céch giira hai chan cong 1a 6 m. Dé van
chuyén thung hang hinh chix nhat qua céng, ngudi ta ding mot xe kéo cé chiéu cao 1 m. Biét rang mat cat
cua thing hang qua cong 1a hinh chix nhat, hoi dién tich hinh chit nhat d6 16n nhét 1a bao nhiéu m? dé xe chg
thiing hang c6 thé di qua duoc cong (két qua 1am tron d&én hang phan chuc).

Lo giai
Dap an: 17,4
A y
9
Q@ P
1
iy J‘i\r
4 M- | 3 R
[ 0 a \ T

Trong hé truc toa @ Oxy nhu hinh v&, chiéc cong hinh parabol c¢6 phuong trinh y = —x* +9

Xe chd hang co thé di qua dugc cong néu diem P thudc parabol véi hoanh do diém P béing a, ae(0;3)
MN =2a

NP=-a*+9-1=-a’+8

Dién tich cua hinh chit nhat 12 S = MN.NP = 2a.(—a2 +8) =-2a°+16a

. Khi d6 tung do cua diém P bang —a*+9 va {

Ta cé: S’:—6a2+16=0<:>a=i¥.Do ae(0;3) nén a=¥.
21/6
al0 3 3
S'a _ 0 -

S(a) S(—
/ \
Khidé S, = (2*/_} 17,4(m?).

Cau 73. Nguoi ta muén Iap mot ng dan dau tir nha may loc dau ¢ vi tri A dén kho chta dau dat & vi tri B
qua mét con sdng rong 2 km, dai 6 km. Chi phi lap dat duong 6ng dan dau trén mat dat dé néi tir nha may
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loc dau dén tram trung chuyén tai vi tri P 1a 4 ty VND/1km va chi phi lip dit duong ong dan dau duéi
dong song dé ndi tir P dén kho chira dau tai vi tri B 1a 8ty VND/1km (nhu hinh v&)

P

2km

H B
6km

d -
T -

Hoi chi phi ldp dat it nhat, can dat vi tri P cach nha may loc dau 13 bao nhiéu kilomét? (lam tron két qua
dén hang phan tram)

Lot giai
Pap an: 4,85.
bat AP=x (0<x<6, km).
A P K
2km
H B
= 6km =

Khi d6, chiéu dai quang duong PK =6-x.

Téng chi phi lap dat dwong ng dan dau la: T =4x+8 (6—x)2 +2%.
X—6 _

Jx2—12x+40

T'(X) =0 < 4/x? —12x+ 40 +8x—48=0

X2 =12x+40 =12-2x(PK:0<x<6)

Taco T'(x)=4+8

+
< 3x*—36x+104 =0 < X:M

18—-243

3

T'(X) <0< 4y/x? ~12x+40 +8x—48 <0
<X —12x+40 <12-2x

Két hop dk ta thdy: x =

~ 4,85 la nghiém cua pt.

12-2x>0 O<x<6
= 2 2 = 2
X°—=12Xx+40 <144 - 48x + 4x 3x°—-36x+104>0
<:>O<x<18_32\/§z4,85

Tir day ta c6 bang bién thién
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€T

0

4,85

T (z)

Tir bang bién thién ta suy ra chi phi thap nhat khi x = 4,85.
Cau 74. Mét céi hd rong co hinh chit nhat. Tai mot goc hd ngudi ta dong mot céi coc & vi tri K cach bo
AB la 2m vacach bd AC la 8m, rdi dung mét cay sao thang PQ ngin mét goc cua hd dé tha béo (nhu
hinh v&). Tinh chiéu dai ngin nhat cua cay sao dé cly sao cd thé cham vao hai bo AB, AC va cay coc (két
qua lam tron dén hang don vi cia mét).

B

P

2m

8m

Pap an: 174.
bat AP =a, AQ=Db(a>8b>2)(m).

B

P

ET T
LN
b
-
Y
5
~

A

C

Léi giai

Goi E va F lan luot 12 hinh chiéu vudng goc cia K xuéng AB va AC . Suy ra KE =2m, KF =8m.

.. KE PK KF QK KF KE 8 2
Taco: = ; = + =lhay —+==
AQ PQ AP PQ ~ AP AQ a
Vi §+§:1 nén b:ﬁ.
a b a-8

a—8

2
Khi d6 PQ? = a? +b? :a%(ﬁj .

Xétham sb y = f(a):a2+(

2
Z_aSJ trén khoang (8;+) .

1.

Ta co:
, _ 2a| (a-8)°-32| | ,
f'(a)=2a+ 4a_ 1622 [( )3 ];f (a)=0=>(a-8)°*=32=>a=8+332>8.Bang  hién
a—-8 (a-8) (a-8)
thién:
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+o0

i
9]

a 8 8+3
f(a)

el \ 8+\/“ /

Do d6 ming_, f(a) = f(8+3/32) ~174,43.

Vay chiéu dai ngan nhat cua cay sao co thé cham vao hai bo AB, AC va cay coc la 174 m.

o

Cau 75. Dién tich mot trang caa mot cudn séch 1a 600cm?. Do yéu cau ki thuat, can dé I& trén va I1& dudi la
2cm, 18 trdi 1a 3cm va 1& phai 1a 2cm . Tinh dién tich 16n nhat caa phan chit in vao cudn sach duoc (két qua
lam tron d&én hang don vi)

2cm

3cm 2cm

2cm

Loi giai
Pap an: 401

L s R . a1, 600
Goi chiéu dai cua trang giay la xcm ta co chiéu rong la —cm.
X

600

Chiéu dai va chiéu rong caa phan in chit lan luot 12 x—4 va T_5
Dién tich phan in chir 1 f (x):(ﬂ:o_ﬂ( ):620 5x _ﬂfo
F1(x)= 2400
X 0 430 o
/(%) 620403
\
m/ Y

Vay dién tich 16n nhét cta phan in chix xAp xi 620—4043 ~ 401401 cm?.
Cau 76. Mot cai ao c6 hinh ABCDE (nhu hinh v€), ¢ gilra a0 ¢c6 mot mo dét hinh tron ban kinh 10m, ngudi
ta mudn bic mot cay cau tir b AB ctia a0 dén vuon. Hoi d6 dai ngan nhét 1 (don vi mét) cua ciy cau 1a bao
nhiéu (lam tron dén chir sé hang phan chuc), biét:
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- Hai bo AE va BC nam trén hai duong thang vudng goc véi nhau, hai duong thang ndy cat nhau tai diém O;
- B& AB 1a mét phan cta mot parabol ¢ dinh 1a diém A va c6 truc d6i xtng 1a dudng thiang OA ;

- D% dai doan OA va OB lan lugt 14 40m va 20m;

- Tam | cia manh vuodn cach dudng thang AE va BC lan luot 1a 40m va 30m.

E D
A
S
o
B
o C

Loi giai
Pap an: 17,7
Chon hé truc toa do Dé cac vudng goc nhu sau: Goc O, chiéu duong truc hoanh 14 tia OC, chiéu duong truc
tung 1a tia OE, don vi hai truc 1a don vi d6 dai (1m).

Khi d6 ta c6 phuong trinh Parabol 1a: y = —% x* +40 va phuong trinh duong tron la

(x—40)" +(y—30)" =100
Duong tron ¢ tdm 1(40;30) va ban kinh R =10

Lay diém M (t; —%tz +40) (v6i 0<t<20) nam trén parabol thi khoang cach ngan nhit tir M dén duong

tron la

IM-R= \/it“ —t2-80t+1700-10
100

Tim GTNN caa ham sé f (t) = ﬁt“ —t?—80t+1700 trén doan [0;20] ta dugc {mg} f (t) ~ 768,0877

Do d6 d¢ dai ngan nhét | ~ /768,0877 —-10~17,7.
Cau 77. Bé chan duong hanh lang hinh chir L, nguoi ta ding mot
que sao thang dai dt kin nhitng diém cham véi hanh lang (nhu
hinh v&). Biét a =24 va b = 3. Biét chiéu dai tbi thiéu cua que
sa0 thoa man diéu kién trén 1 | . Tinh gia tri cua 12.

Lai giai
Dap an: 1125
Dit cac diém nhu hinh v&.
bit DF =x, x>0, ta cd6 AADF ddng dang v6i ABED nén
E = ﬁ = EB= a_b.
ED DF X
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2
Goi | la chiéu dai cua que sao, ta co 1> = AB? :(x+b)2+(a+a—bj =f(x).
X

f'(x)zz(x+b)_za_*j(a+a_bj:z(x+b)(1_%j; £/(x) =0 x= b =12.

X X
Xeét bang sau:
X 0 12 +00

f’(x) - 0 +

/) \ 1125 /

Vay gia tri nho nhat cua que sao la 1 =+/1125. Giatr 1> =1125.
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@ BAI TOAN LIEN QUAN CAC VAN PE TU NHIEN, CONG NGHE, CUQC SONG,...

@ Quy tic gii bai toan thuc té lién quan cac vin dé tw nhién, cong nghé, cudc sdng,..

Budéc 1: Doc hiéu va phan tich dé bai
« Trong yéu cau bai toan thuong c6 cum tir: “khéng viet qua bao nhiéu” hay “khéng thdp hon
(khéng dwat) bao nhiéu”
Buéc 2: Xay dung moé hinh toan hoc
« Goi bién s6 (thuong 1a thoi gian) va suy ra cac dai lugng tuong ung.
e Lap ham biéu thi dai lugng can xac dinh theo yéu cau cua dé bai.
Budce 3: Gidi mo hinh toan hoc
e Tim cuyc tri, max— min cau cac dai lugng theo yéu clu cua dé toan
 Kiém tra diéu kién cua bién (néu can)
Budc 4: Pap an va dién giai két qua
o Két luan bang 101, kém don vi.

Nhéng bai toan dang nay thwong cho sén cong thizc ham hogc xay dwng cong thic ham dé dang. Khi
dd ta khdo sat ham sé c6 dwec va trd loi theo yéu cau bai toan

Vidu 12. Mot con ca boi ngugce dong dé vuot khoang cach 250km . Tc
do dong nuéc la 5km/h. Néu téc do boi cia ca khi nudc ding yén la
v(km/h) thi nang luong tiéu hao cua ca trong t gio dugc cho boi cong thuc
E(v) =cv’t, trong 6 ¢ 1a mot hang sb va nang lugng E tinh bang Jun. Khi
téc d6 boi cua ca nam trong khoang (m;n) 16n nhit ( m,n 1a s6 nguyén hozc

la phén s6 toi gian) thi nang luong tiéu hao cia ca giam. Tinh m+2n .

Loi giai
Pap an: 20
Téc do cua ca khi boi ngugc dong nuwéc la v—5 (km/h). Diéu kién: v>5.
Thoi gian dé c4 vuot qua quing duong 250 km 14 t = Zi?s (9io).
V_

Ning luong tiéu hao cua ca dé vuot qua quang duong d6 1a E(v) = cv?® EC; (Jun).
V —

3 1Ey2
Taco: E'(v) :250c-u; E'(v)=0<v=0 (loai) hoic v
(v-5) 2
Bing bien thién:
v 5 E +00
E'(v) 2 0 +

+o0

E(v) \ 84.375¢ / 4
2

Khi d6 téc d6 boi ciia ca nam trong khoang (5; %) thi nang luong tiéu hao cua cé giam.

Vay m:5;n:%:>m+2n:20.
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Vidu 13. Sau khi phat hién mét bénh dich, cac chuyén gia y té wéc tinh s6 ngudi nhiém bénh ké tir ngay
Xuét hién bénh nhan dau tién dén ngay thar t 1a f(t) =180t +42t> —t5,t=0,1,...,30. Néu coi f(t) la ham sb
xac dinh trén doan [0;30] thi dao ham f'(t) dwoc xem la téc do truyén bénh (don vi: nguoi/ngay) tai thoi

diém t. Hoi trong 30 ngay dé, c6 bao nhiéu ngay ma tdc do truyén bénh giam?

Loi giai
Pap an: 16.
Ta co:
: o o . t o 14 30
f (t)=180+84t—-3t; f (t)=84-6t;f (t)=0<=t=14. 70 n 0 ~

truyén bénh giam.

Do d6 trong khoang (14;30) tuc Ia tir ngay tha 15 dén ngay thi 30, 768
thi tc do truyén bénh giam. Do d6 c6 30-15+1=16 ngay ma téc do | ;) / \
0

180

Vidu 14. Trong mét nghién ctu tai Vién Stuc khoe Tam than Québc gia, cac

nha khoa hoc theo ddi do day vo ndo (cortex) cua 307 tré em c6 1Q cao (121-149) /
qua  tudi t  (tinh  bing  nam), véi  md  hinh S 0
S(t) =0,000989t* —0,0486t> +0,7116t +1,46, 5<t<19. Hoi vo ndo cua tré co 9@ 1
1Q siéu tri tué dat do day cuc dai vao khoang bao nhiéu tudi (1am tron két quan dén I Q
hang don vi)
Lo giai

bap an: 11

Taco: S (t)=3-0, 000989t —2-0,0486t +0, 7116 = 0,002967t*> —0,0972t + 0, 7116

Giai S'(t) =0 <0, 002967t* —0,0972t +0,7116 =0

(01288 517 (e[519),
. 0,0972+0,0316 0,0972+0,0316 0,005934
T = 0002967~ 000503 |, 0,0656
.0, ) t,r——~=111 (€[519)]).
0,005934

Vay nghiém kha dung duy nhét trén [5,19] 1a t ~11,1

Lap bang bién thién ham s S(t) suy ra t ~11,1 1a diém cuc dai.

Viy do day vé ndo caa nhom tré IQ cao dat cuc dai tai t =11 tudi.

Vidu 15. Cong suat P (don vi W) cua mot mach dién duoc cung cap boi mot
nguon pin 12V dugc cho bei cong thac P =151 -1,51%,0<1<10, Vi | (donviA) |
1a cudong do dong dién. Biét cong suat P ting trong khoang cuong do dong dién tir 0 T__
dén P, thigiam, tim P, ?

12V

Loi giai
DPap an: 5
Xét ham s6 P =151 —1,517 véi 0< 1 <10.
Taco: P =15-3I;P =0< 1 =5¢[0;10].
Bang bién thién:
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I ]o 5 10
P’ + 0 -
37.5
P
0 0

Tir bang bién thién ta co cong suit P ting trong khi cudong do dong dién thudc khoang (0;5) .

BAI TAP THAM KHAO

Cau 78. Mot con cé& hdi boi nguoc dong (tir noi sinh séng) vugt khoang cach 300km dé téi noi sinh san. Téc
d6 dong nude 1a 6km/h . Gia sir toc d6 hoi ciia ca khi mude ding yén 1a v km/h thi nang luong tiéu hao
ciia ca trong t gio cho béi cong thic E(v)=cv’t trong d6 ¢ 1a hang s cho truée. E tinh hang Jun. Tinh
téc do boi cua ca khi nude dimg yén, dé ning luong cua ca tiéu hao it nhat?
Léi giai
Pap 4n: 9
300

Theo d¢ bai, téc d6 cua ca khi boi trén séng 1a v -6, khi d6 thoi gian dé ca boi d¢én noi sinh san 1a t = 6
V —_

Khi do, E(v):cv3£(:3 VGi v>6.Diat x=v-6.

V_
Bai ning luong tiéu hao caa ca duoc tinh boi ham sé:
x+6)’ .
f(x)= 3000u: 3OOC(X2 +18x +108+@J vGi x> 0.
X X

., 216 3 2

Taco: f'(x)=300c| 2x+18— 2> | =0 2x° +18x* —216 =0 = x =3.
X
Bang bién thién:
X 0 3 +o0

/(%) -

0 i
" \f(3)/

Vay min) f (x)=f(3) hay khi toc do cua ca khi nudc ding yén 1a v=9km/h thi ca it tén ning luong

xe(0;+00

nhat.

Cau 79. Cong suat P (don vi W) ciia mot mach dién duoc cung cap bai mot ngudn pin 12V dugc cho bai
cong thirc P =151 —1,512,0<1 <10, véi | (don vi A) 1a cudng do dong dién. Biét cong suat P ting trong
khoang cuong d dong dién tir 0 dén P, thi giam, tim P, ?

—12v
+ -

Léi gidi
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Pap an: 5

Xétham sé P =151 1,512 véi 0<1<10.
Taco: P =15-3I;P =0< 1 =5¢[0;10].
Bang bién thién:

1 0
Pi

+ —
37.5
. / \
0 0

Tir bang bién thién ta co cong suit P ting trong khi cudong do dong dién thudc khoang (0;5) .

o

10

=

Cau 80. Hiéu qua nhién liéu E, tinh bang sé kilomét di duoc trén méi lit xang (km/1), ciia mot mau xe 6to
dugc md hinh hda theo tdc d@o v (km/h) bang cong thic sau: E(v)=-0,000025v° +0,003v +13,5. Mo
hinh nay duoc p dung cho cac toc do v tir 20km/h dén 120km/h (20 <v<120). Tim gia tri nhién liéu
hiéu qua nhat (ttrc 1a di duwoc nhiéu km nhat trén mdi lit xang, lam tron dén hang phan mudi)?
Loi giai
Pap an: 19,9.
Taco: E '(V) =-0,000075v? +0,006v

v=0
E'(v)=0 .
(v) C{v=8o

Bang bién thién ciia ham sé E(v) véi 20 <v <120 nhu sau:

v 20 80 120
FE'(v) + 0 -
E(80)
E(v) / \
E(20) E(120)

Do d6 gié tri nhién liu hi¢u qua nhat 1a E(80)=19,9.
Céau 81. Gia sir su lay lan ciia mot loai virus & mot dia phuong c6 thé duoc md hinh hoa bang ham sé
N (t) =—t3+12t>, 0<t <12, trong d6 N 1a s ngudi bi nhidm bénh (don vi 1a traim nguoi) va t 1 thoi gian
(tudn). Goi (a;b) 1a khoang thoi gian 1au nhat ma sé ngudi bi nhiém bénh ting 1én. Tinh gia tri
P =2a’-b*.

Lo giai
Pap an: —64.
Taco N'(t)=-3t*+24t =0=1t=0;t =8 . Bang bién thién nhu sau:

t v 0 8 12
N’ 0 + 0 -
256
N /\
0 47
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S6 ngudi bi nhiém bénh ting trén khoang thoi gian (0;8) .
Viy P=2.0°-8° =—64.
Cau 82. N6ng dd C ctia mot hoa chit sau t gio tiém vao co thé duoc xac dinh bai cong thirc

C(t)= 27it3 , v6i t > 0. Sau khoang bao nhiéu gid tiém thi ndng d6 cta hoa chét trong méau 13 16n nhat?
+

(1am tron két qua dén hang phan tram)
4 C(O)

0 2 4 6 ¢
Loi giai
Pap an: 2,38
3(27 +t%)-3t.3t? _ 6t
Taco C'(t)= ( ) — = 81 6t2.
(27+t3) (27+t3)
C'(t)=0 3
St=—F.
{tzo Y2
Ta c6 bang bién thién
+0o0

<.
5 e

7o o3 A 3 [ VA A o ) A ’ N 17 A
Do d6 ¢ thoi diém —= ~ 2,38 gio thi ndng do cua hoa chat trong mau 1a 16n nhat.

2
Cau 83. Trong mot phan ting héa hoc, tée d6 phan ang v dugc biéu dién theo cong thirc: v =k -[A]? -[B],
trong do:
v 1atde @6 phan ang (mol/l/s),
[k =0,1 la hang sb téc d6 phan tng,
[[A] va [B] lan luot 12 ndng d6 cua hai chat phan ang (mol/l).
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Gia sir tong nong do ban dau cua [A] va [B] 1a C =2mol/l, tuc la [A]+[B] = 2. Hay tim nong do cua [A]
tai d6 toc d6 phan ung v dat cuc dai.

Lai giai
Pap an: 1,33
Taco [B]=2-[A] nén v=0,1-[AF - (2—[A]) =0,1- (2 A) —[A]) véi 0<[A]<2.
Dao ham cua v theo [A] la v=0,1- (4 A] -3 A]’).

v'=0<[A]=0 hoac [A]:%.
* \/6i [A] =0 toc do phan tng v =0 (loai vi khong c6 ¥ nghia thuc té).
*Voi [A] zg thi v= % (mol/l/s), day la gia tri hop ly.

Két luan: Voi [A]= g ~1,33 (mol/l) thi téc do phan tmg v dat cuc dai.
Cau 84. Do giam huyét ap cua mot bénh nhan dugc cho bai cong thirc G(x)=0,035x* (15—x), trong d6 X
1 lidu lwong thude dugc tiém cho bénh nhan (x duoc tinh bang miligam). Tinh liéu luong thudc can tiém
(don vi miligam) cho bénh nhan dé huyét p giam nhiéu nhét.

lood pressure monitor

\ 153 °

= @ .

.
\ T ]

) S
e ‘f{\

<

Loi giai
Pap an 10.
Dk: x [0;15]. (vi do giam huyét ap khong thé 1a s am)
x=0
C6 G'(x)=0,035| 2x(15—x)—x* |=0,105x(10-x)=0 .
6 G'(x) [x( X) x] X(10—-x) C{x:lo

G(0)=0; G(lO):3—25; G(15)=0.

Vay huyét a4p bénh nhan giam nhiéu nhat khi tiém cho bénh nhan liéu x =10 miligam.
Cau 85. Khi mot vat la mac ket trong khi quan khién ta phai ho, co hoanh déy 1én trén gay ra ting ap luc
trong phoi, theo d6 cudng hong co that 1am hep khi quan khién khong khi di qua manh hon. D4i véi mot
luong khong khi bi day ra trong mot khoang thoi gian ¢ dinh, khi quan cang nhé thi ludng khong khi cang
day ra nhanh hon. Téc d6 ludng khi thoat ra cang cao, luc tac dong Ién vat la cang ln.

Qua nghién ciru mot sé trudng hop, ngudi ta nhan thiy téc do v cua ludng khi lién hé véi béan kinh x cua

khi quan theo cong thuc: v(x) =k (%, —x)- x* voi %xo <X < X,, trong d6 k 1ahang s (k >0) va x, 1a ban

kinh khi quan ¢ trang thai binh thuong (Theo James Stewart, J. (2015). Calculus. Cengage Learning).
Khi d6 x =Kk.x, thi tbc do luong khi cia mot con ho trong truong hop nay 1a Ién nhat (Iam tron két qua
dén hang phan tram). Tinh K .
Loi giai
Dap an: 0,67
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Xétham so f(x) =(x, —X)x* véi x, c6 dinh va %xosx£x0.

Do k 1a hang s6 duong nén toc d¢ cia luong khi cia mot con ho 16n nhat khi f(x) dat gia tri I6n nhét.
Ta co:

f(X) =X+ %% F'(X) =—3x% +2x,X; f (X) =0 = x =0 hoacngx(),

Bang bién thién:

1 2
=l 5"

f ) v 0 =

£ d 5x°]
f{%r]/ \ £(x,)

Dua vao bang bién thién, ta co: max[l J f(x)= f(% xoj.
Exo;xO

Vay toc do cua ludng khi caa mot con ho I16n nhat khi x = % X, -

bap an: k=§z0,67.

Cau 86. Mot bé ban dau chira 10 gallon dung dich mudi véi 2 Ib (pound) mudi. Dung dich vao ¢ nong do
1,5 Ib/gallon chay vao véi tée d6 3 gallon/phdt, va hdn hop trong bé chay ra véi toc do 4 gallon/phut. Nguoi
ta cho biét lwong mudi trong bé sau t phut 1a m (pound), véi:

m= f(t)=150—t)—0,0013(10—t)*, 0<t<10.

Hoi lwong mubi tbi da co thé cd trong bé tai mot thoi diém nao d6 13 bao nhiéu? (lam tron két qua dén hang
phan tram)

¥
=
/

.
Loi gidi

Pap an: 7,43

Ta c6 cong thirc lwgng mudi m (pound) trong bé sau t pht:

m= f(t)=15(10-t)—0,0013(10—-t)*; 0<t<10

Pit u=10—-t. Khi t chay tir 0 dén 10 thi u chay tir 10 xudng 0.

Khi 36 m=1,5u—0,0013u*; 0<u<10

Tinh dao ham theo u ta dugc: m’'=1,5—0,0013-4u® =1,5—0,0052u°
15

0,0052

Xét 1,5-0,0052u° = 0= u® =

~ 288,46 = u ~ 3[288,46 ~ 6,62

Lap bang xét du ta duoc:
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v | 6,62 10

z'(u) + 0 -
Suy ratai u~6,62: x., =15-6,62—0,0013(6, 62)* ~9,93—-2,50~ 7,43 Ib.
Luong mudi trong bé dat téi da khoang 7,43 Ib tai thoi diém t =10—u ~10—6,62 = 3,38 phit .
Cau 87. Mot bon hinh tru cao h chira nudce. Theo dinh luat Torricelli, tbc d6 tia nudc chay qua 16 & d6 sau
X 50 v6i mat nudc 1a V = /2gx . Ngudi ta cho ring tam xa R (feet) cua tia nuéc dugc cho boi
R=2Jx(h-x) .

Biét 15 phun nén dit ¢ d6 cao x = K.h, (K € ) so véi mat bon thi tam xa R dat cuc dai. Tim K ?

—_——
= -

Loi giai
Pap an: 0,5
Xétham y =R®(x) = 4x(h—x) =4(hx—x*)
Tinh dao ham: y' = (R?(x)) = 4(h-2x)
- / h
Gidi y'=(R?) =0 © h—-2x=0=x=—.
y'=(R) >

Lap bang bién thién, ta c6 x =2 1a diém cuc dai.

Vay 16 phun nén dat & d6 cao x = g dé tam xa R cua tia nudc dat tdi da.
Cau 88. Khi chét thai hitu co dugc d6 vao mot cai ao, qua trinh dxy hoa xay ra s& lam giam ham luong 6xy
trong nudc. Tuy nhién, theo thoi gian, ty nhién s& phuc hdi lai mic dxy vé gia tri binh thuong. Trong do thi
kém theo, P(t) cho biét phan traim ham luong 6xy (S0 V&i mirc binh thudong) sau t ngay ké tir khi chat thai
duoc d6 vao ao.

2
Gia str ham s6 biéu thi ham Iuong oxy 1a P(t) =100~ 10190 (g0 e binh thusng), t>o0.
t°+20t +100
Tim thoi diém ma ham luong 6xy thap nhat.
Loi gidi
Pap an: 10
Ta c0:

0983.900.570 67 2025-2026



] , N . A A A
VA‘/ V6 Cong Truong Toan 12_Bai toan thuc té ve ham so

(2t+10)(t* + 20t +100) - (2t + 20) (t* +10t +100)
(£2 + 20t +100)
10t* —1000 o
=— .
(t* +20t+100) O

v =P()
Khi do: M
P'(t)=0 =10t* -1000=0=t*=100=t =10 (t>0) 754

Lap bang bién thién, ta c6: t =10 1a diém cuc tiéu caa ham s6 va S
gid tri cuc tiéu l1a P(10) =75 0 ¢ (days)
Vay thoi diém ma ham lugng dxy thap nhat 1a t =10
Cau 89. Gia sir s6 luong té bao cua mot quan thé nAm men tai moi truong nudi cdy trong phong thi nghiém

P'(t)

duoc mo hinh hda bang ham s6 P(t) = (voi a,beR), trong d6 thoi gian t duoc tinh bang gio.

a
b+e—0,75t
Dao ham cua ham s6 y = P(t) biéu thi tbc d¢ sinh truéng ctiia nAm men (tinh bang té bao/gio) tai thoi diem
t (gio). Tai thoi diém ban dau t =0, quan thé cd 20 té bao va tdc do sinh truong 12 10 té bao/gio. Tim sb
lwong té bao cua quan thé nAm men tai thoi diém téc do6 sinh truong cua quan thé dat muc tdi da.

Loi gidi
Pap an: 30
Theo dé bai ta cd tai thoi diém ban dau t =0, quan thé c6 20 té bao va tc d6 sinh truong 1a 10 té bao/gio
suy ra P(0)=20 va P'(0)=10, ta cé hé¢ phuong trinh sau:

a

——=20

b+1

0.75 :i:0’75a2:20:10:>E:2:>b:l:>a:30.
(b+1)

_0,75a-e %™ 22,5¢%™

Xétham s6 P'(t) = Vt>0
(b+e—0,75t )2 (O'5+e—0,75t )2
bit m=e®™ vt>0=0<m<1.
2

P (m) = 22,5m 2: o 22,5 +5,4625:0©m:i1

(0,5+m) (0,5+m) 2
Bang bién thién

1
m| 0 2 1
11.25

Suy ra gia tri 16n nhét cua téc do sinh truong caa quan thé khi m = % —t= —g In Gj

4 4 \ 9 A A 4 - N R 4 1 N A \
Vay so lugng te bao cia quan thé nam men tai thoi diem t = —gln (Ej la P= 30 te bao.

Cau 90. Trong vat ly, mot dao dong diéu hoa 1a dao dong c6 phuong trinh chuyén dong
x(t)= Acos(at+¢), trong d6 A 1a bién d6 cua dao dong, w(rad /s) latan sé goc, ¢(rad) 1a pha ban

dau. Pong nang (Tiéng Anh: Kinetic energy) cia mot vat 13 ning lugng né ¢ duoc tir chuyén dong cua no,
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duoc xac dinh béi cong thiac W = % mv’ (t) (donvi J). Trong &6 m(kg) la khdi luong cua vat,
v(t)(m/s) late a6 cua vat tai thoi diem t(s). Gia st mot vat c6 khéi lugng m=100g dao dong diéu hoa
V6i phuong trinh chuyén dong x(t) =40 cos[ZOOzzt —%j(cm). Khi d6, dong ning vat d6 dat gia tri 1on nhat

bing bao nhiéu (J) (1am tron két qua dén hang don vi)?
Loi gii
Pap an: 3158.
Ta 6 v(t)= 40005(2007:’( —%j(cm) =0, 4005(200721 —%)(m)

v(t)=X(t)= —sonsin(zowzt —%) .
m=100g = 0,1kg

2
Suy ra; W = %.0,1.{—807zsin [ZOOﬂt —%ﬂ oW =3207%sin? [2oo;rt —%) .
Ta co: 0<sin? (20071"[ —%) <1=0<W <3207°.

W, =320z ~3158(J) <> sin? (200721 —%) —le cos(zoo;zt—%j 0.

Viy dong nang dat gié tri 16n nhat bang 3158(J ) .

Cau 91. Néu mot dién trd R duoc ndi véi mot dc-quy co suét dién dong E va dién tro trong r thi cong suat
a ) . E’R . YA . : «
tiéu thu trén diéntro R 1a P :—)2, trong d6 R,r duogc tinh bang 6m (QQ), E dugc tinh bang von (V)

(R+r
va P duoc tinh bang o4t (W). Cho E =12(V) va r=2(Q), con R bién thién thi cong suat P dat gia tri
cuc dai bang bao nhiéu W ?
Loi gidi
Pap an: 18
144R

Khi E=12(V) va r=2(Q), thi P= .
V) va r=2(@) i p=

144R

R+2)

_144(R+2)(2—R)
(R+2)*

Khi d6 P(R) dat gia tri cuc dai tai R=2 va maxP =P(2)=18.

(0;+oo)

Xéthamsb P = > Vi Re(0;+0).

Taco P'(R) =0=R=2

Vay cong suat P dat cuc dai bang 18(W).

Cau 92. Trong khoang thoi gian tir ngay 01/01/2024 dén hét ngay 30/12/2024 nhdém nghién ctru di quan sat
su phat trién ciia mot quan thé sinh vat X. Két qua nghién cau chi ra rang, tai ngay thir t ciia nam 2024 (tinh
tir ngay 01/01/2024) sb ca thé sinh vat X trong quan thé duoc ude luong bai ham sé

f(t)= _ 1t bt? et 412000 (con), 0 <t <365 va ngay 26/09/2024 la ngay cd sb luogng cé thé sinh vat
300
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X nhiéu nhat véi 55740 con. Ngay 25/11/2014 sb lugng cé thé sinh vat X dugc uée luong khoang bao nhiéu
nghin con? ( Két qua 1am tron dén hang phan chuc).

Lo giai

Pap an: 49,6

Nam 2024, thang mot co 31 ngay, thang hai c6 29 ngay, thang ba c6 31 ngay, thang tu c6 30 ngay, thang
nam c6 31 ngay, thang sau c¢6 30 ngay, thang bay cé 31 ngay, thang tam cé 31 ngay, thang chin cé 30 ngay,
thang muoi ¢ 31 ngay, thang mudi mot cd 30 ngay.

Taco f(t)= —%ﬁ +bt? +ct+12000

f'(t)= —ﬁtz +2bt+cC

Ngay 26/09/2024 ng véi t = 270 1a ngay c6 sb lwong cé thé sinh vt X nhiéu nhét véi 55740 con nén ham
s6 dat cuc dai tai t=270.

f'(270)=0<:>—ﬁ2702+540b+c=0c>540b+c=729 (1)
f (270)=55740 < —3#:0 270° +b 270% + 270¢+12000 = 55740 <> 72900 b +270¢ =109350 (2) Tir
6 A A oX 4% \ 1 .5 6,
(1) ,(2) suyra b:g, ¢ =81, vay ham so da cho 1a f(t):—%t it +81t+12000

t=270
Thir la f'(t):-im%usl, f-(t):o@[

100 t=-30(l)
BBT

t 0 270 365

f'(t) + 0 -

Ham sé dat cuc dai tai t=270.

Ngay 25/11/2014 tng véi t =330, khi d6 sb lugng ca thé sinh vat X duoc udc lugng khoang bang:
f(330)= —3—303303 +g.3302 +81. 330+12000 = 49620 (con).
Cau 93. Ngay khai giang nam hoc 2024 —2025 . Hoc sinh khéi 12 truong THPT Nguyén Hién tha chum
bong bay gan thong diép “Hoc Sinh khdi 12 chién thang CT 2018 ”. U'éc tinh dd cao h (tinh bangkm ) cua
chum béng bay so v&i mit dat vao thoi diémt (don vi gid) duoc cho bdi cong thire
h(t) =t +3t2,(0 <t< 3) . Chum bong bay dat d6 cao lon nhét so véi mat dat la: a(km) .Tim a?

Loi giai
Pap an: 4.

t=0
Taco h'(t):—3t2+6t:0<:>L )

Bang bién thién ciia ham s h(t)=—t*+3t*(0<t<3)
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r2

-
2

! 0
h'(t) + 0 _

h(t)

Vay chum béng bay dat d cao I6n nhat so véi mat dat 1a4(km).
Cau 94. Gia str ty 1é sinh ciia Tinh A tuan theo quy luat logistic dwoc md hinh héa bing ham sé
200

f(t)= Tode ;t>0,t e N, trong d6 thoi gian t duoc tinh bang thang. Khi d6 dao ham f '(t) s& biéu thi
+4e
téc d6 tang dan s6 cua tinh A . Hoi sau bao nhiéu thang tdc do tang truong cua dan sb tinh A 1a 16n nhét?
Loi gii
Pap an: 1,39.
t
Taco f(t)= 2004 = 2t00e
1+4e e +4
t
Khido f'(t)=—20¢
t
(e +4)
800e' (4-¢')
= f'(t)=—— 2 Khido f"(t)=0<t=In4.
(e'+4)
Bang bién thién
t 0 In 4 +or
S(t) - 0 -
/(1)

In4
800 _8004_25 4i thoi diém
(e +a) 16 2

Vay toc do tang truong cua dan so tinh A lén nhat 12 f'(In4)=

t=In4~139
Cau 95. Pé loai bo x% chit gay & nhidm moéi truong tir khi thai cia mot nha may, ngudi ta ude tinh chi phi
ax+Db
—X+d
Tinh chi phi chénh léch (ti ddng) phai bo ra dé loai bo 90% va loai bé 99% chét gay 6 nhiém tir khi thai cua
nha may.

v

(triéu dong) can bo ra dugc mo hinh hda boi ham s6 c6 dang C(x) = (nhu hinh v&), (0<x<100).

ol100  x

=200 f
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Loi giai

Dap an: 18.
Tir d6 thi ham sé ta thiy: D6 thi di qua gdc toa do nén b=0.
D6 thi c6 duong tiém can ding x =100 = d =100.
D6 thi c6 duong tiém can ngang y = —200 = —a =—-200= a = 200.

200x
—x+100

Suy ra chi phi chénh léch (ti dong) phai bo ra dé loai bo 90% va loai bo 99% chat gay 6 nhidm tir khi thai

cua nha may la:

Vaytaco C(x)=

200.99 3 200.90
—-99+100 -90+100
Cau 96. Nong d6 C cua mot loai hda chat trong mau sau t gid tiém vao co thé dugc cho bai cong thic
C(t)= 644tt3 vé6i t>0. Sau khoang bao nhiéu gio tiém thi ndng do cua hda chat trong méu 1a cao nhat?

+
(két qud 1am tron téi hang phan tram)

C(99)-C(90)= ~18000 (triéu ddng) =18 ti dong.

Lai giai
Dap an: 3,17.
_ o3
Taco C'(t) _8U+2% +2356 :
(64+t )
C'(t)=0e -8 +256 =0t =3/32.
Bang bién thién
t | 0 /32 +00
C/(t) + 0 _
c(¥/32)

Dua vao bang bién thién thi ndng do hoa chit trong mau cao nhit khi t =332 ~3,17 (gio).
26t +10

Cau 97. S6 dan ciia mot thi trén sau t nam ké tir nam 2002 dugc tinh bsi cong thuc f (t)=

(f(t)
dugc tinh bdng nghin ngudi). Pao ham ciia ham sé y = f (t) biéu thi tbc d¢ ting dan sé cua thi tran (tinh
béng nghin nguoi/nam). Hoi vao nam nao thi tdc do tang dan s6 1a 0,075 nghin nguoi/nam?
Loi giai

Dap an: 2037.

Taco: f(t)= 26t+10
t+5

Vitlasdnimnént>0.
Ham sb xac dinh voi vt >0.

, 120
f (t) = 2"
(t+5)

= /(1) =0,075 & —22_ ~0,075 < (t+5)° =160 & (t-+5)" = 40"
(t+5)
Vit>0 nént=35.
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Vay sau 35 nam ké tir nam 2002, tirc 14 vao nam 2037 thi toc d6 ting dan sé cua thi trin do 1a 0,075

nghin ngudi/nam.
Cau 98. Biét rang téc d6 danh may trung trinh S (tinh bang tir trén phat) cia mot hoc vién 16n tudi sau t

2
tuan (ké tir khi chua biét danh may) dugc cho bai mot trong hai cong thire sau S(t) = H va
+
2
st)=21*L abcde; ac-0).
ct+d

Ong A (M6t ngudi 16n tudi chua biét danh may) sau 4 tuan di hoc thi tc d6 danh may trung binh dat 20 tir
trén pht, sau 6 tuan dat 30 tir trén phat. Em hay dyu doan xem, sau khoa hoc 15 tuan thi téc do danh may trung
binh cua éng A la bao nhiéu tir trén phuat.

Loi gidi
Pap an: 45.
2 2

Do 1im &2 1o nen s@) = 22 164

x>+ Ct+d ct+d

) at’
+)Taco S(0)=0<=b=0=S(t)=——.

ct®+d

S(4)=20  (16a=20(16c+d 4a=80c+5d (i
+)Meitkhéccé{ ) @{ a =20(l6c+d) @{a o @)

S(6)=30  |36a=30(36c+d)  |6a=180c+5d (2)
L4y (2) trir (1) ta dwoc a=50c thay vao (1) ta dugc d = 24c .

50ct? 50t?
Vay S(t) = = .
ay SO ct?+24c t>+24
2
+) Do d6 S(15) = 52'15 ~ 45
152 + 24
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@ BAI TOAN VE TIEM CAN

@ Quy tac giii bai toan thue té vé tiém cin

Budéc 1: Doc hiéu va phan tich dé bai
« Trong yéu cau bai toan thuong c6 cum tir: “khéng viret qua bao nhiéu” hay “khdng thdp hon
(khéng dwot) bao nhiéu”
Buéc 2: Xay dung moé hinh toan hoc
« Goi bién s6 (thuong 1a thoi gian) va suy ra cac dai lugng tuong ung.
e Lap ham biéu thi dai lugng can xac dinh theo yéu cau ctua dé bai.
Budce 3: Gidi mo hinh toan hoc
e Tinh gi6i han cua ham .
 Kiém tra diéu kién cua bién (néu can)
Budc 4: Pap an va dién giai két qua
o Két luan bang 101, kém don vi.

Vidu 16. Mot chiéc xe 6 t& méi mua cé gia 30 000 USD. Sau thoi gian
t (ndm), nguoi ta xac dinh gia tri cua xe 6 t6 do la
f ( t) _ BOOOOIrZOOOt

d6 khong thé thap hon hon bao nhiéu (USD)?

(USD) . Khi thoi gian tang lén, hoi gia tri cia xe 0 to

Lai giai
Dap an: 2000 1
30000
. 30000 + 2000t

Taco: f (t)=+.
Ta co:

lim £ (t) = lim 20000+ 2000t _ nm(?’oooo " 2000) ~2000. 3000

t—>+o0 t—+0 t t—>+oo! 2000
Suy ra, tiém can ngang cta d6 thi ham s f (t) la y =2000. 1000 .
Vay khi thoi gian tang 1€n, gia tri ciia xe 6 t6 do ngay cang giam 16 30 so0 70

vé va gan bang 2000 USD.

Vidu 17. Mot bé dang chira 5000 lit nudc tinh khiét. Nguoi ta bom vao bé
d6 nuwdc mudi c6 ndng o6 30 gam mudi cho mdi lit nude véi toe do 25 lit/phat.
Nong d¢6 mudi khong vuot qua bao nhiéu sau mot thoi gian dai bom nudc mudi? 5000L

L(‘)’l gl{ll rlml;zd_lch
Pap an: 30
Sau t phut, ta ¢6 khdi lugng mudi trong bé 1a 30.25t = 750t (gam).
Thé tich ciia luong nude trong bé sau t phat 1a 25t +5000 (lit).
; .. s 750t .
Vay nong do muoi sau t phatla f (t)=———— (gam/lit
Py one & P ()= 55+ 5000 @110

Sau mot thoi gian dai bom nude mudi thi ndng dd mudi trong bé khong vuot qua

. . 750t ]

lim f (t)= lim ———— =30 (gam/Iit

t—+o00 ( ) t—>+o 25t + 5000 (g )
Vidu 18. Tai mot cong ty san xuat d6 choi an toan cho tré em, cdng ty phai chi 34567 USD dé thiét 1ap

day chuyén san xuat ban dau. Sau do, cir san xuét dugc mot san pham dd choi X , cdng ty phai tra 8 USD cho
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nguyén liéu ban dau va nhan céng. Goi x(x>1) 1a s6 6 choi X ma cong ty da san xuat va C(x) (don vi:
USD) 1a téng sb tién bao gém ca chi phi ban d¢au ma cong ty phai chi tra khi san xuat x dd choi X . Khi d6

chi phi trung binh cho m&i san pham do choi X 1a ham s6 C(x) = ( ) xic dinh trén [L; +o0) . Khi s6 db choi

san Xuét tang 1én thi chi phi trung binh cho mdi san pham d6 choi X giam xudng nhung khong xudng dudi
muc t6i thiéu la bao nhiéu USD?
Loi giai
Pap an: 8
Taco: C(x) =34567+8x.

C(x) _34567+8x _, 34567
X

X X

Khi d6: C(x) =

X—>+00 X—>+00

Ta co: I|mC(x)—I|m[8 Mj:&
X

Ma: C(x) 1a ham nghich bién trén [1;-+0) nén chi phi trung binh cho m&i san pham d6 choi X giam xuéng
thip nhat va khong dudgi 8 USD.

BAI TAP THAM KHAO

Cau 99. Mot bé dang chira 1000 lit nude tinh khiét. Nguoi ta bom vao bé dé nude mudi co ndong do 15 gam
mudi cho mdi lit nudc vai toe do 20 lit/phat. Biét rang ndng do mudi trong bé sau t phut (tinh bang ti sé cua
khdi lugng mudi trong bé va thé tich nudc trong bé, don vi: gany/lit) 1a mot ham s f (t), thoi gian t tinh
bang phit. Sau mot thoi gian twong d6i dai bom nuéc mudi thi nong do mudi trong bé khong vuot quéa bao
nhiéu?
Loi giai

bap an: 15

Sau t pht, ta c6 khdi lwong mudi trong bé 1a 20.15t = 300t (gam).

Thé tich ctia lwong nudce trong bé sau t pht 1a 1000+ 20t (lit).

300t 30t

Véy nong do mudi sau t phit 13 f (t)= 1000+ 20t~ 1004 2t (gam/lit)
+ +

Taco: lim f(t )_tllm 10§Ot2t
t—>+0 —>+00 =+

Sau mét thoi gian dai bom nuge mudi thi ndng dd mudi trong bé khong vuot qua 15 (gam/lit)
Cau 100. Mot bé chira 1000 lit nudc mudi ¢ nong do 0,1 (tinh bang ti s6 caa khdi lugng mudi trong bé va

thé tich bé, don vi gam/lit). Nguoi ta bom nuéc mudi c6 ndng do 0,2 vao bé véi toe do 20 lit/phut. Goi f (t)

la ndng d6 mudi trong bé sau t phat. Sau mot thoi gian twong ddi dai bom nuwéc mudi thi ndng do mudi
trong bé khong vuot qué bao nhiéu?
Cau 101, Loi giai
Pap an : 0,2
Khéi lwgng mudi cé trong bé trong t phat 1a 1000- 0,1+ 20-0, 2t =100+ 4t .
100 + 4t 25+t

Nong d6 mudi trong bé sau t phat Ia = .
1000+20t 250+5t

Ta co: tlirpw f(t)=0,2

Sau mot thoi gian dai bom nuge mudi thi ndng dd mudi trong bé khong vuot qua 0,2 (gam/Iit)
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Cau 102. Mot bé chira 2m® nudc tinh khiét. Nguoi ta bom vao bé d6 nude mudi ¢d ndng do khong doi véi
téc d6 20 lit/phat. Nong 6 mudi trong bé sau t phut (tinh bang ti s6 cua khdi lugng mudi cé trong bé va thé
tich nuéc trong bé, don vi gam/lit) A mot ham sé f (t), thoi gian tinh bang phat. Biét rang tiém can ngang

cia do thi ham s f (t) 1a y=10. Nong d6 mubi trong bé sau khi bom duoc 1 gio 1 bao nhigu?

2m

dlmig_djch
mudi
Loi gidi
Pap an: 3,75.
Gia sir nudc mudi bom vao c6 nong do a gam/lit.
Sau t phut ta c6 khdi lugng mudi trong bé la 20at (gam).
Thé tich ciia lwong nudce trong bé sau t pht 1a 2000+ 20t (lit).
20at at

Vay nong do mudi sau t phat la f(t)= 500020t~ 1001 (gam/lit).
+ +

Tacd tIim f(t)=Ilim

=a, nén do thi hamsé f (t) cotiémcanngangla y=a.Suyra a=10.
—>+o0 t>+0 100+t ) ( ) : : gang y y

Do d6 ham ndng do mubi trong bé sau khi bom dugc t phitla f (t)= l(:)l(?t s
+

10.60

Nong d6 mudi sau 1 gio bom la f (60)=100 50 =3,75 (gam/lit).
+

Cau 103. Gia sir s6 lugng caa mot quan thé ndm men tai méi truong nudi cdy trong phong thi nghiém

duoc m6 hinh hoa bang ham s6 P(t) = trong d6 thoi gian t duoc tinh bang gio. Tai thoi diém ban

b+e—0,75t 4

dau t =0, quan thé c6 20 té bao va ting véi toe do 12 té bao/gio. Theo md hinh nay sé luong nAm men
khong vuot qua bao nhiéu con?

A

So

lugng

nam

men

>

Thési gian
Léi giai
Dap an: 100
—0,75t
Taco: P'(t)=27% " >0,
(b+efo,75t)

Theo dé bai, ta c6: P(0)=20 va P'(0)=12.
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a
b1 2 a=20(b+1)

0,752 ., 7115 1
— =12 |pi1
(b+1)

Do d9, ta c6 h¢ phuong trinh:

Giai hé phuong trinh nay, ta dugc a =25 va b= % .

_ 18,75¢ 0™

Khi do, P'(t) =————>0,Vt20,tucla s6 lwong nAm men ludn tang.
(1 0,75t]
“+e
4
Tuy nhién, do lim P(t) = lim 1L =100 nén sb lugng nAm men ting nhung khong vuot qua 100 té
t—+o0 t—+o0 _0.75t
“te

4

bao.

Cau 104. Mot bé chira ban dau co6 300 lit nude. Sau d6, cir mdi phit ngudi ta bom thém 60 lit nuwdc va 20
gam chét khir tring (hoa tan). Biét rang nong do chat khir trang ludn ting theo thoi gian va khong vuot

ngudng 1 gam/lit. Tim a.
a
Loi giai
Taco 1 gio = 60 phat.

Khdi lugng chat khir tring trong bé sau t phat 1a 20t (gam).
Thé tich nudc trong bé sau t phat 1a 300+ 60t (lit).

Nong d6 chét khir tring trong bé sau t phut 1a gam/lit).

300+ 60t (

Vi t>0;lim f(t) =%. Suy ra d6 thi ham s6 ¢6 1 tiém can ngang 1a y =%. Do d6 khi thoi gian t tré nén

t—>+00
rat 1on, nong do chat khir tring ngay cang tién vé % .Vay a=3.
Cau 105. S6 lugng san pham caa cong ty ban dugc trong X (thang) duoc tinh theo cong thirc
S(x)= 400[2 +i2j v6i x>1. Tacoi y=S(x) 1a mot ham sb xac dinh trén [1;+0) . Khi d6, hay tinh xem
X+

s6 lugng san pham cua cong ty ban duogc trong mot khoang thoi gian dai khdng thé thap hon bao nhiéu san
pham?

Léi giai
Dap an: 800.
Taco: S'(x)=- 12002 <0, véi moi x=1.
(x+2)
Suy ra ham s6 y = S(x) nghich bién trén [1;+o0) .
1200
Mt khac, ta c6: lim S(x) = lim 4oo(2+i)= lim | 800+ —X_ | =800
X—>+00 X—>+00 X+ 2 X—>+00 1 2
+7
X

Suy ra, tiém can ngang cua do thi ham sb y=S(x) la y =800.

Vay s6 luong san pham cua cong ty ban dugc trong thoi gian dai khéng thé thap hon 800 san pham.
Cau 106. M@t tac gia mudn xuat ban mot cudn sach véi phi xuat ban 13 10 triéu ddng va gié tién in mdi
cudn sach 1a 70000 ddng. Goi t(t >1) 1a sb cudn sach s& inva f (t) (don vi: nghin dong) la chi phi trung
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binh ciia mdi cudn sach. Khi d6, ngudi ta tinh toan duoc chi phi trung binh caa mdi cudn sach khong thé
thip hon ab nghin d¢éng. Tim a+b.

Loi gidi
Dap an: 7.
Téng sé tién can bo ra dé in t cudn sach la: 10000+ 70t (nghin ddng).
Chi phi trung binh ciia mdi cudn sach 1a f (t) =M(nghin dong).

Taco lim f(t)=70. Suy ra y =70 la duong tiém can ngang cua d6 thi ham s6 y = f (t). Vay chi phi trung

binh cua m&i cudn sach thap nhat khong thé thip hon 70000 déng. Khi d6, a=7,b=0.

Cau 107. Tai mot cdng ty san xuat do choi an toan cho tré em, cdng ty phai chi 40 000 USD dé thiét lap
day chuyén san xuit ban dau. Sau do, cir san xuat du ¢ mot san pham d6 choi A, cdng ty phai tra 6 USD cho
nguyén liéu ban dau va nhan cong. Goi x(x 1) 1a s d6 choi A ma cong ty da san xuat va P(x) (don vi

USD) la tong sé tién bao gom ca chi phi ban dau ma cong ty phai chi tra khi san xuat x dé choi A. Nguoi ta

x . ) P(x .
xac dinh chi phf trung binh cho mdi san pham do choi A 1a F(x)= (—) Xem F(x) laham so theo x
X

x4c dinh trén nira khoang [1;+c0). Khi d6, chi phi trung binh ciia mdi do choi A thap nhét cang gan nhung
khong thé nho hon bao nhiéu (USD)?
Loi giai
Pap 4n: 6
Mot d6 choi A cdng ty phai tra 6 USD nén x do choi A cong ty phai tra 6x (USD) (x >1). Khi d6 tong
s6 tien bao gom ca chi phi ban dau ma cong ty phai chi tra khi san xuit x db6 choi A Ia:

P(x)=6x+40000= F (x)= P(x) _ 6x+40000

X X
Tacéd lim F(x): lim (Wj=6
X—>+00 X—>+00 X

Suy ra y =6 1a phuong trinh dudng tiém can ngang ciia d6 thi ham sé F ().
Vay chi phi trung binh cia mdi d choi A thap nhat cang gan nhung khong thé nho hon 6 USD.
Cau 108. S lugng san pham cua cong ty ban dugc trong X (thang) dugc tinh boi céng thic

S(x)= 300(2+ij Vi x>=1. Xem y=S(x) la mot ham sb xac dinh trén [1+0). Khi d¢, hay tinh xem

X+2
s6 lwong san pham cia cong ty ban duoc trong thoi gian dai khong thé thip hon bao nhiéu san pham?
Loi giai
Pép dn: 600

1200

Taco: limS(x)= lim300[ 2+ |= lim| 600+ —X_ |=600.
X—>+00 X—>+00 X+ 2 X—>+00 1 2
+7
X

Suy ra, tiém can ngang cua do thi ham sé 1 y =600.
Vay s6 lwong san pham cia cong ty ban duoc trong thoi gian dai khong thé thip hon 600 san pham.
Cau 109. Mot cong ty san xuit may tinh da xac dinh duoc rang, tinh trung binh mét nhan vién cé thé lap
50x

rap duoc N (x)= m(x >0) bd phan méi ngay sau x ngay dao tao. Xem y =N (x) la mot ham sb xac
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dinh trén [0; +oo), khi s ngay dao tao tang 1én, hiy tinh s6 bo phan mot nhan vién 1ap rap téi da khong vuot

qua bao nhiéu?

Loi giai
Pap an: 50
Taco lim N(x)= lim 2% = lim = 5
X—>+00 x40 X + 4 X—H—ool 4
+7
X

Vay mét nhan vién lap réap tbi da khong vuot qua 50 bo phan may tinh.
Cau 110. Mot co sd san xuat tinh toan rang s san pham trung binh ma mot nhan vién lam dwoc mdi ngay
1A f(x)= 1001)(‘) Vi X 12 56 ngay kinh nghiém lam viée (x>0). Xem y = f (x) 1a mét ham s6 xéc dinh
X +

trén [0;+0). Khi s6 ngay kinh nghiém 1am viéc ting 1én thi s6 san pham trung binh téi da ma mot nhan vién

c6 thé 1am dugc trong mot ngay 1a bao nhiéu?

Loi giai
Pap an: 99
Taco: f(x)= 100X _100-19%9 100 va lim f (x)=100 nén sb san pham téi da ma mot nhan vién
x+10 x+10 X4o0
lam duoc trong mét ngay 1a khong qué 99 san pham.

100x
x+10
Vay khi s6 ngay kinh nghiém lam viéc tang 1én thi s6 san pham trung binh t6i da ma mot nhan vién co thé
lam dugc trong mot ngay la 99.
Cau 111. Mot bé chira 30001it nudce tinh khiét. Nguoi ta bom vao bé d6 nudc mudi ¢d nong do 25 gam/lit
nudéc voi toe do 20 lit/phat. Gia st nong d6 mudi trong nudc bé sau t phat duoc xac dinh bai mot ham sé
f (t) trén t[0;+00) (gam/lit). Khi t cang I6n thi ndng dd mudi trong bé tién gan dén bao nhiéu gam/lit.

=99 < x=990.

Taco f(x)=99<

Loi giai
Dap an: 25
Sau t phat khéi lugng mudi trong bé 1a 25.20.t =500t (gam).
Thé tich cia bé sau t phat 1a 3000+ 201 (lit).
500t 25t

Khi d6 ndng do mudi c6 trong nuéc bé la: f (t)= = (gam/lit).
3000+20t 150+t

lim f (t) = lim —22 = lim - 2> =25

t—>+o0 toro 15041 towo 150 41

Vay hi t cang 16n thi ndng d6 mudi trong bé tién gan dén 25 gam/lit.
Cau 112. Mot bé chtra ban dau c6 250 lit nude. Sau do, cir mdi phut nguoi ta bom thém 25 1it nuée, dong
thoi cho vao bé 8 gam chat khir khuan (CIO, ) dugc hoa tan. Gia sir C(t) 1a ndng d6 chat khir khuan trong

. ] m(t . ‘. . . .
bé sau t phit (voi C(t) = % , don vi gamy/lit, trong d6 m(t) 1a khoi lugng chat khir khuan trong bé va
V (t) 1a thé tich nuéc trong bé). Goi ¢ 1a s6 duong nho nhat ma ndng do chat khir khuan 1a C(t) tang theo
thoi gian t nhung khong vuot qua ngudng ¢ gam/lit. Tim ¢

Loi giai
Dap an: 0,32
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_ 8 0

25t + 250

Ta can tim gia tri Ion nhét cia C(t) trén khoang xéc dinh

2000

Nong d6 chat khir khuan trong bé sau t phit la C(t)=

Taco: C'(t)=———5>0,Vt>0
(25t + 250)

Do d6 C(t) dong bién trén (0;+0)

Taco: lim 8t 8 0,32

>+225(+250 25
Vay néng d6 chat khir khuan tang theo thoi gian va khéng vuot qua 0,32
Cau 113. Mot bé ban dau chira 150 lit nude. Sau d6, cir mdi phit ngudi ta bom thém 50 lit nude, ddng
thoi cho vao bé 20 gam chat khir tring (hoa tan). Goi f (t) (gam/lit) 1a ndng do chat khir tring trong bé sau
t phdt (t>0), biét ring sau khi khao sat su bién thién ciia ham s f (t), tathdy giatri f(t) ting theo thoi
gian t nhung khong vuot ngudng p gam/lit. Timsé p (két qua viét dudi dang sb thap phan).
Loi gidi
Dap an: 0,4.
Thé tich nudc trong bé sau t phat 1a 150 +50t (lit).
Khéi lwong chat khir tring trong bé sau t phat 1a 20t (gam).
3 : N 2 Yt 20t ,
Nong do chat khir trung trong bé sau t phatla f (t)=——— (gam/lit).
g ¢ g trong p ()= 150 @M1
3000 20t

Taco £/(t)=—200 -0, wt>0 va lim—2_—2_q4.
(50t +150) ©+50t+150 5

Vay gia tri ham f (t) luon ting nhung khong vuot ngudng 0,4 gam/Iit.
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@ BAI TOAN THU'C TE VE HAM SO - PO THI
@ Quy tic giai bai toan thyc té vé ham s6 va dd thi

Buéc 1: Poc hiéu va phan tich dé bai
« Bai toan thuong cho hinh anh cé sin dang d6 thi
Budc 2: Xay dung mo hinh toan hoc
e Goi bién sd qva suy ra cac dai luong tuong ung. . ‘
e Lap ham biéu thi dai lugng can xac dinh theo yéu cau ctua de bai.
Bude 3: Gidi mo hinh toan hoc
 Khdo sat ham s6 va tinh cac dai lugng theo yéu cau.
o Kiém tra di€u kién cua bién (n€u can)
Buéc 4: Pap an va dién giai két qua
o Két luan bang 10i, kém don vi.

Viduy 19. Lat cit cua mot ving dat duoc md hinh hda béi ham bac ba y = f (x)c6 do thi nhu hinh vé
dudi (don vi trén cac truc 1a km). Biét khoang cach OM = 2km ; d6 rong caa ndi MN = 3,5km. D6 sau caa ho
nudéc 1a 450m. Chiéu cao caa ngon ndi la bao nhiéu mét? (1am tron dén hang don vi).

y (km)

Nui

x (km)

Loi gidi
Pap an: 1191
Ham sb bac ba y = f (x) c6 dang y =ax® +bx*+cx+d, (a=0)
Tac6: ON =OM +MN =2+3,5=5,5(km)
Dua vao hinh v& trén, ta thay do thi ham s6 cat truc hoanh tai cac diem: O(0;0),M (2;0) va N(5,5;0)
Khi d6, phuong trinh f (x) =0 c6 ba nghiém phan biét 1a x=0;x=2;x=5,5.
= f (x)=kx(x-2)(x-55) = k(x3 —7,5%* +11x) v6i do thi ham s6 lim = nén k<0

Taco: f'(x)=k(3x* —15x+11)

+
Xeét £'(x)=0 < k(3x*~15x+11) = 0 < 3x* ~15x+11=0 = x:—15—6‘@ .
D¢ sau ctia hd nudc 12 450m = 0,45km nén ta c6 gia tri cyc tiéu caa do thi ham sé trén 13y, =-0,45.
Suyra, f 15-4/93 :—0,45<:>k._135+—31\/§:—0,45<:>k __ 162
0 36 ~135+31/93
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Chiéu cao ctia ngon nii tuong tng Véi y, = f [%J ~1,19106(km) ~1191(m).

Vay ngon nui cao khoang 1191m.
Vidu 20. Puong di cia mét khinh khi cé}u duoc gan trong hé truc 4y
toa d6 1a mot duong cong bac hai trén bac nhat ¢6 do thi cat truc hoanh
tai hai diém c0 toa d¢ Ia (1,0) va (8;0)véi don vi trén h¢ truc toa do 12

1 (km) . Biét rang diém cuc dai ctia d6 thi ham s 1a diém (6;5). Hoi 7
khi khi cAu di qua diém cuc dai va cach mat d4t 3875 (m) thi khi cAu |l

céch géc toa do theo phuong ngang bao nhiéu? (don vi: km)
Lai giai

Pap an: 7,2.

X2 +bx+c
dx +e

Khéng mat tinh tong quat, ta gia sir phwong trinh ctua duong cong 1a y =

Vi d thi ham sé cét truc hoanh tai 2 diém c6 toa d¢ 1a (10) va (8;0) nén
X* +bx+c=(x-1)(x—8)=x"-9x+8
X —9x+8 e (2x—9)(dx +€) —d (x> —9x +8)
dx+e (dx+e)?
Vi d6 thi ham s6 c6 diém cuc dai la (6;5) nén suy ra

Suyra y=

y'(6) =0 3(6d +e)+10d =0 284 + 36 = 0 3 o8
<9 -10 = sSd=—e=——
y(6) =5 =5 30d +5e=-10 5 5
6d +e
2 —_ 2 a2 4 4 2
Viy phuong trinh ciia ham sé 1a: y = W . Kiém tra lai diém cuyc tri cia ham so nay ta thay diém
X —

(6;5) 1a diém cyc dai cua do thi ham sé.

Yéu cau bai toan < tim nghiém x>6 caa phuong trinh

5(x* —9x+8) X=7,2

3x—28 x=4,125 (L)

Vay khi khi cau di qua diém cuc dai va cach mat dat 3875 (m) thi khi cau cach gdc toa do theo phuong
ngang la 7,2 km.

Vi du 2’1. 0 m(f)t’ Vinh bién, ngoai khoi xa c6 mdt hon dao nh,(”). 0
Nguoi ta tien hanh lan bién dé xay dung khu d6 thi va lam mat tuyéen
cap treo ndi khu d6 thi voi hon dao dé phat trién du lich. Xét trong hé
toa d6 Oxy Vvai don vi twong tng 1km ¢6 hon dao & O thi duong bao

= 3,875 < 5x* —56,625x +148,5=0 <:>{

—x*+2

ctia phan dat 1an bién c6 dang 1a mét phan cua db thi ham sé y = Khu db thi

. Gia sir tuyén cap treo dugc thiét ké ndi dao véi dudng bao cua khu do
thi v&i do dai ngan nhat. Do dai cua tuyén cép treo 1a bao nhiéu km (1am
tron két qua dén hang phan mudi)?

Loi giai
Pap an: 1,29
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x> 42
X

X2 +2
X

Lay diém M {x; j x#0 thudc dd thi (C):y =

Khi d6 OM2:x2+( X +2] =2x2+i2—424\/§—4
X X
Suy ra OM 22\/\/5—1
DA =" xay ra khi va chi khi 2x = & & x=£/2
X

Viy do dai tuyén cap treo ngén nhat bing OM__ =2+/v/2-1~1,29.

BAI TAP THAM KHAO

Cau 114. Mot phan duong chay cua tau luon siéu téc ( hinh 1) khi gan hé truc toa d6 Oxy dugc md phong
& hinh 2, don vi trén mdi truc 1a mét. Biét duong chay caa n6 1a mot phan db thi ham béc ba

y =ax’ +bx® +cx+d (0< x<90); tau lwon siéu tc xuat phat tir diém A, di qua céc diém C,D dong thoi
dat d6 cao nho nhat so vai mat dat 13 6m . Do cao 16n nhat ma tau luon siéu tée dat duoc 12 bao nhiéu mét so
v6i mat dat? (Két qua lam tron dén hang phan chyc).

Y

e 2t o

6 -W-t--'r’// ! \
o N 0 50 80
Hinh 1 Hinh 2

Loi gidi
Dap an: 39,9
Dua vao hinh 2 ta thay do thi ham s6 y = f (x) =ax® +bx® +cx+d (a<0) va dudng thang y =30 cit nhau
tai 3 diém phan biét c6 hoanh do x =0; x = 50; x = 80.
= ax’ +bx* +cx+d =30 < ax® +bx* + cx+d —30=0 ¢6 3 nghiém phén biét x = 0; x = 50; x = 80.
= ax’ +bx’® +cx+d —30 = ax(x—50)(x—80) = a(x3 —130x° +4000x)

Suyra f(x)=a(x®~130x* +4000x)+30 = f'(x)=a(3x" —260x+4000)

x=20(TM)
f'(x)=0< :
(x) x=22 (1)
3
Theo bai ra do cao nho nhét bang 6 hay f (20)=6<a= —ﬁ
Do cao 16n nhat ma tau lugn siéu toe dat dugce 12 f (2—20j = % ~ 39,9.

Cau 115. Mot gido vién theo ddi su tién bo cua hoc sinh qua thang do diém, dugc md hinh hda bang ham
so f(x)=x>+ax*+bx+c véi a,b,c 1a cac hé s6. Trong d6 x (0<x<9,xe¥ ) 1a 56 thang ke tir dau ndm
hoc va f(x) la diém trong thang thi x. Qua theo ddi, gido vién ghi nhan thang du tién hoc sinh dat 19

diém, sau d6 giam trong thang thir hai va dén thang tha ba hoc sinh dat murc diém thap nhat trong nim hoc
1a 3 diém. K& tir thang tha ba tro di, diém caa hoc sinh tang 1én. Tinh diém caa hoc sinh d6 & thang thir sau.
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Loi gial
Pap an: 84.
f(1)=19 (a+b+c=28 a=-3
Dua vao dé bai ta c6 hé phuong trinh: < f'(3)=0<{6a+b=-27 < {b=-9.

f(3):3 9a+3b+c=-24 c=30
= f(x)=x"-3x"-9x+30= f (6)=84.
Cau 116. Mot vat chuyén dong véi téc do v(km/ h) phu thudc vao thoi gian t(h) ¢ d6 thi ciia ham sd
dang ham béac ba nhu hinh bén. Biét rang tai thoi diém t, =1h vat c6 toc do v, = 4km/h va tai thoi diém
t, =2h vatcé toc d6 v, =1km/h. Hoi tc d¢ cla vat tai thoi diém t =3h bang bao nhiéu km/h?
v (km/h)

4¢-""77

Lai giai
Pap an: 16
Gia str ham s6 toc do c6 dang: v(t)= at’ +bt’ +ct+d (véi a=0 vat=>0).
Taco: V'(t)=3at’+2bt+cC.

Dya vao do thi ham s, tai cac thoi diém t,,t, dd thi ham toc d6 di qua cac diém cyc tri A(1;4), B(21)

v(1)=4 a+tb+c+d=4 a==6
V'(1)=0 - __
Khi db. (1) - 3a+2b+c=0 - b 27_
v(2):1 8a+4b+2c+d =1 c=36
v'(2):0 12a+4b+c=0 d=-11

Suy ra: v(t) =6t —27t* + 36t —11 (km/h).

Vay tbc df cuia vat tai thoi diém t=3h 1a: v(3)=6-3"-27-3" +36-3-11=16 km/h.
Cau 117. Mot con thuyén roi bén O(0,0) trén mot bd song, ludn di vai toc do khong doi 20 dam/gio
hudng vé bén A(1000,0) (phia dong ciia O ); ddng thoi nuéc sdng chay nguoc Ién phia bac véi toe do 5

1000 1000

Tim d6 léch bic 16n nhat ma thuyén dat dugc trong suét hanh trinh.

3/4 5/4
dam/gio. Neudi ta cho ring duong di cua thuyén 12 y = 500{(1000 _ X] - [1000 _ Xj } 0< x <1000
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X (t[) A

[}

Na " Nt yy

0 A (1000, 0) x (ft)

Loi giai
Pap an: 76,6

pat u="00"X " io<u<l x=10000—u).
1000

Khi d6 y(u) =500(u®* —u*).

Tinh dao ham theo u: y'(u) :SOOGU”4 —gu”“j :500-%u1’4(3—5u)
Vi u™* >0 trén (0,1], ta chi can giai 3—-5u=0=u :2:0,6
Lap bang xét diu ta co

u | 0 0,6 1

!

y'(u) + 0 -

Suy ra y(u) dat diém cuc dai tai u=0,6

Chuyén lai thanh x vatinh vy,

- Twong tng X =1000(1—u) =1000-0,4 = 400

- D§ léch bic cyc dai 12 'y, =500((0,6)** —(0,6)”* ) ~500(0, 6817 —0,5286) ~ 76,6
Do d6 gia tri ., = 76,6 tai x =400

Két luan:

Trong suét hanh trinh, con thuyén bi dong nudc day léch vé phia bic cuc dai khoang

76,6 (don vi chiéu dai) khi n6 di di dugc x =400 (don vi trong tng) vé phia dong.
Cau 118. Mat khu vyc trong hoa duoc xay dung trong khu du lich sinh thai. Trong mé hinh minh hoa (nhu
hinh V& bén), né duoc gisi han béi cac truc toa do va do thi (C) ciia mot ham sb bac ba. Biét rang do thi

(C) di qua cac diém A(0;8),B(2;5,4),K(5;6,75) va H(8;0). Trong khu du lich sinh thai c6 mét con

duong chay doc theo duong thang d :y = —% X+ % Tim hoanh d¢ cua diém M thugc (C) sao cho

khoang cach tir M dén d 1a nho nhat (1am tron két qua dén hang phan tram).
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(LY S E——
=== = = ———

8 13 x
Loi giai
Dap an: 6,16.
Do thi (C) cua mot ham sé bac ba ¢6 dang: f (x)=ax’ +bx*+cx+d (a=0).

Vi dd thi (C) di qua cac diém A(0;8),B(2;5,4),K(5;6,75) va H(8;0) nén ta co:

. 1
d=8 10
8a+4b+2c+d =54 21
oib=—
125a+25b+5c+d =6,75 20
512a+64b+8c+d =0 c=-3
d=8

Suy ra f(x):—%x3+§—éx2—3x+8.

biém M thudc (C) sao cho khoang cach tir M dén d 1a nhé nhat khi va chi khi tiép tuyén cua (C) tai

M song song véi d ((x, >5).

Taco: f'(x)=——x"+—x-3
0 10
\ 2 A A s 13
buong thang d cé hé s6 goc k=—§.
X=06,16
Suy ra: —ix2+2—1x—3:—E<:> .
10 9 |x=0,84<5

Do x, >5 nén x,, =6,16 thoa man.

Cau 119. Khuén vién cia mot cdng vién c6 dang hinh chitr nhat ABCD véi AB =100 m; AD =80 m.
Nguoi ta muén chia cong vién thanh hai khu, mot khu danh cho tré em, mét khu danh cho ngudi I6n. Dé tao
thiét ké doc dao va la mat, nguoi ta dung mot dudng cong chia khudn vién thanh hai phan H, (khong to
mau) danh cho tré em va H, (t6 mau) danh cho ngudi I6n nhu hinh vé bén véi

AH =40m; AE=60m; AP=20m va EF //AB; PQ//AD.

Biét rang khi xét trong mot hé toa d6 Oxy, duong cong trong hinh 1a mot phan cia do thi ham sé bac ba.
Phan chinh giira cong vién nguoi ta mudn mac diy dén trang tri doc doan thang MN nhu hinh. Biét gi4 tién
mdi mét day trang tri ciia phan danh cho tré em 1a 140 nghin dong va phan danh cho ngudi I6n 12 180 nghin
ddng. Téng sb tién mac day dén trang tri trén doan MN 12 bao nhiéu triéu dong.
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D

Loi giai
Pap an: 13,9.
YA

——————————TI=

(0]

-

-
=

»

Xeét tryc toa do Oxy, voi gbc toa do 1a diém A. Tia Ox trung véi tia AB, tia Oy tring voi tia AD thi
duong cong ranh gidi giira hai khu vue 13 @6 thi ham sb bac ba y =ax® +bx? +cx+d.
Theo gia thiét @b thi ham sb nay di qua cac diém H (0;40); Q(20;60); F(100;60) va c6 diém cuc tri la
Q(20;60) néntaco hé
d =40
60 =8000a +400b + 20c + d
60 =1000000a +10000b +100c +d
3.10000a+2.100b+c =0
-11

‘b= ;c:z;d:40.
10000 500 5

Do M 1a trung diém cia AB nén toa do diém | 1a (50;67,5). Do d6 chiéu dai doan day thudc phan danh
cho ngudi 16n 1a 67,5 m, chiéu dai doan day thudc phan danh cho tré em 12 12,5 m.

Tong sé tién mac day dén 1a 67,5.0,18+12,5.0,14 =13,9 (triéu dong).
CAau 120. Mot vat chuyén dong. Quing dudng s(t) (tinh theo mét) vat di duoc sau khoang thoi gian t

Giai hé trén ta dugc a=

(tinh theo gidy), t >0, dugc mo ta 12 mot ham sb bac ba co d6 thi nhu hinh v& dudi déy:
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A s(t) (im)

-
L

o 4 g 10 [

%)

Hoi trong 10 gidy dau tién, khoang thoi gian vat chuyén dong nhanh dan kéo dai bao nhiéu gidy?
Loi giai

Dap an: 8.

Gia s s(t)=at’+bt* +ct+d (a=0).

Vi d6 thi ham s6 s(t) di qua cac diem (0;0), (42} (8; %) va (10;2—20J nén ta co
8
64a+16b+4c=—
3 a1
6
512a+64b+80=£
3 & b=—1_
1000a+100b+10c =220 €2
3 =0
d=0

Do d6 s(t) =%t3 —t?+2t,

Taco v(t):s’(t):%t2—2t+2: V(t)=t-2=0ct=2
Bang bién thién:
t |0 2 10

Vv - 0 +

Dua vao bang bién thién, tir gidy th 2 tro di tée do cua vat ting dan theo thoi gian. Do d6 trong 10 gidy
dau tién, khoang thoi gian vat chuyén dong nhanh dan kéo dai trong 8 giay.
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Cau 121. Trong hé truc toa do (OXy) cho dd thi ham sé Ay
2 1 : .
(C):y= % mo ta chuyén dong cua hai tau danh ca A va B (don /
X+
vi trén mdi truc toa do tinh béng km). Biét quy dao chuyén dong cua hai 1, T

tau ludn thudc vé hai nhanh khac nhau cua do thi (C) . Tinh khoang céach

ngin nhét (don vi km) giita hai tau danh c4 A va B (két qua lam tron

dén hang phan tram).
Loi giai

Dap an: 4,39.
2
Taco y:x+—x+1 :x+i, (x#-1)
x+1 x+1
Db thi ham sb c6 dudng tiém can ding x = —1, gdm hai nhanh nam vé hai phia cua duong thang x = 1.

Goi A 1a diém thuoc nhanh trai cia do thi ham sé, khi d6 x, < 1.

bit a=-1-x,>0=x,=-1-a

-1-a+1 a a
Goi B la diém thuoc nhanh phai ctia d6 thi ham sé, khi do x, > —1.
Pat b=x, +1>0 =%, =b-1

=Y, —das— gl A(—l—a;—l—a—ij

=Y, =b-1+ L :b—1+1 =B b—l;b—1+1
b-1+1 b b

2

= AB’ =(b+a)2+(%+1j2 =(b+a)2+(b+a)2.(%]

a

2 1
=(@+h)’| 2+—+——
(a+b) ( ab azsz

(a+b)2 > 4ab

Vi a>0,b>0 ta co 1 2 2\/5
2+ 2222 5 =
ab a‘h ab

Nén AB’ 24ab.£%+¥J=8+8\/§: AB Z\/8+8\/§ ~4,39.
a

a
a=Db

DAu bang xay ra < 1 @azbzi
2= V2

Vay khoang cach ngan nhit (don vi km) gitra hai tau danh ca A va B 12 4,39 (km).
Cau 122. Mot may bay trinh dién c6 duong bay gin véi hé truc Oxy dugc mé phong nhu hinh vé, truc
Ox gan véi mat dat.
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(8]

Duong bay c6 dang 1a mét phan cia @6 thi ham phan thirc bac hai trén bac nhat y = f (x) c6 dudng tiém
can ding 1a x=2. Diém G 14 giao diém ciia dudng tiém can xién cia do thi ham sé y = f (x) va truc Ox
duoc goi 1a diém gigi han. Biét may bay bay tir vi tri A cach toa toa d6 O mot khoang 2,5 don vi va may
bay khi & vi tri cao nhat cach diém xuat phat 1,5 don vi theo phuong song song véi truc Ox va cach mat dét
4,5 don vi. Vi tri may bay tiép dat cach diém gi¢i han mot khoang bang bao nhiéu?

Loi gidi

Pap an: 0,5.

0

Vi tiém can dtng ciia d6 thi ham s y = f (x) (ham phan thuc bac hai trén bac nhat) [a x=2.

Ham s6 c6 dang y = f(x):ax+b+L2(a<O).
X_

Db thi ham sb qua diém A(g;oj vanhan B (4; %) lam diém cyc tri, suy ra:

5 5
f[2]=0 [ _
(2) 2a+b+2c 0 a—_1
f(4):g:> 4a+b+1C:g<:> b:2—1.Khid('): f(x):-x+£'—_4 )
2 272 2 2 x-2
f'(4)=0 a—%c:o c=—4

Do thi ham sé ¢6 tiém can xién: y = —x+2?1. Toa do diém G [%Oj

Phuong trinh cho hoanh d¢ giao diém ciia d6 thi ham sé y = f (x) veéi truc Ox la

5
—x+2—1—i=0:>—x2+§x—25=0® X_E =C(10;0).
2 X=2 2 x=10
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ce=2t_19-1.
2 2

Cau 123. Trong mét cdng vién c6 mot hd nude va mot duong di lat gach hoa. Thiét 1ap hé truc Oxy nhu

N S P U S N U 2X+1
hinh v& dudi, Kién triic su thay rang bo ho co thé coi nhu mot nhanh cua d6 thi ham s6 y =

va duong

di khi d6 tng véi duong thang (d):y=—x+4. Dé dam bao anh sang, kién tric su mudn dat 2 cot dén trén

bo hd va 2 cot dén trén duong di sao cho 4 cot dén nay tao thanh mot hinh vudng. Tinh khoang céch gitra hai
cot dén trén by hd (1am tron dén hang phan tram).

\ »
\

. e e

Pap an: 1,92.

Lai gii

2X+1

Goi (d,):y=-x+m (véim>4) song song véi (d):y=-x+4vacit (C):y= tai hai diém phan
biét B,C (Xg;%:. >1)

2X+1

Phuong trinh hoanh d¢ giao diém cua (d,)va (C): =—X+Mm< X2 +(1-m)x+m+1=0.

m>3+2\/§
m<3-23

X +Xg =m-1

A:m2—6m—3>0<:{ e m>3+243 (Vi m>4) (1)

Khi d6 ta co:
Xe - Xg =m+1

Suy ra: CB=\/(XB—XC)2+(yB—yC)2 =\/(XB—XC)2+(—XB+m+XC—m)2 =\/2(XB—XC)2
=CB? =2(X; — X ) =2(Xg + % )’ —8%X% =2m?>—12m—6
Mat khac chon 1(0;4)e(d), ta c6 khoang cach giita hai duong thing (d);(d,)bédng

4-m| m-4
AB=d(I;(d _| _m-4
(i) ==
A m-4 ? +
Dé ABCD la hinh vuéng thi AB? = BC? <:>—( 5 ) :2m2—12m—6c>m=—8‘23\/ﬁ
Két hop diéu kién (1) suy ra m:@
8+237
Vay khoang cch gitta hai cot dén bén bo hd bing 3T ~1,92.
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Cau 124. O moét vinh bién, ngoai xa ¢ mot hon dao nho. Nguoi ta tién hanh 1an bién dé xay mot khu do
thi va lam mat tuyén cap treo ndi khu do thi véi hon dao dé phat trién du lich. Xét trong hé toa do Oxy Vi
don vi do turong tng 1km c6 hon dao & O thi dwong bao ctia phan dit 1an bién ¢ dang 1a mot phan caa do
2

- . X“+1

thihamso y = i

. Gia str tuyén cap treo duoc thiét ké ndi dao véi dudng bao cua khu d6 thi véi do dai

ngan nhat. Do dai cua tuyén cap treo 1a bao nhiéu km (1am tron két qua dén hang phan mudi)?
(0

Lo giai
Dap an: 2,2.
Do dai ngan nhat cua tuyén cap treo ndi véi dudng bao cia khu do thi chinh 1a khoang céach tir O toi diém
2
cuc dai ctiia dd thi ham sé y = x+1
X
2
Xét ham sb y == L 6i x 20,
2
. -1 x=1
Taco y'=X > :0<:>{ .
X x=-1
Bang bién thién:
x| - -1 0 1 +00
¥ + 0 - - 0 +
¥ -2 oo Lo

Dua vao bang bién thién, d6 thi ham s6 ¢6 diém cuc dai la A(-1-2).

Khi do OA=J(-1)" +(-2) =B ~2,2.

Vay d6 dai cua tuyén cap treo xap xi 2,2 km.

26t +10
t+5

la mot ham sé xac dinh trén nira khoang [0;+0). P thi ham sé y = f (t) c6 duong tiém can ngang 1a y = a.

Giatri cua a la bao nhiéu?

Cau 125. S6 dan ciia mot thi trin sau t nam ké tir nam 1970 duoc udce tinh bai cong thie f (t) =

Loi giai
Pap an: 26.
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26+E
Tacé: lim f(t)=lim 22420 _jim —t _ 26— TCN:y =26,
t—tow0 toto {45 t—to 5

Cau 126. Mot duodng ray tau luon trong khu vui choi giai tri ¢6 hinh dang duoc md phong theo db thi cua
ham sé y = x*—3x+2, ky hiéu 1a (C). Bé dam bao an toan va tinh thim my, nguoi ta chon hai diém A(a;b)
va B(c;d) trén duong ray sao cho tiép tuyén tai hai diém nay c6 cung dé dbc (cting hé sb goc). Pdng thai,

doan duong ndi hai tru d& tai cac diém A va B phai vudng goc véi mot duong day dién c6 phuong trinh
X+y-5=0.Tim b+d

Loi giai

Dap an: 4
y=x-3x+2=y =3x*-3

. . . = L
Tiép tuyén voi (C) tai A B c6 ciing hé s6 goc va chi khi f/(x,)= f'(xg) < X5 =x3 @{XA % (L)

= A, B doi xting nhau qua 1(0;2) 1a tam doi xtng cua (C).
AB1ld:x+y-5=0=AB:x—y+m=0.

AB qua | néntaco m=2= AB:x—-y+2=0.

Khi d6 hoanh @6 A, Bthoa man phuong trinh

x=0(L)
X=12

x3—3x+2=x+2<:>[ = A(2;4),B(-2,0).

Cau 127. Mot cau thu thuc hién ct st bong xoay (banana kick), 1am bong bay theo duong cong hinh bac

ba thay vi mot parabol thong thuong. Quy dao bong trong hé truc toa d6 Oxy dugc mé ta béi phuong trinh
x> x* 253x

y=————+"""V6i y lado cao cua bong (m). Biét chiéu cao chuan cia khung thanh 1a 2.44m. Khi
100 10 100

bong cham xa ngang thi géc léch cia bong va mat dat 1a bao nhiéu? Biét gdc léch cua bong va mat dat 1a goc
3 2

> . o b s . x> X 253x

cua duong tiép tuyen vai do thihamso y=—-—-—+

100 10 100

tai diém cham xa ngang va truc Ox (két qua

lam tron dén hang don vi).
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Y
o
5 -
Loi giai
Dap an: 67
Ta ¢ bong cham xa ngang nén ta c6 tung do
3 2
y=2,48 2,88 =2 X 20K s 10x? 4 253x— 24420 > x=1
100 10 100

X ‘X x 3 1 253 59
Héso goc cuatieptuyenla k, = f/()=— -4+ "=
Vo goeel Py e @ 100 5 100 25

. . . L. . 59
Goi o la gdc cua tiép tuyén voi truc Ox, tacdtana = Pk 67°
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